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Preface 



When faced with a new textbook on dynamics, a natural question con- 
fronts the reader: What is the textbook contribution, if any, relative to 
the many others already available in the field? With regard to funda- 
mental theory, there is clearly no possible difference, for since Newton, 
Euler, Lagrange, and D’Alembert there have been no significant de- 
velopments in the realm of classical mechanics. Nonetheless there has 
been a generalized and growing dissatisfaction with available textbooks 
on dynamics. The difficulty encountered by engineering students, or 
even recent graduates in this area, in correctly analyzing a somewhat 
more complex mechanical system can be seen as evidence of this dis- 
satisfaction. In an era when engineers face challenges such as modeling 
a system with several degrees of freedom, designing a mechanical arm, 
analyzing the stability of an underwater robot, actively controlling the 
chassis movement of a motor car, or accurately predicting the trajec- 
tory of a satellite, as examples, a thorough understanding of dynamics 
is indispensable. 

When confronted with the challenge of a nonconventional prob- 
lem on classical mechanics, the engineer must not and may not lose 
himself in a multitude of formulae and methods. In order to safely ob- 
tain a solution it is necessary to recognize with accuracy the forces and 
torques which act upon the system, to identify the number of degrees 
of freedom with absolute certainty, and to choose appropriate reference 
coordinates, bases, and axes, describing the motion of the system as a 
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function of the chosen coordinates. To correctly describe the system he 
or she must master the use of intermediary reference frames. One must 
also be able to set up the inertia matrices of the system, write a coherent 
set of equations of motion and kinematics constraints equations, and, fi- 
nally, solve them or extract relevant information from them. To master 
all these techniques and consequently be capable of obtaining a reliable 
result, it is of the utmost importance to have a thorough knowledge of 
the fundamental concepts of dynamics and, at the same time, to have a 
solid training in problem-solving methodology. 

This book gradually began to take shape as the result of the 
experience gained over 30 years of teaching — and learning — dynamics 
and related subjects. It originated from the need for a textbook more in 
accordance with the methodological unity dictated by the subject and 
which could simultaneously fulfill the tasks of teaching and training. 
The reader will find that the text almost always introduces general con- 
cepts before introducing specific ones. The author’s deliberate choice 
to do so only appears to present more difficulties at the very begin- 
ning. Didactic experience, however, demonstrates the exact opposite: 
The student, exposed to a concept in its most general form, will rapidly 
become accustomed to it and will easily master the simplifications which 
occur in special cases and, most important of all, will not hesitate when 
faced with more complex situations. In this book, each new concept is 
introduced along with an illustrative example. Since theory and prac- 
tice accompany each other, the student is able to implicitly learn useful 
problem-solving techniques. 

It is precisely the methodological approach used in this book, 
the author believes, that characterizes its contribution, modest though 
it may be. Although the presentation of concepts is somewhat rigorous, 
the purpose of this approach is to avoid ambiguities and to develop in 
the reader the habit of thinking a little more abstractly. Aside from 
this, several concepts, such as the definition of vector systems, the no- 
tion of the angular velocity of a rigid body, or the introduction of the 
concept of a particle inertia tensor, among others, are presented in a 
manner considered unusual in basic textbooks of mechanics. The text- 
book presents a unity within the discipline that is evident to any mini- 
mally attentive reader and that is supported by the consistent notation 
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and the methodology used throughout the book. In this manner particle 
dynamics, system dynamics, and rigid body dynamics, notwithstanding 
their specificities, are treated uniformly, so that a beginner in the subject 
will always recognize the principles which permeate the discipline. 

The text presents the so-called Newtonian mechanics. Hamil- 
ton’s, Lagrange’s, or Kane’s formulations are therefore not discussed 
here. Experience has shown that a solid basis in Newton-Euler mechan- 
ics is a prerequisite for readily mastering the methods of analytic me- 
chanics, thus strengthening the intuition of the future engineer. This is 
a deliberate choice of the author. This texbook can be seen as a support 
for an undergraduate first course in dynamics. However, it is intended 
to prepare engineers to solve simple problems in dynamics and, on the 
other hand, to create a solid base for a graduate course on analytical 
mechanics. In this way, graduate students in physics, engineering, and 
correlate areas will find the text useful. 

Instructors will find the text to be reasonably complete, includ- 
ing theory, examples, and problems, covering the essential material to 
be taught in a two-semester dynamics course, each semester consisting 
of around 60 hours. Usually the first four chapters can be covered dur- 
ing the first semester and the last four during the second. The natural 
prerequisites are at least one year of undergraduate-level calculus, one 
linear algebra course, and a physics course covering the principles of 
classical mechanics. It it also desirable, but not essential, for the reader 
to have taken a basic mechanics course, usually offered in all engineering 
departments, so as to have acquired notions of statics and link analysis. 

No textbook, regardless of its excellence, can substitute for the 
instructor’s work in the classroom. It is, naturally, the instructor who 
must determine the best method to be followed, excluding some topics or 
adding others according to his or her personal convenience. Eor example. 
Section 5.8, which deals with fluids, can be omitted without hindering 
in any way the understanding of the material that follows. Aside from 
this, the ideal sequence in a textbook is not always the most adequate 
one in a classroom. Eor instance, consider Section 5.7, which covers 
the conservation principles for mechanical systems. In the text each 
principle is followed by its respective example, while in the classroom it is 
more efficient to present a theoretical discussion about all the principles. 
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followed by the set of examples. In this way the student is allowed to 
decide which principle should be applied in each case. When the student 
returns to the textbook, however, the direct association between theory 
and application will always be present. This consideration is also valid 
for several other topics. 

The work of preparing such a textbook would not have been 
possible without the invaluable help, support, and friendship of many 
colleagues to whom I am immensely grateful. I would like to thank 
especially Professor Arthur Palmeira Ripper Neto for reading and com- 
menting on the text, to Professor Antonio Carlos Marques Alvim for 
helping me to prepare Appendix A, and to Professor Luiz Bevilacqua 
for his encouragement and optimism. I would like to thank Mrs. Elvyn 
Marshall, my translator, now a close friend, for her professionalism and 
sense of humor. 

To complete this work, the aid of several students, who gave 
hours and hours of their time taking care of many details, was essential. 
Engineer Roberto Seabra dedicated himself with extraordinary compe- 
tence and determination to the task of transforming my sketches and 
rough diagrams into final figures stored in computer files. Most of the 
book’s illustrations are his. A tragic accident deprived me of my main 
collaborator and great friend. Many other students helped me and I am 
very thankful to all of them. 

It would not be possible to conclude without thanking the hun- 
dreds of students who, over the last years, dealt with the preliminary 
versions of the text and helped me improve the book by pointing out an 
endless number of errors. The remaining ones are my sole responsibility. 

Comments, suggestions, and corrections will always be wel- 
come. 



Rio de Janeiro 
Spring 2003 



Roberto A. Tenenhaum 




To the Reader 



This book is divided into eight chapters, which are in turn divided into 
sections, covering the main material in kinematics (Chapter 3), dynamics 
of particles (Chapter 4), dynamics of systems (Chapter 5), inertia prop- 
erties (Chapter 6), and dynamics of rigid bodies (Chapters 7 and 8). 
An introduction to the general principles of dynamics and its general 
approach (Chapter 1) and a discussion about how to handle forces and 
torques (Chapter 2) are also given. There are, further, four appendices. 
Appendix A presents a short review of linear algebra, just to help the 
reader with vector operations and tensor interpretation. Appendix B 
shows some linkage modeling, being a complement to Chapter 2. Ap- 
pendix C gives a reasonably complete table of areas, volumes, centroids, 
and moments and products of inertia for the most usual geometries. It 
furnishes a helpful support to Chapter 6. Appendix D reveals the an- 
swers for almost all the exercices at the end of each chapter. Last, there 
is a valuable index. 

Each section is identified by two numbers separated by a pe- 
riod, the first number being a reference to the chapter and the second to 
the section itself. Section 4.7 is therefore the seventh section of Chap- 
ter 4. The equations are also identified by two numbers separated by a 
period, the first number indicating the section and the second indicating 
sequential numbering within that section. For instance, when Eq. (3.11) 
is mentioned in the text, a reference is being made to that equation 
in the same chapter. When a reference must be made to an equation 
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present in a chapter other than the one in which the reference is made, 
it will consist of three numbers, separated by two periods, where the 
first number refers to the chapter. As an example, if the reader finds 
a reference to Eq. (3.3.11) in Chapter 4, a reference is being made to 
Eq. (3.11) in Section 3.3 of Chapter 3. Eigures are also numbered in 
sequence within each section; when referred to successively in the same 
section the figure is not reproduced and the reader must search for the 
page where it was first introduced. When referred to in another section, 
the figure is then reproduced and in this case is given a new number. 
Examples are also numbered in sequence within a section. The font used 
is smaller and the alignment is indented, so that they stand out clearly 
from the rest of the text. Einally, exercises are given at the end of each 
chapter. They are organized in series, corresponding to the topic covered 
in one section or in a group of sections, and are numbered sequentially 
within the series. 

Eor the English version of this book a set of animations for 
several of the examples given in the text was prepared. The main pur- 
pose of the animations is to give much more information about the 
motion than that explained in the text. Also, for the examples that deal 
with nonlinear equations, the numerical integration is provided show- 
ing the actual behavior of the particle, system, or body. Since the 
animations are interactive, the reader may modify parameters or ini- 
tial conditions to get a deeper insight into the example. Noninteractive 
video files showing strictly the motion for a prescribed condition are 
also provided. The animations are available on Springer’s Web site at: 
WWW. springeronline . com/038700887X. 

Students must be reminded that reading a textbook or following 
the corresponding lectures, or both, is not enough for learning dynamics. 
They must be supported also by the third leg of this structure, that 
is, working the exercises. A fairly large set of exercises is proposed 
throughout the book. Working each series by himself at the end of the 
corresponding sections is the best way to consolidate the material and 
to verify if it was actually well understood. 

The exercises are an important part of the text. Try to work 
each of them and do not give up if you do not succeed for the first 
time. Try again and again. And always keep in mind the Zen aphorism: 
To know but not to do is not yet knowing. 
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Introduction 



Chapter 1 



The subject called dynamics covers a wide range of topics. Even though 
it possesses a basic theory that is trim and compact, the applications are 
very numerous and far-reaching. In fact, topics such as the motion of 
a material particle, draining of a fluid, kinematics of a mechanism, dy- 
namics of a gyroscope, or analysis of a mechnical arm, to mention a few 
known examples, all belong to the domain of this subject’s applications. 

This chapter discusses a few introductory topics in the study 
of dynamics. Section 1.1 presents a very short summary of the history 
of the subject’s origins, briefly summarizing work done before the 17**^ 
century, with comments on Galileo’s findings, discussing the establish- 
ment of the foundations of classical mechanics, dwelling on Newton’s 
formidable work, and analyzing the later contributions of Euler, La- 
grange, and D’Alembert, who formalized the mechanics we know today. 
Section 1.2 introduces the mechanical models, that is, the fundamental 
concepts employed by dynamics, such as that of force, particle, and body, 
among many others. Section 1.3 deals with Newton’s laws, which will 
permeate the study of dynamics in its entirety. The aim is to informally 
introduce the laws, which will then be effectively used in subsequent 
chapters. Section 1.4 handles the concept of mass center. The objective 
here is not to enable its practical determination, a subject examined in 
greater detail in Chapter 6, but to provide only an introduction to this 
important concept, present throughout the text. Section 1.5 discusses 
the methodology employed in the resolution of problems on dynamics. 
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Perhaps the reader will find this treatment premature, which in fact it 
is, but this approximation will permit a wider panoramic view of dy- 
namics. Finally, Section 1.6 discusses the issue of notation. This is an 
important topic, and in that section the structure common to the entire 
notational system adopted in this book will be discussed. 

1.1 Brief Historical Background 

The origin of mechanics goes far into the distant past. From the very 
beginning, in a continuous effort to conquer the environment, human 
beings searched for explanations of the origin of phenomena surrounding 
them. The first phenomena to challenge the human mind must certainly 
have included free fall, the effort necessary to move objects, and the effect 
of impact, all of which are of a mechanical nature. 

The first more systematic reflections on the motion of bodies 
and their origin occurred many centuries later, among the Greeks. The 
Greek architects certainly had enough knowledge about statics to erect 
safe monuments, although there are few records of such knowledge. Aris- 
totle^ believed that the concept of force involved the idea of something 
that pulls (or pushes) to maintain a body in motion, an idea known 
today to be incorrect. In all likelihood, the notion of a force as a causal 
element in the generation of motion is quite old, its origins probably ly- 
ing in very primitive concepts that assumed that deities moved the sun, 
the moon, and the stars. From this point of view, motion needed an 
agent to produce it. Aristotle therefore defended the idea that a force 
was necessary for the maintenance of motion, or, in other words, that 
for a body to move at a constant velocity the presence of a force was 
necessary. The notion of the variation of velocity, that is, of acceler- 
ation, was only to appear many centuries later, when it was perfectly 
understood and formulated by Galileo. 

Leonardo da Vinci^ was a man of multiple interests, having left 
a large number of notes on several questions relating to the context of 
mechanics of his time. His lack of methodology, however, did not lead 



^ Aristotle, Greek philosopher, 384-322 B.C. 

^ Leonardo da Vinci, Italian artist and thinker, 1452-1519. 
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him to any result worthy of consideration. Although he is considered by 
some to be the forerunner of Galileo and Newton, statements of his such 
as “motion is an accident resulting from the inequality between weight 
and force” or also, “force is the cause of motion; motion is the cause of 
force” do not appear to lend to his investigations a sufficiently scientific 
character. 

As an architect, he studied the resistance of pillars, beams, and 
arches. For example, he proposed that the resistance of a beam should 
be proportional to the area of its cross section. It is suspected, however, 
that this rule was already well known to the builders of the Parthenon. 

The scientific concept of force was apparently introduced by 
Kepler,^ who distinguished himself by formulating three laws that gov- 
ern the movement of the planets around the sun. That was an epoch 
when cosmogonic conceptions agitated the scientific and also the reli- 
gious worlds, with the heliocentric conception of Copernicus^ opposing 
the geocentric conception of Ptolemy.® It is therefore natural that Ke- 
pler’s attention should have been centered on celestial mechanics. 

Galileo® made an important contribution to the creation of the 
modern theory of classical mechanics. Even though historians disagree 
in their evaluation of his importance in the history of physics, and of 
mechanics in particular, there is no doubt about his prominence in this 
field of human knowledge. His most important work, the DiscorsiJ con- 
solidated the knowledge of mechanics at the time. Among other findings, 
he discovered the parabolic nature of the trajectory of missiles; demon- 
strated experimentally that the earth’s gravitational acceleration is the 
same for all bodies; conceived and clearly formulated the concept of the 
reference frame, which is still used today in nonrelativistic mechanics; 
explored with great insight the concept of physical similitude; discov- 
ered the laws that govern the motion of the simple pendulum (for small 
oscillations); and, most important of all, formulated the laws of motion, 
although in a somewhat imprecise manner. In fact, Newton himself. 



® Johann Kepler, German astronomer, 1571-1630. 

Nicolau Copernicus, Polish astronomer, 1473-1543. 

® Ptolemy, Greek astronomer, second century A.D. 

® Galileo Galilei, Italian philosopher and mathematician, 1564-1642. 

^ Discorsi c Dimostrazione Maternal, intorno a due nuove Scienze, 1638. 
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naturally in a modest fashion, attributed to Galileo the conception of 
his first two laws. 

It was Galileo who effectively formulated the law of inertia. He 
understood perfectly that in the absence of applied forces the velocity of 
a body should remain unchanged. In the Discorsi, this law appears as 
follows: “Whatever the degree is of velocity of an object, it will remain 
indestructibly imprinted, provided that the external causes of accelera- 
tion or deceleration are removed.” As to the second law of motion, there 
is no doubt that it must be credited to Newton. Galileo experimented 
with the sloping plane and with the motion of projectiles, where the 
force due to weight was always present as the cause of the motion of 
bodies. Gonsequently he did not conceive of forces not proportional to 
mass and the notion of the momentum did not occur to him. Newton 
would state that the variation of the quantity of motion “is proportional 
to the applied force and takes place in the direction in which the force 
is applied.” 

It was undoubtedly Newton® who made the most important 
contributions to mechanics, and in particular to dynamics, and for this 
reason is considered the father of classical mechanics. Newton performed 
a noteworthy revision of the scientific knowledge of his time, consolidat- 
ing into fundamental laws what had been loosely stated by his prede- 
cessors. For example, he showed that Kepler’s three laws of planetary 
motion could be reduced to a single law of universal gravitation and that 
free-falling bodies were also governed by the same law, thus creating the 
first and most important synthesis of celestial and terrestrial mechanics. 

Newton’s most significant contributions in the realm of mechan- 
ics are described in the monumental work known as the Principia,^ which 
brings together in three volumes countless discoveries made over many 
years. The most important result obtained by Newton was, without 
question, his second law, known today as the cornerstone of dynamics. 
Newton’s discoveries will be discussed in more detail in Section 1.3. 

Euler^*^ was another leading figure in the construction of dy- 
namics. He made important contributions in several fields of mathe- 



® Isaac Newton, English scientist, 1642-1727. 

® PhilosophieB Naturalis Principia Mathematica, 1687. 
Leonhard Euler, Swiss mathematician, 1707-1783. 




1.1 Brief Historical Background 



5 



matics and physics and was responsible for formulating Newton’s sec- 
ond law in its currently most used form, namely, that of the product 
of the mass and the acceleration being equal to the resultant applied 
force. Going even further, Euler published this law in 1752, stating 
that it is equally applicable to a finite or infinite mass, making way 
for the generalization of the law, which includes fluids as well as rigid 
bodies. His restless spirit was not satisfied with this finding, which was 
rigorously not very innovative with respect to Newton. As a result he 
started to study the problems concerning the motion of the rigid body, 
which required a more careful approach. In this analysis appeared the 
six scalars, referred to today as the components of the inertia tensor, 
and the differential equations that govern the rotation of a rigid body 
about a fixed point, currently known as Euler’s dynamic equations. It 
was therefore Euler who developed the concept of the inertial rotation 
of a body, having published in 1776 laws applicable to any body, or part 
of a body, rigid or deformable. The laws are as follows: 

1. The principle of momentum, or of the linear momentum: The 

total force acting upon a body is equal to the rate of change of 
the momentum; 

2. The principle of moment of momentum, or of the angular momen- 
tum: The total torque acting upon a body is equal to the rate of 

change of the angular momentum, where both are measured with 
respect to the same fixed point. 

These laws, known as Euler’s laws of mechanics, naturally en- 
compass Newton’s second law; they are the equations that govern the 
motion of bodies in general systems and are still used today in so-called 
Newtonian mechanics. 

Classical mechanics was given a new stimulus with the works 
of D’Alembert^^ and Lagrange. D’Alembert’s Traite de Dynamique 
rejects the concept of Newtonian force and also introduces the forces of 
inertia, reducing, in a way, the problems of dynamics to static situations. 
D’Alembert also made an attempt, albeit not very successful, to deduce 
all of mechanics from the laws of collision. 



Jean Le Rond D’Alembert, French mathematician, 1717-1783. 
Joseph-Louis Lagrange, French physicist and mathematician, 1736-1813. 
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But it was Lagrange who formulated the variational principle, 
valid for the vast majority of mechanical systems, in his Mechanique 
Analitique (1788). It is known today, curiously, as D’Alembert’s princi- 
ple. In a more precise manner, some authors refer to this formulation as 
the Lagrangian form of D’Alembert’s principle, thus restoring the real 
paternity of the dynamical equations within analytical mechanics. It 
was also Lagrange who introduced generalized coordinates. 

Analytical mechanics has become an extremely useful and pow- 
erful tool for the formulation of the equations of a mechanical system, 
introducing shortcuts on the way to solving and suppressing linkage 
forces. But, as Truesdell saysd^ It cannot be said, from Lagrange’s 
equations, whether a system does or does not have a momentum; Eu- 
ler’s equations at least show this, and this comes from the fact that the 
integrals of momentum appear naturally in approaches based on Euler’s 
equation. Anyhow, Lagrange’s equations are relevant only for certain 
types of mechanical systems, and are less general than Euler’s laws. 

When Newton said about his discoveries that “If I have seen 
further [than others] it is because I stood upon the shoulders of giants,” 
he was clearly acknowledging the work done by his predecessors and was 
also describing one important aspect of the evolution of science. New- 
ton’s observation reminds us of the Catalan tradition of human towers, 
whereby very strong individuals form a circle, other such individuals 
climb upon their shoulders, and so on. The construction of the edifice of 
science proceeds in a similar fashion, slowly and surely upwards. Each 
new stage requires another courageous step. (But, unlike the human 
towers, the tower of scientific knowledge does not occasionally collapse, 
although it may suffer significant damage due to certain revolutionary 
discoveries.) 

1.2 Mechanical Models 

Engineers may be defined as specialists in modeling. In fact, the main 
task confronting an engineer is that of solving problems. This implies a 
search for the understanding of a usually complex physical reality, start- 



13 



C. Truesdell, Essays in the History of Mechanics, Springer- Verlag, 1968. 
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ing from simple models that approach reality. Models are indispensable 
tools, for they introduce simplifications that make problems solvable. 
We are confronted indeed with a difficult task: On the one hand, we 
must adopt models that are sufficiently complete (and complex) to ef- 
fectively and fairly closely represent the situation under consideration; 
on the other hand, we should use models that are simple enough for 
us to easily reach a solution. The engineer’s task is then to discrimi- 
nate and select, sometimes quite subtly, the most appropriate models 
for a specific kind of problem, and to evaluate the results that can be 
expected from these models. It is worth pointing out that technological 
progress changes our perception of what constitutes an adequate model. 
In fact, due to the decreasing costs of complex computational tools and 
the recent availability of numerical simulation, successively more com- 
plex models can be adopted. As increasingly more powerful tools become 
available for their solution, models can become increasingly more sophis- 
ticated. Examples of such tools include faster computers, new numerical 
methods for the integration of equations, software for algebraic manip- 
ulation, among others. The fundamental models of mechanics, however, 
never change. 

When the methods associated with a specific theory are used 
to solve an engineering problem, we are appropriating certain models 
that are the basis of that theory, whether we are aware of it or not. 
In this process formal mathematics is constructed on a deductive basis. 
In other words, it is not introduced to us as an experimental science, 
in which results are accepted because they are in accordance with the 
observations produced by the experiment, but as a structure of funda- 
mental concepts, axioms, theorems, and inference rules. Fundamental 
concepts are defined as notions that are of universal use or based on 
common sense, and that are therefore accepted without the need for for- 
mal definitions. Axioms, on the other hand, are statements of formulae 
taken to be true without the need for proof. Let us give an example 
from Euclidean geometry, a discipline with which the reader is likely to 
be familiar: the statement that one and only one straight line passes 
through two points is an axiom, and the notion of a point and a straight 
line are fundamental concepts, and therefore undefined. Theorems, on 
the other hand, are statements or formulae based on the axioms and can 
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be deduced using inference rules. The famous Pythagorean theorem, for 
instance, is a theorem because it can be proved based on the axioms of 
Euclidean geometry. Finally, rules of inference are elements of math- 
ematical logic that allow theorems to be proved based on axioms and 
other previously proven theorems. 

When dealing with an applied science, such as, for instance, 
mechanics, we are quite distant from the almost absolute formality of 
mathematics, but the latter’s main elements are still present, as shall be 
seen. Therefore dynamics, as a branch of physics, or more specifically of 
classical mechanics, is also regarded as belonging to the realm of applied 
mathematics. This is so because the subject of mechanics contains a 
consistent structure of fundamental concepts, principles (axioms), and 
practical formulae (theorems) that approximate it to pure mathematics, 
even though it deals with the elements of the physical world, such as 
bodies and their motion and interactions. The remainder of this section 
attempts to precisely relate these four categories present in mathematical 
formalism with their corresponding mechanical equivalents. 

In dynamics we will therefore find so-called models, which are 
nothing more than fundamental concepts accepted without a definition. 
They are referred to in this manner because they are the result of mod- 
eling, or of an idealization of the real physical world or of the world 
as we see it. Examples of this category include the notion of particles, 
systems, and force, among others. 

We define a particle to be a very small body, when compared 
with the distance it moves. Clearly this definition is not precise, like all 
others that will follow, and is therefore not formal. It is an approxima- 
tion of a concept that is, to be more exact, admittedly intuitive. We 
will make other attempts to approach the concept of a particle. For 
instance, let us say that a particle is a material point, that is to say, a 
point with no dimension, but that possesses finite mass. A particle is 
thus always identified by a point in Euclidean space and is associated 
with a real number, its mass m. The particle is a fundamental model in 
classical mechanics, from which principles (axioms) will be formulated, 
as shall be seen in Section 1.3. 

On the other hand, we define an infinitesimal mass element to 
be a body of infinitesimal extent, the mass of which is also infinitesimal. 
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The difference between a particle and an infinitesimal mass element is 
subtle but crucial: Both have no dimension, but while the particle’s mass 
is finite, the mass of the infinitesimal mass element is also infinitesimal. 
Instead of a mass, a scalar p, named density, which is the mass per 
unit volume, is therefore associated with the infinitesimal mass element; 
when, in the limit, the volume tends to zero, the element’s mass also 
tends to zero, but the ratio between them tends to a finite value, precisely 
equal to the density. The model of an infinitesimal mass element will be 
useful for the modeling of bodies, as shall be seen further ahead. 




Figure 2.1 

A particle system consists of a well-defined set of particles. Ev- 
ery system has a boundary that distinguishes the particles within from 
all others which do not belong to the system (see Fig. 2.1). If S' is a 
system consisting of, say, n particles, its mass will be equal to the sum 
of the masses of the particles belonging to S, as follows: 

n 

m{S) = ^mi, ( 2 . 1 ) 

i=l 

where nii is the mass of a generic particle P^. 

The definition above implicitly introduces another model in 
mechanics, namely the notion of discrete. The particle system defined 
in the preceding paragraph is a discrete system, or in other words, a 
denumerable one (it contains n elements, where n is an integer). The 
concept of a discrete system stands in opposition to that of a continuous 
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system. A continuous system is also a well-defined system, so it also 
possesses a boundary, but its elements are infinitesimal mass elements 
instead of particles and it is not a denumerable system. A continuous 
system is also called a body . The mass of an element is dm = pdV , where 
dV is the corresponding volume and p is the field of density, which in 
turn is a function of the element’s position (see Fig. 2.2). The mass of 
body C may therefore be written as an integral over the entire body, as 
follows: 



m{C) = f dm = f pdV. (2.2) 

Jc Jc 




The entire subject of dynamics will be developed based on the 
models of particle, particle systems, and continuous systems (bodies). 
When we refer to a body, we are in fact referring to any object that 
satisfies that definition. Fluid flowing inside a pipe, an elastic spring, 
a deformable beam, a flexible rope, and a stone are all modeled as a 
body. Evidently some distinction should be made between bodies of such 
widely differing nature, but from the point of view of mechanics all these 
examples may be considered bodies governed by the same equations of 
motion, as shown in Chapter 5. 

Among the examples mentioned in the previous paragraph, one 
of them (in this case, the stone) is particularly important for dynamics, 
so the necessary distinction will be made right away. A rigid body is 
defined as a continuous system so that the distance between any two 
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points is time-invariant. Like any model in mechanics, that of a rigid 
body is an abstraction. A body may be considered rigid if its deforma- 
tions, or relative motion, can be ignored compared to its global motion 
(once again we have an inaccurate definition) . The dynamics of the rigid 
body will be studied in Chapter 7. As shall be seen then, major simpli- 
fications in the theory will be possible precisely due to the assumption 
of rigidity, thus justifying its study. Other examples, among those men- 
tioned, are also important. Fluids, for instance, are the subject of fluid 
mechanics, while deformable solids are studied in the field of elasticity 
or in solid mechanics. Nevertheless, the bases of all these disciplines are 
to be found in dynamics. 

Since mechanics studies the interactions between bodies and 
their motion and deals specifically with the relationship between these 
interactions and the resulting motion, it therefore studies cause and ef- 
fect. Motion always originates as a result of a force or a torque . Force is 
one of the basic models of mechanics; it can be defined as the interaction 
between two particles and consists of a vector quantity, which means it 
has magnitude and direction, and it is the only possible interaction be- 
tween particles. It can be classified in two different categories: contact 
forces and field forces, where the latter are also called action at a dis- 
tance forces. Contact forces, as is clear from the name itself, result from 
the interaction due to contact between two particles, as is the case in a 
collision. Field forces exist between particles when there is no mutual 
contact, as is the case with gravitational forces. 

When two bodies interact, torques may also result. Even 
though, as shall be seen in Chapter 2, a torque may be producd by the 
moment of a force with respect to a given point, the notion of torque 
will be treated here as a primitive concept. A body may exert a torque 
upon another body without the intervention of any forces whatsoever, 
as is the case when the axle of an electric motor activates a hydraulic 
pump. Forces are normally associated with the generation of transla- 
tional motion, while torques are normally associated with the generation 
of rotational motion. The reader should, however, be aware that these 
ideas are not always true for, as shall be seen in the study of rigid bodies, 
an off-center force may also produce rotations, and an applied torque 
may in turn produce a translation of certain points in a body. 
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The primitive concepts of particle, particle system, mass, in- 
finitesimal mass element, continuous system or body, rigid body, force 
and torque constitute the infrastructure of mechanics. The theory pre- 
sented here will totally depend on these fundamental notions. Nonethe- 
less, for the sake of even more completeness and clarity, a few derived 
concepts of the utmost importance in the study of mechanics will now 
be introduced. In the chapters that follow we will dwell again, with due 
care, on these concepts. 




When a point moves in space, it is convenient to talk about 
a position vector. If a point P moves between positions Pi and P 2 , 
given an origin O (see Fig. 2.3), the position vector pi and the position 
vector p 2 determine the position of P, while the vector pi 2 = P2 ~ Pi 
measures the vectorial displacement of the point. (The reader should 
note that we are referring to a point, which means that we may be 
dealing interchangeably with an individual particle, a particle belonging 
to a system S, an element in a body, or even a geometric point, without 
any reference to mass.) 

The rate of change in time of the position vector is called its 
velocity vector and the rate of change in time of the velocity vector 
(therefore the time derivative of the position vector) is called the accel- 
eration vector. The concepts of position, velocity, and acceleration will 
be treated with more care and detail in Chapter 3 and only the con- 
cept of position vector may be considered primitive, but it is worthwhile 
introducing it informally here. 
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A concept in dynamics of the utmost importance is that of the 
momentum. If a particle of mass m is moving in space at velocity v, it 
may be said to possess a vector property characterized by the product 
mv, defined as the momentum veetor of the partiele, G. Similarly, when 
an infinitesimal mass element of mass dm moves at velocity v, its mo- 
mentum vector dG is also infinitesimal and is equal to the product vdm. 
The reader should note that the momentum vector is a multiple of the 
velocity vector and is therefore always parallel to the latter. Systems 
and bodies also possess momentum, but these concepts will be intro- 
duced at a more appropriate point, in Chapter 5. The concept of the 
momentum vector of a particle is important because Newton’s second 
law of motion, the basic axiom of dynamics, may be formulated in terms 
of this property, as shall be seen below. 

1.3 The Laws of Motion 

As has already been mentioned, the foundation of classical mechanics 
was established by Newton. The Prineipia Mathematiea, published in 
1687 and consisting of three volumes, examines several areas in mechan- 
ics: the motion of bodies, fluid mechanics, the mechanics of the solar 
system, oscillations, and the propagation of acoustic waves, among other 
minor topics. Volume I presents the famous axioms or princples that, 
translated more or less freely, state: 

I. Every body persists in its state of rest or of uniform motion in a 
straight line unless it is compelled to change that state by forces im- 
pressed on it. 

II. The change of motion is proportional to the driving force applied 
and occurs along the straight line where this force is exerted. 

III. To every action there is always an equal and contrary reaction; 
or, the mutual actions of two bodies upon each other are always equal, 
and in opposite directions. 

The work of Euler, Lagrange, and D’Alembert followed that of 
Newton, transforming the laws of motion into their modern formulation. 
A form of the laws more consistent with the so-called rational mechan- 
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ics is adopted nowadays, and has made the subject of mechanics more 
rigorous in the establishment of its axioms, theorems, and fundamental 
laws. 

Newton’s first law is also known as the law of inertia, for it as- 
signs an inertial property to bodies, namely that of resisting any change 
in its state of motion. Formulated in current terms, this law can be 
stated as follows: 

I. A particle maintains its velocity vector unchanged in an inertial 
reference frame if the resultant force acting upon it is zero. 

There are several differences between the two formulations. Ini- 
tially, Newton referred to a body, a somewhat imprecise concept, while 
the current formulation refers to a particle. The idea of state of rest or 
uniform motion in a straight line has been entirely substituted by the 
concept of the invariance of the velocity vector. In fact, if the velocity 
vector remains constant over time, the state of motion is guaranteed not 
to change. Aside from this, the velocity vector has been associated with 
an inertial reference frame, a supposedly primitive concept, or a concept 
defined in the second law, as shall be seen. Although mentioning inertial 
reference frames clearly complicates matters, it is absolutely necessary, 
for without it the law as a whole loses its validity. Finally, the forces 
impressed on the body have been substituted by the applied resultant 
force, which is certainly what Newton had in mind. 

In mathematical terms, the first law is the following: 

^v^ = vo if R = 0, (3.1) 

where designates the velocity vector of the particle P in an inertial 
reference frame TZ, vq is a time-invariant vector, and R is the resultant 
applied force. 

Newton’s second law, also known as the law of change in the 
momentum, has many modern expressions, which differ in subtle ways. 
We will adopt the following formulation: 

II. Reference frames exist so that at each instant the time derivative 
of the momentum vector of a particle is equal to the resultant applied 
force. 
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The second law has also been rewritten to describe a particle. 
The quantity that expresses the state of motion is now the momen- 
tum vector. Therefore, the second law now establishes that the rate of 
change, with respect to time, of the momentum vector is equal to the re- 
sultant of the applied forces. It also states that reference frames (called 
inertial or Newtonian reference frames) exist in which this relationship 
is valid. In the meantime, the existence of reference frames for which the 
derivative of the momentum vector is not equal to the resultant force 
is implied. The second law may, therefore, be taken as a definition of 
inertial reference frames, even though this is not the most important 
aspect of the law. All of dynamics is based on the second law, in one 
way or another. Euler and Navier’s equations on fluid mechanics, for 
instance, originate in Newton’s second law. 

In mathematical terms, the second law can be expressed as 

= R, (3.2) 

where refers to the momentum vector of the particle P in the 

inertial reference frame TZ, the dot above the vector indicates that it is 
a time derivative in TZ, and R is the resultant applied force. 

In its more common form, as formulated by Euler, the second 
law states that the product of the mass of a particle and its acceleration 
vector in an inertial reference frame is also equal to the resultant applied 
force 

= R, (3.3) 

where m is the mass of the particle P, is the acceleration of the 
particle P in the inertial reference frame TZ, and R is the resultant force. 

Equations (3.2) and (3.3) are clearly formulations of the same 
law. Because the momentum vector is equal to the product of the 

mass of the particle and its velocity vector m^v^, assuming that the 
mass of the particle is constant in time, the derivative of the momentum 
vector will be equal to , as stated in Eq. (3.3). Nevertheless, 

Newton’s formulation takes into account systems of variable mass, so 
that Eq. (3.2) is the expression of an even more general principle than 
that given by Eq. (3.3). Systems of variable mass will be discussed in 
Chapter 5. 

In its more modern formulation, the third law can also be ex- 
pressed in terms of particles, as follows: 
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III. The interaction between two particles occurs as the result of two 
forces; the force particle P exerts on particle Q is vectorially opposite 
the force Q exerts on P, where both forces act along the straight line 
containing the two particles. 

Two forces are said to be vectorially opposite when they are 
equal in magnitude and point in opposite directions. 




Figure 3.1 illustrates this law. Since each particle is a material 
point, one and only one straight line (s) joins them, which is the support 
of the forces. Force Fpg acts upon particle P and another force Fqp 
upon particle Q, so that the following always holds: 

Fqp = -FpQ. (3.4) 

It is important to emphasize that the third law determines that action 
and reaction always act upon different particles, also guaranteeing that 
the forces act on the same line of action. 

It is precisely the third law that allows us to generalize the re- 
sults of the second law, as formulated for particles, to systems consisting 
of particles and bodies, as shall be seen in Chapter 5. 

The Principia Mathematica also includes the law of universal 
gravitation, which is independent from the other three laws, and which 
states that 
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IV. The force of mutual gravitational attraction between two particles 
in space is proportional to the masses of the particles and inversely 
proportional to the square of the distance between them. 



In formal terms, let P and Q be two particles of mass mi and 
m 2 , respectively, r away from each other (see Fig. 3.1). Then the force 
Q exerts upon P, Fpg , is given by 



Fpq = 



(3.5) 



where n is a unit vector (see Appendix A) on the straight line that joins 
the particles and G is the universal gravitation constant, the value of 
which is experimentally obtained and is equal to 6.673 x 10“^^ m^/ (kg-s). 

The weight of a body is the result of the earth’s gravitational 
force exerted upon it and may be calculated, at least approximately, 
from the law of universal gravitation. It can be effectively shown that 
for a small body, which is close to the earth’s surface, the center of the 
particle and the center of the earth can be considered to be particles 
with the respective masses of the body and the earth. The gravitational 
acceleration on the surface, g, can then be obtained from the equation 

( 3 - 6 ) 



where G is the universal gravitation constant, M = 5.976 x 10^“^ kg is 
the earth’s mass, and R = 6.371 x 10 ® m is the average radius of the 
earth, values that can be obtained indirectly from experiments. 

When the above values are substituted into Eq. (3.6), we ob- 
tain g = 9.824 m/s^. This value is approximately 0.18% greater than 
the observed gravitational acceleration. This discrepancy is mainly due 
to two factors. First, the earth is not an inertial reference frame, and 
the rotation about its own axis reduces the acceleration of a free-falling 
body. Moreover, the earth is not a perfect sphere but actually a spheroid 
flattened at the poles, so acceleration varies according to latitude. Tak- 
ing into account these effects, the international equation of gravity is 
found to be 



g = 9.78049(1 -h0.0052884sin2 7 -0.0000059 sin^ 27 ), (3.7) 

where 7 is the latitude, in degrees, and g is obtained in m/s^. This 
means that g therefore varies between 9.78049 m/s^ at the equator and 
9.83221 m/s^ at the poles, at sea level. 
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1.4 Mass Center 

The concept of mass center plays a crucial role in the subject of mechan- 
ics. This topic will be considered in further detail in Section 6.1, where 
integration and composition techniques used to determine the mass cen- 
ter of a body will be introduced, along with symmetry properties that 
are useful in this calculation. Since certain topics to be covered before 
Section 6.1 require an understanding of the concept of mass center, the 
purpose of this section is to introduce the concept informally. 

Given any system S, discrete or continuous, rigid or deformable, 
there is always a point in space — let it be called S* — around which 
the body’s mass is evenly distributed. In other words, there will always 
be a point S* so that, if O is another point the position of which is 
known, the position vector p* of S* with respect to O is the weighted 
average of all the position vectors of the elements in S (if S' is a discrete 
system, the elements of S are particles, and if S is a body, the elements 
of S are infinitesimal mass elements). Note that the weighted average is 
vectorial and that the weights present in this average are precisely the 
masses of the elements of the system. 

Therefore, if S is a discrete system, containing n particles Pi, 
of mass rrii, i = 1, 2, . . . , n, and if pi is the position of particle Pi with 
respect to point O, then the position of the mass center with respect to 
O is given by 

1 

p* = — Vpimi, (4.1) 

m 

i=l 

where m is the mass of system S, as defined by Eq. (2.1). 

On the other hand, if C is a continuous system (a body) and if p 
is the position vector, with respect to point O, of a generic infinitesimal 
mass element of the body (of mass m), then the position of the mass 
center with respect to O is 



P 



* 



1 

m 




p dm, 



(4.2) 



where m is now the mass of body C, as defined by Eq. (2.2). 
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The mass center of a system or body is a point, mathematically 
defined by Eq. (4.1) or (4.2). It may happen, therefore, that the mass 
center does not coincide with any point of the body. For example, the 
geometric center of a homogeneous ring coincides (this is easy to check) 
with its mass center, this point not actually belonging to the ring. 

1.5 Methodology 

Here we are going to discuss some comments on the methodology used 
in the analysis and solution a problem in dynamics. 

Using the basic models as a starting point, it is necessary, first, 
to identify the object under study as a particle, a discrete system of 
particles, a system involving particles and bodies, a body, rigid body, or 
a system of rigid bodies. Second, we need to know the reference frame 
based on which the motion of this object will be observed. Next, we 
need to define how many coordinates are required to fully characterize 
the time evolution of the object under study, in other words, to define 
its motion in the chosen reference frame. 

So after defining the model for the object under study, the 
reference frame, and the coordinates that describe this motion, we move 
on to the methodology of dynamics itself. The first step, then, will be 
to identify the forces — and, eventually, the torques — that act on the 
object. Once this is done, the next step will be to reduce this system of 
forces and torques to a previously chosen point. When dealing with a 
particle, the natural point par excellence is the particle itself (although 
there may be exceptions); when dealing with a system or body, this 
point may be the mass center, a fixed point on the reference frame, or 
even another point that becomes more convenient in that specific case. 
The study of the vector systems — especially, the forces systems — and 
their reduction to one or more points will be discussed in Chapter 2. 

The second step to solve a dynamics problem is the kinematic 
analysis of the object under study. This consists of expressing, in terms 
of the chosen coordinates, angular velocities and angular accelerations of 
the bodies and the intermediary reference frames, whenever applicable, 
and velocities and accelerations of the particles or points of interest. For 
this step, the kinematic relations and theorems studied in Chapter 3 will 
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be necessary. 

The next step, if the object under study is a particle, is to 
establish the equations of motion. Chapter 4 discusses the dynamic 
principles governing the motion of the particle, briefly commented upon 
in Section 1.3, and also studying other analytical methods, such as the 
energy method and impulsion method, all derived, as a rule, from New- 
ton’s second law. The relations resulting from this procedure consist 
of differential equations for the coordinates, known as equations of mo- 
tion. The integration of these equations will provide the final solution 
for the dynamic problem, that is, the time evolution of the coordinates 
that describe the motion of the particle in the chosen reference frame. 
Although, in some examples, the solution of the equations of motion is 
obtained, as a rule, this is not the specific task of dynamics, as it belongs 
to other branches of applied mathematics, such as differential equations 
or numerical methods. The animation files provide the numerical solu- 
tion for several examples of the text. 

When the object under study consists of a system of particles, 
the analytical procedure is the same, the only difference being that the 
equations and methods used must be generalized for a system. Chap- 
ter 5, therefore, discusses this generalization of the dynamics principles 
for a system of particles, whether discrete or continuous. Here also, hav- 
ing discussed applied forces and analyzed kinematics, the only thing left 
is to substitute resultant velocities, accelerations, forces and torques in 
the equations of motion. Integral forms for these equations, such as the 
energy balance, may be used as an advantage, as we will see later. 

Finally, when the object under study is a rigid body or system 
of rigid bodies, an extra step must be considered. The inertia of a body 
is a little more complex than the inertia of a particle. In fact, the inertia 
of a particle is characterized by its mass, since a particle only has trans- 
lational motion, to the extent that a rigid body, showing translational 
and rotational motion, has, in addition to the translational inertia, a 
characteristic inertial property of rotation, which is its inertia tensor. 
Hence, for the dynamic analysis of a rigid body, besides considering the 
system of applied forces, and torques and the study of their kinematics, 
it will be necessary to find their properties of inertia, before the equa- 
tions of motion are established. The study of the inertial properties of 
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a system or body will be discussed in Chapter 6. Last, Chapter 7 and 
Chapter 8 study in detail the analytical methods of the dynamics of the 
rigid body. 

1.6 Notation 

Some comments on the notation adopted are necessary. One of the 
major trumps of any discipline lies precisely in the notation used; this 
influences the understanding to such an extent that an unsuitable or 
inaccurate notation can make the topic under discussion unintelligible. 

When we choose a notation, we are always faced with, as a 
rule, an insuperable dilemma. Two fundamental attributes of a notation 
are, by their own nature, contradictory. On one hand, it must consider 
as much information as possible so that any possible ambiguities are 
avoided. On the other hand, simplicity must be one of the main aims. 
In this text, as explanatory a notation as possible was chosen, simplifying 
it whenever the context permitted, without raising any possible doubt. 
Experience has shown that a fuller and more explicit notation can be 
easily assimilated and helps the reader to understand certain nuances 
that would become difficult if using a simplified notation. Another point 
in favor of the adopted notation is that it naturally provides an overview, 
which this text endeavors to present. 

The notation consists of five basic elements, four of which are 
optional, depending on the case. The first element is the letter that 
indicates a certain quantity. So, if we wish to indicate the mass of 
a body or particle, we will adopt the notation m. Note that m is in 
italics. Every scalar quantity will then be denoted by a letter in italics. 
When the quantity in question is not, as in the preceding example, scalar 
but rather a vectorial quantity, it is indicated in bold. Eor example, 
the position vector of a point has been denoted as p. So, m indicates 
mass, a, 6, c, r can indicate distances; on the other hand, p, v, and 
a indicate position, velocity, and acceleration, respectively; G indicates 
momentum, H indicates angular momentum, F force, and T torque, 
all of them vectorial quantities. A number of other symbols will be 
presented as the corresponding concepts are being introduced and the 
reader does not need to worry about memorizing them. 
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The four other elements that comprise (at most) the notation 
appear as a subscript (index) or a superscript (exponent) of the principal 
element. The index usually denotes a component or a numeral. Hence, if 
F is an applied force (a vector) , the component of the force in the direc- 
tion of a Cartesian axis, say, axis x, will be denoted as Fa, (a vector) or, 
when dealing with the scalar component of the vector (see Appendix A) , 
as Fx (a scalar). On the other hand, if we are talking about n parti- 
cles of a system, their masses will be denoted by mi, m 2 , . . . , m„. The 
superscript, or exponent, is used to specify to what the quantity in ques- 
tion refers. Thus, indicates the velocity of the particle P and 
indicates the vector momentum of the body C. Note that particles are 
denoted in Roman-type capitals (P), while bodies are denoted in italics 
and also in capitals (C). (But, when we write the velocity of P, v^, the 
letter P is converted to italics, in the mathematical mode; this should 
not, however, cause any difficulty.) When we need to clearly indicate the 
vector position from a point Q to a point P, we will adopt the notation 
p^’/Q, which reads as: position vector of P with respect to Q. In this last 
example a new element appears in the notation; both P and Q have an 
upper index position, or exponent, in relation to a basic element that in- 
dicates the quantity, that is, an element is placed over the fraction line, 
while the other is under it. The terminology accompanies the notation; 
it is the position of P (that which is mentioned) with respect to Q (with 
respect to that which is mentioned), that is, a vector position from Q 
to P. 

We have now seen four elements, as follows: the quantity (cen- 
tral element of the notation); the lower index, generally indicating either 
a number among several, or one component; the top index in the nu- 
merator, indicating at which point (or body) it is referred; and the top 
index in the denominator, usually a point (or axis, as will be seen later) 
with respect to what is being discussed. There is also a fifth element in 
the notation that is reserved for reference frames. So, for example, the 
velocity of a point P with respect to Q in a reference frame TZ will be 
noted by . The reference frame, therefore, appears as a top left 

index, in the notation. (The concept of reference frame will be intro- 
duced in Chapter 3, but its use in terms of notation can and should be 
introduced now.) 
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As we said at the beginning, not every notation requires the 
use of the five elements. The angular velocity of a body C in a given 
reference frame TZ is indicated by , only requiring three elements; 
the velocity (absolute) of a point P in a reference frame TZ is noted by 
also requiring three elements. Now the component in the direction 
X of the angular momentum vector of a body C with respect to a point 
O in a reference frame TZ will be noted by with everything you 

might need. Note carefully that the text’s terminology will say “with 
respect to” referring to the point O and, on the other hand, will say “in” 
(or, sometimes, “in relation to”) when referring to reference frame TZ. 

Some other notation elements, as well as general simplifications 
of the notation presented herein, will be introduced throughout the text. 
But the main idea will always be maintained and the reader must learn 
it now in order to facilitate the study. It may seem complicated at 
first, but the consistency of this notation will become quite clear for the 
reader as it is being presented and even more so when applied, especially 
facilitating the use. 
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Exercise Series #1 (Sections 1.1 to 1.6) 

Pl.l The critics against Copernicus and Galileo argued that, if the earth 
moved, then, a heavy body that was dropped from a very high tower should 
fall to the west of the foot of the tower. Galileo argued, however, that this 
body would fall slightly to the east. An engineering student, who heard this 
story, argued that the body would fall directly under the point in which it was 
dropped. Who is right? 



PI. 2 Why do you think that Aristotle deduced that force should be in pro- 
portion to velocity? 



PI. 3 Occasionally troublesome paradoxes appear to challenge the formal 
logic and shake the foundations of the consistency of mathematics. One of 
the oldest paradoxes ever heard was formulated by Epimenides, a Greek who 
coined the following immortal words: “All Cretans are liars.” Now, as Epi- 
menides himself was from Crete, the statement is true if and only if it is 
false, and vice versa. There are several mathematical formulations to express 
the paradox of Epimenides (and his correlates) and such proposals are called 
undecidable. Try also to formulate a logical-mathematical paradox. 



PI. 4 Explain what the difference is between a system of particles and a 
body. Why, in a system of particles, is the scalar field p not defined? 



PI. 5 Suppose that a system consists of n particles Pi, with mass mm, 
i = 1,2, ... ,n, and m bodies Cj, with a density Pj, j = 1,2, ... ,m. What 
will the expression be for the system’s mass M? 



PI. 6 Explain why the earth imprints on every body the same acceleration, 
independent of the body’s mass. 



PI. 7 What is the advantage of formulating Newton’s second law in terms 
of the time rate of the momentum vector, instead of the broader formulation 
involving the body’s acceleration? 
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PI. 8 Consider the gravitational attraction exerted on a small body by a 
sphere whose density varies exclusively with the distance to its center. Show 
that this attraction is equivalent to that exerted by a small sphere of the 
same mass, located at the center of the original sphere. (This result was 
demonstrated by Newton, being based on his law of universal gravitation.) 




PI. 9 The sun’s mass is approximately 2 x 10^° kg, the average distance 
between it and the earth is 1.5 x 10^^ m, and the equatorial diameter measures 
approximately 6.4 x 10® m. Estimate the percentual variation of the weight 
of a man at the equator between day- and nighttime. 





Figure P 1.9 
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PI. 10 Mount Everest, on the boundary between Nepal and Tibet (China), 
has an altitude of 8848 m and a latitude of approximately 29 degrees. How 
much do you estimate a man with a mass of 80 kg weighs on reaching the top? 



PI. 11 Two rings were built from the same wire, one with a radius of r and 
the other with a radius of 2r. If the rings are placed on the same plane and 
touching each other, what will the distance be between the mass center of the 
set and the tangent point? 

PI. 12 How far from the center of a homogeneous semicircle is its mass 
center? 

PI. 13 Throughout the discussion on methodology, it was repeatedly said 
that the first step to solving a problem in dynamics is after, of course, char- 
acterizing the system to be analyzed, to identify the forces and torques acting 
on the system. Why is that? 



PI. 14 How would you denote, from the suggested general notation scheme, 
the kinetic energy of a body C in a given reference frame IZ? And how would 
you denote the resultant moment of a vectors system V with respect to the 
axis xi? 




Vectors and Moments 

Chapter 2 



Vector functions are present in all mechanics. Forces, torques, velocities, 
angular velocities, accelerations, momenta, and angular momenta are 
some of the major examples of these kinds of quantities in the subject 
scope. Among the vector functions, some can be distinguished where 
the vector is directly associated with a certain point in space of those 
where this association is not significant. So, for instance, the velocity of 
a particle is a vector associated with the point in space occupied by it 
at each instant, while a torque applied to a rigid body is not necessarily 
associated with any particular point of the body. 

This chapter addresses an especially important kind of vector 
in mechanics: the moment vectors. A torque applied to a body is a 
moment vector; the angular momentum of a body with respect to a 
given point is also a moment vector. Although torques and angular 
momenta are different concepts, the vector handling of both is exactly 
the same and the two functions are discussed together here. 

The general purpose of this chapter is the study of vector sys- 
tems. On the one hand, it seeks to give the reader the basic tools 
to correctly model the forces applied to a mechanical system. On the 
other, it offers a unified approach to the handling of vectors and their 
moments, which will make it easier to understand the dynamic prop- 
erties of a mechanical system — especially the concepts of momentum 
and angular momentum — facilitating the formulation of equations that 
govern their motion. 




28 



2. Vectors and Moments 



For a systematic and unified approach, Section 2.1 discusses 
the free, sliding, and bound vector concepts while Section 2.2 defines 
the moment of a sliding or bound vector with respect to a point or axis, 
with examples. Section 2.3 introduces the fairly general concept of a 
vector system, including free and sliding (or bound) vectors and defines 
the resultant and resultant moment with respect to a point or axis, 
according to this general approach. The formulation is different from 
that usually found in the literature and has the advantage of suppressing 
ambiguities that, for instance, are found when discussing torques applied 
to a rigid body. Section 2.4 addresses the equivalence of vector systems 
and the reduction of systems at a given point. It is shown that any 
vector system can be substituted by a simpler system consisting of just 
one pair of vectors. Some special systems are also discussed, such as 
the couple and the null system. Section 2.5 shows the existence of the 
central axis of a vector system with a nonnull resultant and studies its 
properties and applications. Section 2.6 specifically discusses the force 
and torque systems. No attempt has been made to study statics but 
rather teach the reader how to model the forces and torques acting on 
a given mechanical system. The contact forces are discussed, paying 
special attention to the links and phenomenon of friction, field forces, 
and torques applied to a rigid body. 

2.1 Free, Sliding, and Bound Vectors 

In a three-dimensional Euclidean space, a given vector can be ex- 
pressed in three components; if v is any vector and 111,112,113 is a ba- 
sis of orthonormal vectors, the scalar components of v on this base, 
Vj = V ■ nj, j = 1, 2, 3, where the dot designates scalar product (see 
Appendix A), fully determine the vector v. In its geometric representa- 
tion, reference is usually made to its elements: magnitude and direction. 
If the vectors u and v are equal, they must have both elements equal 
and their respective components are necessarily equal on the same basis; 
in other words, 

u = V if and only if Uj = Vj, j = 1, 2, 3. (1-1) 

Furthermore, all algebra for the vectors can be expressed in terms of 
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their components on an arbitrary basis (see Appendix A). Vectors like 
those described above are called free veetors. Examples of free vectors 
are the angular velocity of a rigid body and a torque applied to a rigid 
body. 

The effect of the action of a force on a rigid body depends on 
the former’s line of action. As discussed in Chapter 1, Newton’s third 
law states, among other things, that, given two particles P and Q, the 
force exerted, say, by Q over P is a vector associated to the straight 
line defined by P and Q. In other words, something besides the three 
components of the vector on a given basis must be specified to fully 
describe the applied force. So, from a dynamics viewpoint, two forces 
will be distinguished with the same components — therefore, with equal 
vectors — and different lines of action. Vectors associated to a certain 
straight line in the space are called sliding veetors. The characterization 
of a sliding vector requires its components on a given basis and the 
description of its line of action (the parameters of the equation of this 
straight line, coordinates of a point on the straight line, or any other 
form of determination). Two vectorially equal sliding vectors (equality 
in the usual sense, between free vectors) and associated to the same 
line of action are called equivalents or equipollents. Examples of sliding 
vectors are a force applied on a rigid body and the flow velocity of a 
fluid in a pipe with a uniform section. 

The effect of a force on a deformable body depends, in addition 
to its line of action, on the point to which the force is applied. Vectors 
associated to an application point will be called bound veetors. To char- 
acterize a bound vector one must know its components on a given basis 
and the coordinates of its application point. Examples of bound vec- 
tors are the momentum of a particle and a force applied to the end of a 
spring. 

All vector algebra is defined for free vectors; sums, scalar prod- 
ucts, cross products, and other known operations have results exclusively 
dependent on the respective components of the vectors, thereby consti- 
tuting free vectors. In other words, whatever the operation between 
vectors, following the rules of vector algebra, which results in a vector, 
this will necessarily be a free vector, since it will only depend on the 
components of the vectors involved in the operation. Algebra of sliding 
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vectors or bound vectors is not, however, prohibited; the operation will 
only be done as if the vectors are free, and the result must necessarily 
be a free vector. 

Example 1.1 Let us assume that forces Fi and F 2 and torque T act 
on block B, illustrated in Fig. 1.1. Fi is applied along the axis x. 



z 




If the block can be considered as a rigid body, it makes no difference which 
is the point of the segment of x inside the block where the force is applied. 
F 1 is, therefore, a sliding vector associated with axis x and its full character- 
ization is given by its components — (Fi, 0, 0), in the system of Cartesian 
axes in the figure — and by the axis with which it is associated, in the 
case X. Force F 2 is also a sliding vector, associated with the straight line 
that contains points P and Q. It can be fully characterized, for example, by 
its magnitude, F 2 , its direction (from P to Q), and the equation of its line of 
action: bx = ay; z = c. Torque T can be applied at any point of the block; 
therefore forming a free vector, characterized, for example, by its compo- 
nents (Ti, T 2 , T 3 ). The vector sum Fi -1- F 2 = ((Fi -1- F 2 cos 9), F 2 sin 0, 0) 
is a free vector, not associated, therefore, with any straight line in space. 
The cross product x F 2 = cF 2 (— sin 0, cos 0, 0), where is the 

position vector of point P with respect to O, is also a free vector. 

2.2 Moments 



Let us consider v as a sliding vector, associated with a straight line r. 
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O any point in space, and P an arbitrary point on r (see Fig. 2.1). The 
cross product of vector p, position of P with respect to O, with vector 
V, is a free vector, called the moment of v with respect to O 

^ p X V. (2.1) 



r 




Of course, only a sliding vector (or bound vector, a particular 
case of sliding vector) admits a moment with respect to one point; the 
position vector p is not defined for a free vector. The moment of a 
vector V is always a free vector and orthogonal to v. In fact, according 
to Eq. (2.1), the moment results in an algebraic operation and, as such, 
does not define a line of action for its result; moreover, as this operation 
is a cross product, the resulting vector must necessarily be orthogonal 
to V (see Appendix A). 

The moment of a vector with respect to a point will be null if 
the vector is null or if the line of action of the vector contains the point. 
In fact, product p x v will be null if one of the vectors is null or if v is 
parallel to p. 

Lastly, it is worth noting that the moment of a vector with 
respect to the point O is independent of point P chosen on the line of 
action of v. To check this, one only needs to choose any other point P' 
over r and see that p'xv = pxv — rxv = pxv, since r x v = 0 
(see Fig. 2.1). 

The physical dimension of the moment vector will always be 
equal to the physical dimension of the sliding vector that originated it. 
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multiplied by dimension [L], a characteristic of the position vector p, 
that is, 

Dim = Dim [v] x [L], (2.2) 

If F is a force, a sliding or bound vector with dimension 
[MLT“^], that is, Newtons (N), in SI units, its moment with respect 
to a point will be a torque, with dimension [ML^T“^], that is, Newtons- 
meter (Nm), in the same units. If G is a momentum vector of a particle, 
a bound vector with dimension [MLT“^], its moment with respect to a 
point will be the angular momentum vector of the particle with respect 
to the point, with dimension [ML^T“^]. 

Given a point O, an axis (straight line) E passing through O 
and parallel to a certain adimensional unit vector n and a sliding vector 
V associated with the line of action r (see Fig. 2.2), the moment of the 
veetor v with respeet to the axis E, M'"/®, is defined as the component 
of the moment of vector v with respect to the point O, in the direction 
of the axis, that is (see Appendix A), 

Mv/s ^ • n n. (2.3) 




The moment of a vector v with respect to an axis E is a free 
vector (result of an algebraic operation) parallel to the axis (its direction 
is given by the unit vector n). The physical dimension of is the 

same as M^o, 

since n is adimensional. Lastly, the moment of a vector 
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with respect to an axis does not depend on the point on the axis chosen 
for its calculation, which justifies no reference to point O in the notation 
made for a moment with respect to an axis. In fact, if O' is another 
point on the axis E (see Fig. 2.2), x v, where 

is the position vector of point P with respect to point O', as shown. 
But if d is the distance between points O and O', p^/*^ = P + dn, 
so •nn = pxv-nn + dnxv-nn and, as the mixed product 

n X V • n is null, then -1111 = • n n = M'"/® (see Appendix A) . 

Example 2.1 Consider a particle P, of mass m, moving in the reference 
system shown in Fig. 2.3. At the instant represented, the position of P 
is given by the Cartesian coordinates (scos 0, yo, s sin 0); its magnitude 
velocity v is parallel to straight line r; and a force of magnitude F, directed 
to point O, acts on the particle. The momentum vector of the particle, 
defined as G = mr;n, is bound to P. 



Z z 




Figure 2.3 



The moment of this vector with respect to point O is 
M°/° = X G = p<3/o X G 

= yoTiiy X r7w(cos0ii2; + sin^riz) 

= mvyo{sm Oiix — cos 9nz). 

The moment of vector G with respect to axis X is 

= mvyo sin 
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and the moment with respect to axis Z is 

■ Uziiz = —mvyo cos Ouz. 

Force F, applied on P, is a bound vector at P. The moment of this force 
with respect to point O is null, because the support of the force passes 
through O. The moment of this force with respect to point Q is 

M^/'3 = pW X F 

= s(cos 6n.x + sin Ouz) 



-F 



Fsyo 



— (s cos Oiix + j/oHy + s sin Onz) 



(s 2 +j/ 2 ) 1 A 



(sin 6nx — cos 9nz). 



Note that the moment of F with respect to Q can also be obtained (and 
more easily) by 



= pO/0 X F 



= -2/ony X 



-F 



Fsyo 



— (scos 6 >n,c + J/oHy + s sin 6 * 112 ) 



(s2+y2)lA 



(sin Bux — cos duz). 



The moment of vector F with respect to the vertical axis z passing through 
Q is 



. ri2 ri2 = - - 



Fsyo 



(s2+J/2)1/2 

and the moment of F with respect to axis Y is 

• n„ n„ = 0 . 



i OUz 



The moment of a vector v with respect to an axis E passing 
through a point O will be null if the mixed product p x v • n is null 
[see Eqs. (2.1) and (2.3)]. This will happen if v is null or p and v are 
parallel — and in this case O belongs to the straight line r, the line of 
action of v, so the axis and straight line are concurrent — or, also, if v 
and n are parallel, meaning that the axis and straight line are parallel 
(see Fig. 2.2). In short, the moment of a nonnull vector with respect 
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to an axis will be null whenever the vector’s line of action and axis are 
coplanar. (There is also another trivial case where the moment vector 
with respect to an axis vanishes. Which is that?) 

The moment of a sliding vector v with respect to point O is 
equal to the vector sum of the moments of the vector with respect to 
three mutually orthogonal axes that intercept at O. Thus, if ni,ri 2 ,n 3 
are orthonormal vectors, parallel to the axes xi,X 2 ,xs, passing through 
O, then n^, j = 1,2,3, therefore (see Appendix A), 

3 

Mv/o ^ ^ . (2.4) 

i=i 

Example 2.2 Returning to the preceding example (see Fig. 2.3), the 
moment of vector G with respect to axis Y is null because the G line of 
action intercepts Y at point Q. The moments of vector F with respect to 
axes X, Y, or Z are null because the line of action of F intercepts the 
axes at O. If the angle 9 is null, the moment of vector G with respect 
to axis X will also be null since the G line of action and axis X will 
be parallel. In fact, for 9 = 0, = —ravyoTHz and =0. 

It is also easy to see, looking at the results of the above example, that 
MG/o = + M°A + M°/^, as Eq. (2.4) establishes for any 9 value. 



2.3 Vector Systems 

Consider a set consisting of n sliding vectors of the same phys- 
ical dimension, v^, associated with the line of actions r^, i = 1, 2, . . . , n, 
respectively, and m free vectors M^, j = 1,2, . . . ,m, all with the di- 
mension of a moment of a vector from the vector category v^. A set of 
vectors defined as such will be called a vector system. (Let us not for- 
get that bound vectors are a particular case of sliding vectors and that, 
therefore, some or even all the vectors above may consist of bound 
vectors.) 

Example 3.1 The arm shown in Fig. 3.1 is hinged at its end A and 
can turn freely around the axis X 3 . Force F is applied at end B, with 
components in the three coordinated directions; consider that the vertical 
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force P, the weight of the arm, is applied at point O, mass center of the 
arm; assume the action of three force components, Fi, F 2 , and F 3 , on end 
A, as shown. Lastly, as the arm is free to turn exclusively around the axis 
X 3 , two torque components, Ti and T 2 , shall be applied to it. 




Figure 3.1 

This group of seven vectors — five sliding vectors (the forces) and two free 
vectors (the torques) — forms a vector system, with n = 5 and m = 2. (If 
the reader did not clearly understand why these vectors and not others are 
involved, do not worry: The recognition of the forces and torques applied 
to a rigid body will be discussed later in this chapter. What matters for 
now is to recognize that this is a vector system.) 

If V is a vector system consisting of n sliding vectors Vi, i = 
1,2, ... ,n and m free vectors Mj, j = 1,2, . . . ,m, the vector sum of the 
n sliding vectors is called resultant of the system, that is, 

n 

(3.1) 

i=l 

It is never too late to insist that the resultant of a system, 
obtained from a usual vector sum, is a free vector, not associated, there- 
fore, with any line of action and, as such, not having defined its moment 
with respect to any point in the space. 

Example 3.2 Figure 3.2 illustrates a system of vectors V associated to 
a cube with an edge with a length of 2 m. The vector vi with magnitude 
bu is associated with the axis X 3 ; the vector V 2 with magnitude lOu is 
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associated with the straight line containing A and B; and the vector V 3 , 
with magnitude 15u, is associated with the straight line containing B and 
C, with the directions shown, u being a certain physical unit. The system 
also consists of the free vectors Mi, parallel to axis x\, with magnitude 
20um, and M 2 , parallel to axis E, with magnitude 30\/2um, with the 
directions indicated. The resultant R of this system will be the free vector 



R = vi + V 2 + V 3 = 5u(-3ni + 2 ri 2 + ns). 




The resultant moment of a vector system V with respect to a 
point O is defined as the vector sum of the moments with respect to O 
of the sliding vectors of V with the free vectors of V, that is, 

n m 

y^V/O ^ ]yfVi/0 + ^ Mj . (3.2) 

i=l j = l 

It is clear that the resultant moment of a system V is also a free vector. 

The resultant moment of a vector system V with respect to an 
axis E, passing through a point O and parallel to an adimensional unit 
vector n, is defined as the component of the resultant moment of the 
system at the point, in direction of the axis, that is, 






(3.3) 
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Example 3.3 Returning to the previous example (see Fig. 3.2), the 
resultant moment of the system with respect to the point O is 

+ Ml + Ma 

= 0 + 2m ns x lOu na + 2m (na + ns) x (— 15tt) ni 
+ 20um ni + 30ttm (ni + na) 

= 30t6m (ni + ns). 

The resultant moment with respect to the axis x\ will be = 30umni 

and the resultant moment with respect to the axis X 2 will be null. The 
resultant moment of this system with respect to the axis E, which contains 
A and C vertices, can be directly computed by 

= Ml • n n + Ma = 40-\/2ttm n = 40u,m (ni + na), 

since the lines of action of the sliding vectors of the system intercept all on 
axis E. 

Once the resultant and resultant moment with respect to any 
given point O of a vector system V are known, the resultant moment of a 
system is determined with respect to any other point. This is guaranteed 
by a very simple and extremely useful relationship established on what 
has usually been called the 

Moments Transport Theorem. The resultant 
moment of a vector system V with respect to any point 
O is equal to the vector sum of the resultant moment 
of the system with respect to a given point O' with the 
moment, with respect to O, of a sliding vector vectori- 
ally equal to the resultant R of V and associated with 
a straight line passing through O', that is, 

M^/o ^ mV/o' pO'/o ^ Yi. (3.4) 

The derivation of the theorem is simple, by basing it on the 
definitions of the resultant moment of a vector system with respect 
to one point, Eq. (3.2), and resultant of a system, Eq. (3.1). In fact 
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(see Fig. 3.3), 




^ Pi X Vi + ^ Mj 



i=l 



i=i 



^ p'i X Vi + ^ X ^ Mj 



i=l 



i=l 

m 



i=i 



X Vi + + p®'/^ X ^Vi 

\i=i j=i / j=i 

M^/o' pO'/o ^ 



I 



This result indicates that two free vectors — the resultant, in- 
variant with the point, and a resultant moment, dependent on the cho- 
sen point — fully characterize a vector system consisting of an arbitrary 
number of sliding (or bound) and free vectors. 

Equation (3.4) can be extended to resultant moments of a sys- 
tem with respect to different axes. So, if n is an adimensional unitary 
vector, defining a direction in space, the resultant moments of a vector 
system V, with respect to two axes parallel to n, passing through the 
points O and O' (see Fig. 3.3) are related by 

^V/E ^ ^V/E' ^ j'pOyo X . nn. (3.5) 

Equation (3.5) is the result of projecting Eq. (3.4) in the direction n. 
The second term on the right can be interpreted as the moment with 
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respect to the axis E ol a, sliding vector vectorially equal to the resultant 
of V, whose line of action passes through O'. This result is also known 
as the parallel axes theorem. 

Example 3.4 Returning to Example 3.2 (see Fig. 3.2), the resultant 
moment of the system with respect to point A can be obtained, through 
Eq. (3.4), from 

^V/A ^ jyjV/O pO/A ^ 

= 30w,m (ni + 113 ) + (—2m) 113 x 5w, (— 3ni + 2 ri 2 + 113 ) 

= lOrtm (5 ni + 3 ri 2 + 3 113 ) . 

The resultant moment of the system with respect to the horizontal axis 
E' , which passes through C and D, is, according to Eq. (3.5), 

X R) ■ n2 n2 

= 0 + ((— 2m)(ni + ns) x 5 m (—3 m + 2 n 2 + ns)) • n 2 n 2 
= 40um n 2 . 

When a vector system consists exclusively of sliding (or bound) 
vectors, it is called a simple system. For a simple system, therefore m = 0 
and the resultant moment of the system with respect to a point or axis 
will be the sum of the moments of the sliding vectors comprising the 
system, with respect to the point or axis. 

Some simple systems consist of an infinite number of sliding 
vectors, each with an infinitesimal magnitude. Systems of this kind are 
called distributed systems. If dv is a vector of a distributed system V 
(see Fig. 3.4), its resultant R is defined as 

R ^ / dv. (3.6) 

Jv 

The resultant moment of a distributed simple system V with 
respect to a point O is defined as 

^ [ p X dv, (3.7) 

Jv 

where p is the position vector with respect to point O, of an arbitrary 
point on the line of action of dv (see Fig. 3.4). 
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The resultant moment of a distributed system with respect to 
an axis E is defined as in Eq. (3.3), that is, it is the component, in the 
direction of the axis, of the resultant moment of the system with respect 
to any point on the same axis. 

Example 3.5 Figure 3.5 shows the diagram of a vertical gate, with 
height a, which holds the water of a tank. 




The pressure exerted by the fluid on the gate over the atmospheric pres- 
sure depends on the depth z, according to the hydrostatic relationship 
p{z) = pgz, where p is the pressure, p the density of the fluid, and g the 
gravitational acceleration magnitude. As the pressure varies exclusively 
with the vertical coordinate on each horizontal surface element, with an 
area dA = Idz, where I is the width (uniform) of the gate, an infinitesimal 
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force df = pdA rii = pglzdz rii will be applied. So a distributed system 
JF, consisting of forces di associated to horizontal lines of action (direction 
x), acts on the gate. The resultant force of the action of the fluid on the 
gate will be the resultant of this disributed system, given, according to 
Eq. (3.6), by (assuming p and g as constants) 



R— j di = pgl / zdzTo .1 = ^pgla^ ni. 



The resultant moment of this system with respect, say, to point P is, 
according to Eq. (3.7), 






p X df = pgl / — (c 



z)u 3 X z dz ni = 



--zpgla ri2. 
6 



Example 3.6 Bar B, pivoted on one end at the fixed point O, moves 
on the plane of the figure with the angle 9 varying with time according to 
the rate w = d9/dt (see Eig. 3.6). 




The bar is homogeneous with mass m and length c. Each element of B will 
have a mass dm = pdr, p being its density (mass per unit of length), and the 
velocity v = roj (believe me), in the direction ri 2 . The momentum vectors 
of the elements of B, dG = w dm, consist then of a simple distributed 
system Q, whose resultant, 

R= / dG = / pijjr drn .2 = -puid^ n .2 = -mijjcn. 2 , 

J B Jo 2 2 
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is the momentum of the bar. Its angular momentum with respect to point 
O, is the resultant moment of the system Q with respect to O, given by 

M^/o = r 111 X pair dr ri 2 



= pu! dr ri 3 

Jo 

1 2 
= -mute ri 3 . 

O 



The angular momentum vector of the body with respect to the axis, say, 
X 3 (axis passing through O, parallel to the unit vector ns) will be the 
component, in this direction, of the angular momentum vector with respect 
to the point O, that is. 



]y[V’/3:3 _ • ns ns = -mux? ns. 



2.4 Equivalent Systems 

Two vector systems V and V' are said to be equivalent if their resultants 
are equal and if their resultant moments are also equal with respect to 
some point O, that is, 

r R(V)=R(V'), 

V V' ^ < (4.1) 

(m^/^ = for some O, 

where the symbol means equivalence. 

It is natural that the concept of equivalence is expected to be 
stronger, such as systems being equivalent with equal resultants and 
equal resultant moments for any point in space. It is easy to see, how- 
ever, that this is exactly what will happen with systems that fulfill 
Eq. (4.1); otherwise, let us see: If V and V' are equivalent, from the 
moments transport theorem, Eq. (3.4), then, for any point O' 

mW = M^/^-bp*^/^'xR(V) = M^'/^-bp^/^'xR(V') = (4.2) 

as desired, that is, the resultants of the two systems being equal and their 
resultant moments also being equal for a given point, then the resultant 
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moments will also be equal to each other for any other arbitrarily chosen 
point. 

If V and V’ are equivalent systems, their moments with respect 
to any axis E will be equal. In fact, if O is a point on the axis, = 

and the component of this relation in the direction of the axis, 
given by the unit vector n, will be -1111 = • n n; therefore, 

for every axis E if V ~ Vb (4-3) 



Example 4.1 Consider the system V, consisting of sliding vectors ui 
and U 2 , whose lines of action intercept point A, and by the free vector 
Ma, orthogonal to the plane of the former (see Fig. 4.1). Also consider 
the vector system consisting of the sliding vector v, whose line of action 
intercepts point B and is orthogonal to 113 , with the direction shown, and 
by the free vector Mb, parallel to M^- The magnitudes and directions 
are shown in the figure. 




The resultant of system V can be expressed on the basis of ni, ri2, 113 by 



R = ui + U2 = 4 m (-s/Sni + ri2), 
and its resultant moment with respect, say, to point B is 



X U2 + Ma = — Mmri3. 
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The resultant of system V' is 

= V = 4u (-\/3ni + 112 ), 

and its resultant moment with respect to point B is 

yiV'/B ^ ^ -ttmna. 

It results then that V and V' are equivalent. It is easy to see, for example, 
that both systems have a null resultant moment with respect to any axis 
passing through B and parallel to the plane defined by the directions of rii 
and ri 2 . (Choose any point and calculate the resultant moments of V and 
V' with respect to this point. What conclusion does one reach?) 

Every vector system V has an infinite number of equivalent 
systems (does the reader agree?). The simplest of them will be, in 
general, systems consisting of a pair of vectors, one free and the other 
sliding. Now let us see: Taking a sliding vector equal to the resultant 
of V over a line of action passing through a given point Q, and a free 
vector equal to the resultant moment of V with respect to Q, we have a 
new system whose resultant, being equal to the single sliding vector that 
comprises it, is equal to the resultant of V, and whose resultant moment 
with respect to point Q is also equal to the resultant moment of V with 
respect to Q. It is said, then, that the system V was redueed to point Q. 
Once a given system of vectors is reduced to point Q, as described in the 
above procedure, it can be easily reduced to any other point, using the 
moments transport theorem, Eq. (3.4). In fact, as the resultant is an 
invariant, one only needs to calculate the new resultant moment based 
on the previous one, using the theorem, to obtain the new reduction. 

Example 4.2 Returning to the previous example (see Fig. 4.1), the 
system V' is a reduction of the system V at point B. The reduction of V 
at point C, intermediary between A and B, will consist of a vector equal 
to R applied to C and 

M^/c = X U2 + Ma = u.mri3. 

Note that the same reduction would be obtained from V' , that is. 



X v + Mb = urn 113. 
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In the more general case, as seen above, every vector system 
can be reduced to an arbitrary point, the reduction consisting of a pair 
of vectors: a sliding vector (equal to the resultant of the original system) 
and a free vector (equal to the resultant moment of the original system 
with respect to the point). Some systems, however, are even more easily 
reduced, as we will see ahead. 

When a system V has a null resultant and nonnull resultant mo- 
ment with respect to some point in space, it is called a couple. According 
to the moments transport theorem, Eq. (3.4), the resultant moment of 
a couple is the same for any point in the space, that is, 

M^/o ^ mV/o' r = 0. (4.4) 

The moment of the couple is then an invariant that characterizes it fully. 
If V is a couple consisting of forces and torques, its resultant moment is 
called the couple torque. 

Example 4.3 The mechanical system illustrated in Fig. 4.2 consists 
of a central element of mass 5m, rigidly connected to four equally spaced 
spheres, two with mass m each and two with mass 2m each, in the config- 
uration shown. 



z 




Figure 4.2 

The system turns around the axis z at a constant rate so that each 
of the suspended masses has a velocity of magnitude v. Assuming di- 
mensions so that all elements can be treated as particles, the set of 
momentum vectors forms a simple vector system with five elements, as 
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follows: Gyi = 2 mvn 2 , Gb = —mvni, Gc = — 2 mvn 2 , Gd = mvni, and 
Go = 0. The resultant of this sytem is null and the vector system is, there- 
fore, a couple. The resultant moment with respect to point O (the angular 
momentum of the set of particles with respect to O) is = Gmvrns. 

It is easy to see that the system’s resultant moment is the same as for any 
other point in space. 

When a vector system V has a nonnull resultant and a null 
resultant moment with respect to a given point O in space, its reduction 
to that point consists exclusively of a sliding vector vectorially equal to 
its resultant associated with a line of action passing through the point. It 
is easy to see that, according to Eq. (3.4), for all points on this support, 
the resultant moment of the system will also vanish. 

Example 4.4 Figure 4.3 illustrates a cylinder floating on a fluid at 
rest. The system of forces exerted by the fluid on the cylindrical shell 
is a distributed simple system that, for a vertical cross section, will have 
the indicated aspect, with the force magnitude varying with depth and 
its direction always orthogonal to the surface of the cylinder. The lines 
of action of all components of this system intercept; then the symmetry 
axis of the cylinder and its resultant moment with respect to this axis will 
therefore be null. The geometry of the body also guarantees the symmetry 
of this system of forces in the longitudinal direction, with the consequence 
that the resultant moment of the system with respect to point O is also 
null. 





Figure 4.3 
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The resultant of the system, 




will therefore be a vertical vector. The reduction of the system at point 
O will then consist exclusively of the vector R associated with the vertical 
line passing through O, as shown, constituting the thrust exerted by the 
fluid. (Note that the fluid also exerts a distributed force on the cylinder 
bases, but the symmetry guarantees that these forces cancel each other out 
and do not contribute to the thrust.) 

When a system V has a null resultant and a null resultant 
moment with respect to a given point O, it is called a null system. In 
fact, also according to Eq. (3.4), the resultant moment of a null system 
will be null for all points, and, consequently, for all axes in the space. As 
Example 4.4 illustrates, the system of all forces acting on the cylinder 
bases will constitute a null system. 

Example 4.5 Consider the vector system T consisting of three forces 
and one torque, applied on a disk, described as follows: two forces, F 
and F', both of a magnitude equal to 5N, exerted by the two ropes, fixed 
at points B and B' respectively; the weight P of the disk, vertical and 
applied on its center, of magnitude 8N; and the torque T, vertical, applied 
to the disk, of a magnitude equal to 9-s/3Ncm, in the direction indicated 
(see Fig. 4.4). 
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Adopting the basis of orthonormal vectors ni,n 2 ,ri 3 , the unitary vectors 
in the directions of the ropes are 

n = ^(3v^ni + 3ri2 + Sns); n' = ^(-3v^ni - 3ri2 + Sna) 

and the forces and torques applied to the disk, expressed on the same basis, 
are 

F = i(3v^ni + 3ri2 + Sna) N, 

F' = i(— 3-\/3ni — 3ri2 + 8na) N, 

P = — 8na N, 

T = 9v^na N cm. 

The resultant of the system is 

R=F + F' + P = 0. 

The moment of the force F with respect to point O can be obtained from 

X F = ^(4ni + 4v^ri2 — 3-\/3na) N cm. 

The moment of force F' with respect to point O is, likewise, 

M^'/o ^ pB'/o X F' = I (-4m - 4V3n2 - 3V3na) Ncm. 

The moment of the weight with respect to O is null, of course, due to the 
symmetry of the disk, and the resultant moment of the system with respect 
to the same point is 

+ T = 0. 

This is, therefore, a null system. It is easy to see that the resultant moment 
is null with respect to any other point or with respect to any chosen axis. 



2.5 Central Axis 

The resultant moments of a vector system V with respect to all points 
of a line parallel to its resultant are equal to each other. In fact, if O 
and O' are two points on a line parallel to the resultant R (see Fig. 5.1), 
the product x R is null, so, from Eq. (3.4), . 

Hence, moving one point parallel to the resultant of the system 
the resultant moment does not alter. The resultant moment does change, 
however, when moving the point in an arbitrary direction. 
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Now, if when we move from one point to another we obtain 
a new resultant moment, it would be useful to consider if there is any 
particular point for which the resultant moment vanishes. To answer 
this question, let us take the resultant moment of an arbitrary system V 
with respect to a given point O, and let us break it down in the 

direction of the resultant R of the system, that is (see Appendix A), 

M^/o = ^vjo + , (5.1) 

where the component of the resultant moment parallel to the resultant 
is 

^ • R R (5.2) 

and the component of the resultant moment orthogonal to the resultant 
is (see Appendix A) 



^ (kx X R. (5.3) 

If Q is an arbitrary point, the vector difference between the 
resultant moment of V with respect to Q and O is, according to the mo- 
ments transport theorem, given by x R, a vector orthogonal to R. 
It is then found that, by changing the point, only the orthogonal com- 
ponent, varies, while the parallel component remains invariant, 

that is, 

M^/O ^ y^V/Q ^ 



(5.4) 
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The conclusion is that the parallel moment is, like the resul- 
tant, an invariant of the system V. Therefore, if for a given point P 
the component of the resultant moment of the system parallel to its re- 
sultant is different from zero, there will be no other point in the space 
with respect to which the resultant moment is null. The answer to the 
question asked previously is, therefore, negative, that is, it is untrue, in 
the most general case, that there is always a point in the space with 
respect to which the resultant moment of the system is null. Of course, 
if for a given point P the parallel moment of the system is null, it will 
be so for any other point. 

As seen above, the parallel moment does not depend on the 
point, but the orthogonal moment varies with it. It would, then, be 
worth investigating if there is a point P for which the orthogonal moment 
vanishes, that is, if there is P so that 

= (5.5) 

With this objective, basing ourselves on Eq. (3.4) and substituting 
Eqs. (5.1), (5.5), (5.4), and (5.3) in succession, we have 

ll6nC6 

therefore, 

-h ^ (r X X R = -h X R. (5.6) 

Now note that, after the term present in both members, is simpli- 
fied, we obtain a vector equation that is satisfied for all position vectors 
so that 

pP/o = X + AR, (5.7) 

where A is an arbitrary real number of dimension [L/ Dim[R]] . 

Equation (5.7) describes a straight line parallel to the resultant 
passing through the point P*, whose position with respect to point O is 
given by the vector (see Pig. 5.2) 

p* = 4yR X M^/^. 



(5.8) 
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This line, the geometric place of the points with respect to 
which the resultant moment of the system is reduced to the parallel 
moment, is called the central axis of the system. Note that the vector 
p* will exist whenever the resultant of the system is different from zero, 
that is, the central axis exists for any system that is not a couple or a 
null system. 

The parallel moment, whose magnitude is the least possible 
among the resultant moments of the system with respect to any point 
in space, is, for this reason, also called the minimum moment of the 
system and, when the resultant moment with respect to any point O is 
known, is determined by Eq. (5.2). If the vector system is such that, for 
any given point O, the resultant moment and resultant of the system 
are orthogonal, the minimum moment of this system will be null. 

Note that P* is the point of the central axis closest to point 
O. In fact, vector p*, being orthogonal to R, is perpendicular to the 
central axis and P* will be the orthogonal projection of O on the axis 
(see Fig. 5.2). 



Example 5.1 Figure 5.3 reproduces the system analyzed in Example 3.2. 
The parallel moment of this system is, according to Eq. (5.2), 
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The position of the point of the central axis closest to point O is given, 
according to Eq. (5.8), by the position vector 



p* = [5 m(-3iii + 2ri2 + ns)] X [30ttm(ni + ns)] 

= ^(ni + 2 n 2 - ns) m. 

The central axis of the system is then the straight line given by the equation 



p = y(ni + 2n2 - ns) m + A(-3ni + 2n2 + ns). 



where p is the position vector, with respect to point O, of an arbitrary point 
of the axis and A is a real number, with dimension [L], that parametrizes 
the straight line. 

Every vector system V with a nonnull resultant can be reduced 
to a pair of parallel vectors as follows: A sliding vector equal to the 
resultant of V, associated to the central axis of the system, and a free 
vector equal to the parallel moment of the system. In other words, the 
reduction of any system to an arbitrary point on its central axis consists 
of exactly two of the system’s invariants. When V is a system of forces, 
its reduction to an arbitrary point on the central axis forms a wrench^ the 
name given to a system formed by a force and a torque parallel to each 
other. An everyday example of a wrench is the action of a screwdriver. 
In fact, the action of this tool on a screw consists of a force and a torque, 
both parallel to the axis of the screw. A wrench is said to be direct when 
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the force and torque have the same direction (tightening the screw) and 
to be inverse when the directions are opposite (loosening the screw). 

Vector systems whose parallel moment is null can be reduced 
to a single sliding vector, equal to its resultant and associated to the 
central axis of the system. This is the case of some particular simple 
systems, as we will see ahead. 




A simple system of vectors is called eoplanar when its lines of 
action are all contained on the same plane (see Fig. 5.4). On the one 
hand, the resultant moment of such a system with respect to a point 
of the plane is necessarily orthogonal to it, since the moment of any of 
the system’s component vectors with respect to a point of the plane is 
perpendicular to this plane. The resultant of the system, on the other 
hand, is parallel to the plane, so the parallel moment is null, while 
the central axis is contained in the plane. The system can, therefore, 
be reduced to a sliding vector equal to the resultant of the system, 
associated to the central axis. 

Example 5.2 A broad- rimmed hat is laid on a smooth horizontal 
table. Three lines, fixed to the crown of the hat at points A, B, and 
C, are pulled horizontally with forces of the same magnitude F, in the 
directions indicated, skimming the crown of the hat (see Fig. 5.5). We 
wish to determine a point on the hat rim where a nail must be stuck, 
so that it does not move. The nail, once it is in place, will prevent the 
displacement of the point, letting the hat rotate freely around it. The 
problem is, therefore, to find a point on the rim where the system can be 
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reduced to a single force, with a null resultant moment, thus preventing 
the hat from rotating. 




The system of forces T is coplanar and can be reduced to its resultant 

^^^F(m + n2) 

applied to a point on the central axis. The resultant moment at point O is 

M^/o = 3Frri3, 

and a point P* on the central axis can be given by the position vector [see 
Eq. (5.8)] 

P* = ^ + n2) X SFrns 

2 

= 0.879 r(ni — 112 ). 

The central axis will, therefore, be a straight line parallel to R passing 
through P*, as shown in the figure. As the resultant moment with respect 
to any point of E* is null, the nail, when fixed at any point on this axis, 
will react with a horizontal force equal to — R, immobilizing the hat. 

A simple vector system is called parallel when formed by sliding 
vectors whose line of actions are all parallel to a given straight line. If n 
is a unit vector characterizing the direction of the system, its resultant 
is necessarily parallel to n and the moment of any of its vectors with 




56 



2. Vectors and Moments 



respect to an arbitrary point O is orthogonal to n (see Fig. 5.6). It then 
follows that the resultant moment and resultant of a parallel system are 
always orthogonal, independent of the chosen point, so the minimum 
moment is null and the system can be reduced to a sliding vector equal 
to the resultant, having the central axis of the system as line of action. 




Figure 5.6 



Example 5.3 The gravitational force exerted by the earth on a body C 
close to its surface can, because of the proportions involved, be considered 
as a parallel distributed system of forces T . The resultant of this system 
is the weight of the body, 



P = 




pgn dV = mg n, 



where p is the field of the body’s density, g is the magnitude of the grav- 
itational acceleration, n is the vertical unitary, pointing to the surface, V 
is the volume, and m is the mass of the body (see Fig. 5.7). The resultant 
moment of this system with respect to an arbitrary point O is 



M 



T/O _ 



= / (r X pgn) dV = pr dV x gn, 



ic 



where r is the position vector, with respect to point O, of a generic point 
C . The central axis of this system will be a vertical straight line described. 
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Note that the first term of the last line expresses nothing more than the 
position vector, with respect to O, of the mass center of the body (see 
Section 1.6), 

P* = — [ prdV, 

^ Jc 

while the other two terms are vectors parallel to n and may be grouped 
in the form /3n, where [3 is an arbitrary scalar. The conclusion, then, is 
that the central axis of the system of gravitational forces on a body close 
to the earth’s surface is a vertical line that passes through the mass center 
of the body. Now, modifying the orientation of the body in relation to the 
earth, only the orientation of the unitary n (n') in relation to the body is 
modified, with the new central axis parallel to n', passing through the mass 
center of C (see Fig. 5.7). Now, as the orientation given to the body was 
arbitrary, the result is that the central axes of all possible configurations 
will cross each other in the mass center of the body, by which we can, in 
any case, reduce the gravitational action of the earth on a small body close 
to its surface, to its weight applied to the mass center of the body. 
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When the lines of action of a simple vector system all converge 
at one point, we have a concurrent system. The resultant moment of 
the system with respect to the concurrence point will, naturally, be null, 
and the central axis of the system will then necessarily pass through the 
point. Every concurrent system can, therefore, be reduced to a sliding 
vector equal to its resultant associated to a line of action passing through 
the concurrence point. (This result is known as Varignon’s theorem.) 

Example 5.4 Consider the system of gravitational forces exerted by a 
particle P, of mass M, on a homogeneous bar AB, of mass m and length c, 
in the configuration shown in Fig. 5.8. This is a distributed simple system 
consisting of the forces of attraction dF between P and each element of 
mass dm = ^dy, all with a support passing through P. 



y 




Each element of force is, according to the universal gravitational principle, 
Eq. (1.3.5), 



dF 



GMdm 
GMm dy 

c{a^ + y2^3/2 



(ani 



yn2). 



The resultant gravitational force is then 



F = 




GMm 

a(a2 + c2) 1/2 



ni + 





As the system is concurrent at P, it can be reduced to a gravitational force 
equal to the resultant calculated above, passing through P. The line of 
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action of this force intercepts the bar at point G, center of gravity of the 
bar for the gravitational field exerted by particle P. The distance b from 
this point to the end A of the bar is 



6=0 tan (f> = a 




a 

c 



c 




One can see that point G lies between A and P*, mass center of the bar, 
that is, that 6 < c/ 2 , which is equivalent to 



or 



therefore. 



a 

c 



2 \ 1/2 

1 H — 2 
02 



- 1 



c 

<2’ 



1 H — ^ < 



4o4 ”^02’ 






which is always true. The result, then, is that the center of gravity is 
situated below the mass center of the bar. This result clearly shows that 
the center of gravity and the mass center of a body are different concepts. 
The latter depends exclusively on the distribution of the body mass while 
the former depends also on the nature of the present gravitational field. Of 
course, as we saw in Example 5.3, both coincide in the case of the earth’s 
gravitational attraction on a body of small dimensions close to its surface. 
One can also easily see that, in the case under study, G becames closer 
to P* when the a/c ratio increases. The reduction of the gravitational 
field at the mass center of the bar will consist of the gravitational force F 
applied to P* and a gravitational torque equal to the resultant moment of 
the system with respect to P*. Using Eq. (3.4), this torque is 



M^/^* = pG/^* 



^ GMm{c — 26) 

^ ^ 2a(a2 + c2)i/2 
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2.6 Forces and Torques 

The first step to be taken to establish the equations that govern the 
motion of a mechanical system — whether it is a simple particle moving 
on a plane or a mechanism with multiple interconnected bodies in three- 
dimensional motion — is to identify the set of forces and torques acting 
on it. For the sake of simplicity, we will call the system of vectors 
consisting of forces and torques acting on a mechanical system a force 
system. Once the forces and torques acting on the subject of interest 
are identified, it is necessary to choose a point to reduce the system; 
the choice of this point depends on the nature of the encountered force 
system itself, as well as on kinematic and inertia properties of the body 
or bodies under study. The general guidelines for choosing the most 
suitable point for reducing a system, therefore, will not be discussed in 
this chapter; the matter will be duly discussed later. 

Interactions between mechanical elements occur through forces 
and torques. As discussed in Chapter 1, the concept of force is assumed 
as primitive in mechanics, the same as in the case of the torque concept. 
Even though the moment of a force applied with respect to a given 
point is a torque, applied torques can be considered separately from the 
existence of force systems that consist of couples with those torques. 
This is, indeed, the general treatment adopted in Section 2.3 to define 
vector systems. 

The interaction between two particles occurs by means of a 
force. Thus, given two particles P and Q, Newton’s third law states 
that P exerts on Q a force Fgp, associated to the line of action passing 
through Q and P, while Q exerts on P a force F^q, also associated to 
the same line of action (see Fig. 6.1), satisfying the relationship 

Fqp = — FpQ. (6.1) 

It is convenient to classify the interaction forces in two cate- 
gories, as follows: field forces, or distance action, occurring when the 
particles are not in contact; and contact forces, which are those from 
direct contact, which only occur when the relative position vector be- 
tween the particles is null. The former includes the forces of gravita- 




2.6 Forces and Torques 



61 




tional attraction and electromagnetic fields, among others; in the latter, 
as examples, are collision and friction forces. 

In the mechanical model of a particle, the force system acting on 
a given particle will always be a concurrent simple system (see Fig. 6.1). 
Such a system is equivalent, as stated, to a force equal to its resultant 
applied on the concurrence point. In the case of a particle, therefore, 
the generally most suitable point for reducing the system is the particle 
itself. 

Given an arbitrary point O, it is trivial that the moments with 
respect to O of the interaction forces between two particles P and Q 
satisfy the relationship 

mFqp/o ^ (6.2) 

that is, the moments with respect to any point are, like the forces, equal 
and contrary. In fact, the moments result from vectorial products of 
the same position vector p (see Fig. 6.1) with equal and opposite force 
vectors. 

Example 6.1 Consider the set of four small spheres of different masses, 
at rest, laid on a smooth horizontal plane and interconnected by four wires, 
as shown in Fig. 6.2a. When the horizontal force F is applied, tractions 
occur on the wires, each sphere undergoing the forces indicated in Fig. 6.2b. 
On analyzing it a little more closely, one finds that, besides the forces 
parallel to the plane, each sphere also undergoes vertical forces, as shown 
in Fig. 6.2c, for sphere D. 
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The force system acting on D consists of its vertical weight P, a field force; 
the vertical force V, exerted by the smooth plane, a contact force; horizon- 
tal tractions T3 and T4, exerted by the wires, that can be interpreted as 
contact forces if we include them as elements without mass, but belong- 
ing to the system or modeled as field forces exerted by spheres B and C, 
respectively. The resultant of the force system acting on D is 

R = (T3 -I- T4) cos 6*ni -I- (T4 — T3) sin 6»ri2 + {V — P)ri3. 

The system is equivalent, therefore, to R applied on D. The reader should 
not find it hard to analyze the force systems acting on each of the other 
spheres. 

Interaction between two bodies (rigid or otherwise) occurs by 
means of forces and torques. It therefore requires more careful handling 
than the interaction between particles, generally involving nonsimple 
vector systems. When there is interaction without mutual contact, we 
have a distance action system. For example, the gravitational field estab- 
lished between two bodies of arbitrary geometry and whose dimensions 
are around the same size as the distance between their centers is not 
generally reducible to a single force. Thus, contrary to what is seen 
in Example 5.3 — where the system is parallel — and Example 5.4 — 
where the system is concurrent — the reduction at any point of a body 
of the gravitational field exerted by another consists of a gravitational 
force and a gravitational torque. 

When two bodies have a point or region of their surfaces touch- 
ing each other, one has a contact system. If there is a single point of 
mutual contact, that is, a single point P of a body C coinciding with 
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point P' of another body C (see Fig. 6.3), one has, as in the model of 
a particle, a concurrent simple system at the point of contact. There is 
not, therefore, in this case, application of a torque between the bodies 
(although, of course, there could be a resultant moment with respect to 
a point in space other than the point of contact). 




When two bodies have a line or region of their surfaces in con- 
tact, the interaction occurs through a more general force system. It is 
always convenient to model this interaction by reducing this system to 
a point P representing this contact (see Fig. 6.4). Reduction will con- 
sist, in the most general case, of a force F (equal to the resultant of 
the system) applied to the chosen point and a torque T (equal to the 
resultant moment of the system with respect to the point) that, merely 
for convenience and clarity, is also represented as if applied to the point. 
By adopting, as usual, an orthonormal basis ni, ri 2, 113 for the decompo- 
sition of the vectors, let us say that the contact interaction is modeled 
by three mutually orthogonal forces Fi, F 2 , F 3 , and three also mutually 
orthogonal torques, Ti,T 2 ,T 3 in the directions of the chosen basis, as 
shown in Fig. 6.4. 

The contact between two bodies is also called a link. The na- 
ture of the link will be given by the present force system. When, at the 
contact between two bodies, the three force components and the three 
torque components are different from zero for an arbitrary orientation of 
the base, there is a rigid link. This is what happens in the case of weld- 
ing or fixing. (Although there may be local deformations in the link, we 
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Figure 6.4 



will keep the name rigid link characterizing the presence of forces and 
torques in the three directions.) The nature of a link depends on the 
kinematic constraints that the link imposes. We understand a kinematic 
constraint to be a displacement or a rotation that the presence of the link 
prevents. Every link can, therefore, be modeled by the displacements 
and rotations that it does not admit. The rigid link does not admit any 
relative displacement or rotation between the bodies in contact; hence it 
is modeled by a resultant force of an arbitrary direction (three compo- 
nents) and a resultant torque also of an arbitrary direction. For each free 
displacement admitted by a link, the component of the resultant force 
in the direction of the free displacement is null; for each free rotation 
admitted by a link, the resultant torque component in the direction of 
the free rotation is null. Of course, the reduction of the number of force 
or torque components will depend on the right choice of coordinated 
directions, that is, if a given direction of movement is free, in order to 
suppress the respective force or torque component, it is necessary that 
the direction corresponds to one of the chosen coordinated directions. 

Appendix B provides a table of the models usually adopted for 
the more commonly found links, indicating the respective nonnull com- 
ponents to be considered, at least in principle. Only practice will give 
the reader confidence to properly identify the relevant components in 
each case. As a general rule, it is recommended to start by considering 
all six components, then duly eliminating those that correspond to the 
free displacements and rotations that the link admits. The configura- 
tions in Appendix B, far from including all cases, only give the main 
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models adopted. Combinations of these are common; in this case, the 
components to be considered are the intersection of the sets of compo- 
nents of each link. For example, a ball and socket joint, which has only 
three force components, mounted on a rectangular slide consisting of 
two force and three torque components (see Appendix B), results in a 
link modeled by only two force components. 

When one wishes to study the motion of a body C that is 
bound to other mechanical elements, we start, as already mentioned, 
by identifying the force system acting on C. Each link must, there- 
fore, be substituted by the forces and torques that characterize it. This 
procedure is called body isolation, and the geometric representation of 
the reductions at the points representing the links is called a free body 
diagram. 

Example 6.2 Bar B is linked to the guide A by means of a mechanism 
that includes a pivot and a runner (see Fig. 6.5a). 




Point O, the intersection of the axes of the bar and guide, can be chosen to 
represent the contact and origin of a system of coordinates for the decom- 
position of the force and torque vectors involved. This is a compound link; 
the runner permits free displacement in the direction xi and free rotation 
in the same direction; the pivot admits a free rotation in the direction xs 
(see Appendix B). The force component in the direction xi and torque 
components in the directions xi and X 3 will vanish. Taking B, then, as 
the subject for study, its link with the guide is modeled by a system of 
forces whose reduction at point O comprises a force applied on O, with 
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components F 2 and F 3 and one torque, T 2 . Figure 6.5b illustrates the free 
body diagram of the bar in which the gravitational action P is included. 
Note that the orientation of the axes was chosen to bring to the fore the 
suppression of the null components (Fi, Ti, and T 3 ). 



2.7 Friction 

When two bodies touching at a single point have as a bound force only 
one component orthogonal to the tangent plane common to their surfaces 
at the point of contact, this force is called normal force, N, and the 
contact surfaces are said to be smooth. When, on the contrary, there are 
components parallel to the tangent plane, the contact is said to be with 
friction and these components, added up vectorially, form the friction 
force, Fa (see Fig. 7.1). 




When two solid bodies have surfaces touching each other with- 
out the presence of a fluid, it is then said that dry friction or Coulomb 
friction is present. In this model, the friction component acting on one 
of the bodies is always a force whose direction is opposite to the relative 
motion between the surfaces, when sliding occurs, or on its tendency of 
motion where there is none. We understand that this motion tendency 
is the one to be expected if the contact were smooth, which sometimes is 
not easy to identify. In order to establish the direction of a tendency to 
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the slide, it is necessary, in most cases, to analyze other links involved, as 
we will see in the following examples. When the direction of the friction 
force is unknown, the alternative is to consider two mutually orthogonal 
force components parallel to the plane tangent to the surface. 

In the dry friction model without relative sliding, it is consid- 
ered that the friction force magnitude has an upper limit depending 
linearly on the normal component present in the contact, a condition 
expressed by the inequality 



|Fa|</u|N|, (7.1) 

where is the friction force, N is the normal force, and the adimen- 
sional constant ;U, called the friction coefficient, expresses, in a simplified 
form, the complex interaction between two rough surfaces, depending 
on the material and surface finishing of the bodies in contact. Equa- 
tion (7.1), consisting of an inequality, merely establishes an upper limit 
value for the magnitude Fa of the component of the contact force par- 
allel to the tangent plane, a function of the magnitude N of the compo- 
nent orthogonal to the plane. The effective value of the friction force, 
nonetheless, may only be determined from the dynamic solution of the 
problem. 

Example 7.1 The isosceles triangular plate is at rest, with its vertices 
A, B, and C lying on the sloping plane tt, also having its vertex A pivoted 
on the fixed pin P, as illustrated in Fig. 7.2a. The action of the pin on the 
plate consists of the force components Ai and A 2 , parallel to the plane, 
and there are no torque components (why?). As the pin prevents the vertex 
A from moving, that is, it inhibits any tendency to sliding, the action of 
the plane on this support is reduced to the normal N^- Assuming that 
the plane is not smooth, the contact on the other two vertices will include 
normal and friction components. Due to pivoting, the tendency to sliding 
of the support at B is orthogonal to the edge AB, hence the arbitrated 
direction for the friction force Fb (see Fig. 7.2c). Similarly, the friction 
force Fc will be orthogonal to the edge AC. Figure 7.2b shows a similar 
situation, differing, however, by the link at the pin, which is no longer 
a pivot but a simple contact that we will consider smooth. The action 
applied by it on the plate can be reduced, then, to force N, parallel to the 
plane and orthogonal to edge CA, applied at vertex A. The action of the 
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plane on the vertices can be modeled in this way: On vertex A there is no 
tendency to sliding in the direction orthogonal to the edge AC, due to the 




Figure 7.2 

presence of the pin, with the result that the contact of the plane is re- 
duced to the normal and to the friction force F^i, parallel to that edge 
(see Fig. 7. 2d); at vertex B there is a sliding tendency in an unknown di- 
rection (at least in principle) and the contact must be modeled with three 
components (normal, Nb, and friction, Bi and B 2 ); at vertex C, as with 
B, we have the normal, Nc, and friction components, Ci and C 2 - 

Also with regard to the above example, it is worth noting that, 
in both situations studied, the signs chosen for the friction components 
are arbitrary. In other words, only the directions to be considered in 
each case are part of the links modeling; magnitudes and signs may only 
be determined — and not always fully — after a dynamic analysis of 
the problem. (Of course, there are situations, such as the weight of a 
body or a normal exerted by a simple support, where the sign is known.) 
The reader can always infer, using strictly personal guidelines (common 
sense, experience, etc.), the direction of an unknown link force; the final 
result of the dynamic analysis will indicate, by the sign, if the choice 
is right or not. It is recommended, when there is no clear indication 
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which sign is correct, to infer components in the positive direction of the 
Cartesian axes adopted; anyhow, the choice will not entail any error. 

In the preceding example, it is assumed that there is no sliding 
of the plate. In principle, therefore, there is not necessarily any relation 
between the normal and friction components at each link. When the 
touching surfaces between two bodies have relative motion, it is said 
that there is dynamic friction; the model, in this case, assumes a linear 
relationship between the friction and normal components, in the form 

|Fa|=^'|N|, (7.2) 

where is a constant, called the dynamic friction coefficient, and is 
generally dependent on the material and surface finishing of both bodies 
in contact. If there is sliding, the friction force will always be opposite 
to the relative motion. 

Example 7.2 The homogenous bar B relies on the inclined plane tt and 
pivoted on the pin P, fixed on the plane (see Fig. 7.3). B moves over the 
plane, turning around P, under the action of gravity. This is reducible, as 
we have already seen, to its weight P, applied to B* , the mass center of B. 
As the bar is homogenous and is fully supported by the plane, the normal 
force exerted by it can be considered uniformly distributed, as shown in 
Fig. 7.3b. The resultant of this distribution will be 

N=/bN. 

Jo 

The friction component exerted by the plane will also be distributed along 
the bar, having as a resultant 

Jo 

As there is sliding, each friction force element will have an opposite direc- 
tion to the motion of the respective point in relation to the plane, result- 
ing in a parallel distribution; on the other hand, sliding guarantees that 
|dFa| = /i^|dN|, with the result that the distribution, besides parallel, is 
uniform, as shown in Fig. 7.3b. It is easy to see that the central axis of 
this distributed system passes through B*; the action of the plane on the 
bar can, then, be reduced to Fa = y! Nn.i and N = Nriz applied at B* , as 
indicated in Fig. 7.3c. 
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Figure 7.3 



When a fluid intervenes in the contact between the bodies (typ- 
ical case of contact with a lubricant), one then has viscous friction. In 
this model, much more complex than that of dry friction, the friction 
force depends, essentially, on the relative velocity between the surfaces 
in contact and the viscosity and thickness of the fluid film between the 
surfaces. The viscous friction will not be studied here. The following 
example, illustrating quite a simple case, intends to give only a general 
idea of the difference in treatment given to the viscous friction model 
compared to that of dry friction. 



Example 7.3 Two flat plates are displaced at a constant relative 
velocity v, as illustrated in Fig. 7.4, with an oil film of uniform thickness e 
completely Ailing the region of mutual contact over area A. 

The shearing stress inside the fluid (the dragging force per unit of area 
exerted by a layer of fluid on its neighboring layer) is given by the ratio 




where r is the shearing stress, in the direction of the relative motion, 
with dimension [ML“^T“^], g is the viscosity of the fluid, with dimension 
[ML“^T“^], and dvx/dy is the gradient, in the direction normal to the 
motion, of the velocity of the fluid. This model of linear relationship be- 
tween the shearing stress and the velocity gradient is attributed to Newton, 
and the fluids that satisfy this hypothesis are called Newtonian fluids. For 
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Figure 7.4 



a fine film (small e) moving on a steady state (constant v), the velocity 
profile in the fluid can be assumed to be linear, as shown, and 

dvx _ V 

dy e 

The magnitude of the friction force applied on the upper plate will then be 



Fa = tA = gA 



dvx 

dy 



gAv 

e 



Note that, in this model, there is no ratio established between the mag- 
nitude of the friction force. Fa, and the normal force, N, present between 
the surfaces in contact. 

As mentioned at the beginning of the previous section, the cor- 
rect modeling of the force system acting on an element or a mechanical 
system whose motion we wish to study is the starting point for a suc- 
cessful solution. If a force or torque component is not considered at this 
initial stage of analysis, this will give a wrong result; if a component 
is unduly included, although this would not introduce an error, it will 
hinder or even make the solution unfeasible, unnecessarily increasing the 
number of unknown quantities to be determined. It is, therefore, desir- 
able to take special care when modeling the links and distance action 
systems. A careful study of Appendix B may be of value to the reader. 

Example 7.4 Figure 7.5a illustrates a disk welded to a horizontal axis, 
moving around a second vertical axis in the indicated direction. The link 
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between the axes consists of a joint. The disk relies on the horizontal plane, 
rolling over it under the action of the torque T, parallel to X 2 , as shown, 
with its center B describing a circular path around point A. Figure 7.5b 
shows the diagram of the corresponding free body. 




The forces C3 (normal) and Ci (friction) act on the point at which the 
disk touches the plane. Note that a friction component was not included 
in the direction of X 2 because, if the contact were smooth, point C would 
describe a circular path, parallel to the center of the disk. Vertical weight 
P acts on point G, the mass center of the set. Three force components, 
Ai, A2, and A3, are applied to point A. As there are no other efforts to 
be considered, we have a system acting on the set consisting of six forces 
and one torque, whose resultant is 

R = (Al + Cl)!!! + A2H2 + (A3 + C3 - P)ri3 

and whose resultant moment with respect, say, to point A is 

M-^/^ = X (Cl + C3) + X P + T 

= {aCs — bP)m + (T — rCi)ri2 — aC'm3. 



Example 7.5 Plate P, with mass m and mass center P*, is pivoted 
on O on the fork G that, in its turn, can revolve around the fixed bear- 
ing M (see Fig. 7.6a). A light rope, with one end fixed at point A, is 
being stretched as shown. The Cartesian axes {xi, X 2 , X 3 } have origin in 
O, with X 2 aligned with the bearing axis and xs orthogonal to the plate. 
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The orthonormal basis ni, 112, 113 is parallel to the chosen coordinated axes. 
Adopting this basis for the decomposition of the vectors, the force system 
applied to P will consist of three force components, Fi, F2, and F3, exerted 
by the pivot on O; vertical weight P, applied to P*, traction F, in the di- 
rection of the rope, applied to A; and the torque Ti, exerted by the link on 
O, which permits free rotations in the directions 112 and 113 (see Fig. 7 . 6 b). 




Figure 7.6 




The resultant of this system is 

R = (F -|- Fi -|- mg sin 0 )ni + F2112 + (F3 — mg cos 0)113. 

Its resultant moment with respect to point O is 

mF/o = pPyo ^ p ^A/o X F Ti 

= (Ti — mgd cos (j) cos 0 ) rii -1- mgd sin 0 cos 0ri2 
— {Fb + mgd cos 0 sin 0 ) 113 . 

When a particle is fixed, that is, at rest, it is said that it is in 
equilibrium. The condition for the equilibrium of a particle P is that the 
resultant of the system of forces acting on P is null, that is, 

R = 0 if P is in equilibrium. (7-3) 

In fact, every force system acting on a particle is necessarily a concurrent 
simple system and, therefore, equivalent to a force equal to its resultant, 
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applied to the particle. Now, Newton’s first law establishes exactly 
that if the resultant of the forces applied to a particle is null, then it 
will remain at rest or in uniform motion. (Strictly speaking, it will 
remain at rest or in uniform motion on an inertial reference frame, but 
this subject involving of the reference frames will be discussed later.) 
Although both conditions characterize the equilibrium, the equilibrium 
is usually understood as the condition of rest. 

The force system acting on a rigid body is not, as already men- 
tioned, necessarily simple or concurrent. It so happens that stricter 
conditions must be imposed to characterize its equilibrium. In fact, it is 
said that a rigid body C is in equilibrium when three of its noncolinear 
points are fixed. The condition for such a situation to occur is that the 
force system T acting on the body is a null system. In other words, a 
rigid body will be in equilibrium, that is, all its points will be at rest, 
when the resultant force and the resultant moment with respect to some 
point are both null. 

R = 0 and = 0 if C is in equilibrium, (7-4) 

where O is an arbitrary point. This result may only be strictly shown 
further in the text, in Chapter 7, when the dynamics of the rigid body 
will be studied, but we can assume it as true for this section’s require- 
ments. 

Example 7.6 Figure 7.7 reproduces the situation studied in Example 4.5 




X 



Figure 7.7 
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(take another look at it). The disk undergoes a force system T, consisting 
of the forces P, F, and F' and torque T. As determined in the example, the 
resultant force R is null and the resultant moment with respect to point O, 
is also null. The force system T , therefore, is a null system and the 
disk is in equilibrium. In fact, the disk would be at rest under the action 
of the weight and vertical tractions on the ropes if torque T was not there. 
By applying the torque, the resultant moment with respect to point O will 
be compensated by the moment produced by the horizontal components 
of the tractions on the ropes, while the weight will be counterbalanced by 
the vertical components of the tractions on the ropes, resulting in a null 
system. 



Example 7.7 Returning now to Example 5.2 (take another look at it), 
the force system consisting of the three forces of magnitude F applied to 
the crown of the hat, as illustrated in Fig. 7.8, plus the force 



P 



2 + 72 

2 



F(ni + ri 2 ) 



exerted by the nail stuck in point P* = 0.879 r (1, —1, 0) will be a system 
with both a null resultant and resultant moment, thus guaranteeing the 
hat’s equilibrium. 




Figure 7.8 
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Exercise Series #2 (Sections 2.1 to 2.6) 

P2.1 A horizontal force of 40N is applied to the arm of the torquimeter, as 
shown. Determine the magnitude of the moment produced by this force at 
point O. What is the component of this moment that loosens the screw? 



Xj 




Figure P2.1 



P2.2 In order to drill a wall with the help of a bit, a vertical force of 90N 
is applied to the arm B and a horizontal force of 60N on handle C, as shown. 
What is the vertical force that must be applied to the handle so as not to 
bend the bit at A? What is the reduction of this new system to point A? 




Figure P2.2 
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P2.3 A system of forces and torques, consisting of the weight P, the forces 
on supports A and B and the torques at the input and output axes, equal to 
20 N m and 50 N m, respectively, is applied to the gear box. For the box to stay 
motionless, this system must be null. Determine the forces on supports. If 
the input torque is increased to 25 N m, it is necessary to screw down support 
B. Calculate the effort on this screw. (Assuming that there are no losses, the 
input and output powers always remain equal to each other.) 




Figure P2.3 



P2.4 A system S consists of four bound vectors, whose components and 
respective points of application on a given system of Cartesian axes are 
VI = (2, 0, 0) in (0, 1, 2); V 2 = (0, 1, 1) in (0, 0, 3); vs = (3, -2, 1) in (1, 2, 0); 
V 4 = (0,0,4) in (—1,0,2). Determine the magnitude of its resultant, its re- 
sultant moment with respect to the origin, and its minimum moment. 



P2.5 Referring to the preceding exercise, determine the coordinates of the 
point closest to the origin where the system can be reduced to a wrench. 
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P2.6 Consider the system made up of the sliding vectors Vj, i = 1, ... ,4, 
associated to the indicated lines of action, and the free vector M. Determine 
the vector vs, bound to the vertex A of the cube, with an edge equal to 1 m, 
whose inclusion in the system permits its reduction to a single nonnull vector. 
Is there more than one solution? 




Figure P2.6 



P2.7 Acting on a solid cube with an edge a = 2 m are forces fi , associated to 
the edge AB, and of 30N magnitude, £ 2 , associated to the line of action s and 
of 50N magnitude, fa, associated to diagonal CF, and { 4 , applied to vertex 
E. Determine the fa magnitude and the fi components so that the system 
can be substituted by the action of a screwdriver applied to point O, in the 
direction of the straight line s. Also determine the efforts to be applied on the 
screwdriver. 




Figure P2.7 
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P2.8 The figure illustrates a child’s swing in a public square. Among the 
forces acting on the homogeneous horizontal bar B, consider the subsystem 5, 
comprising the tractions on the four cables and the weight of the bar (200 N). 
Show that the central axis of this sytem intercepts the axis xi. If, at a given 
time, Fi = F 2 = lOON, F 3 = F 4 = 120N, /3i = 60°, /?2 = 30° (children are 
playing there), determine the xi coordinate of the intersecting point. 




P2.9 A rectangular channel, with width 1, contains water of density p, 
trapped by a cylinder with radius r and mass m, that lies on the rough bottom 
surface, being kept in position by a horizontal cable, as shown. Determine the 
traction on the cable to keep the cylinder at rest. 




Figure P2.9 




80 



2. Vectors and Moments 



P2.10 Two segments were cut and shaped from a wire with linear density 
p: one rectilinear, with length a, and another in the form of a semicircle with 
radius r, both fixed in the illustrated configuration. Analyze the gravitational 
action exerted by the rectilinear segment on the curvilinear one, determining 
the gravitational torque with respect to point O. Can this system of vectors 
be reduced to a single force? 



X2 




Figure P2.10 



P2.ll Two particles Pi and P 2 , of masses 2m and m, respectively, are 
interconnected by two cords, one with length a and the other 8a, the latter 
suspended around a cylinder with a diameter of 2a, set horizontally on bearings 
without friction. The system is in equilibrium in the illustrated configuration. 
Determine the angle 61 . 




Figure P2.ll 
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P2.12 The telescopic antenna, of mass m, is pivoted on the point O at the 
support S and can turn freely around the axis xi. The antenna is at rest in 
the vertical position (the friction existing between the elements is sufficient 
to support its own weight), when a force F, with components Fi, F 2 , F 3 , is 
applied to the end P, on the Cartesian basis of the figure. Reduce to point G, 
the antenna’s mass center, the system of external forces acting on the antenna 
at this instant. 




P2.13 The balloon has volume V and specific mass Pq/2i, where po is the 
density of the atmosphere. The AO rope is flexible (does not resist bending), 
with length a and mass m. Determine the height b of the balloon, the dragging 
force of the wind, and the force at point O, knowing that the slope at this 
point is 00 - 




Figure P2.13 
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P2.14 Particle P, with a mass of m, is r away from the mass center B* 
of the homogeneous bar B, with mass M and length 2a. By reducing the 
system of gravitational forces exerted by P on B at point B*, this results in a 
gravitational force and a gravitational torque. Calculate the limit of this pair 
when a/r — > 0. 




B 

Figure P2.14 



P2.15 To turn the axis, the monkey wrench weighing 30 N would be applied 
to the hexagonal end, a horizontal force of 40 N being applied at its end B, 
as illustrated. When ascertaining, however, that the monkey wrench was 
slightly smaller than necessary, someone suggested that the same result would 
be obtained by applying a screwdriver (a wrench, therefore) at some point on 
groove A. Determine the r-coordinate of this point. 




R=27cm 



Figure P2.15 
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P2.16 The figure is a sketch of a ceiling fan. The rotor/blades set (H) 
revolves around the symmetry axis, in relation to the motor cover (C), which is 
fixed on the support (S) by a ball connection that can be tightened to a greater 
or lesser degree, using a butterfly screw (B). Point G is the mass center of the 
suspended set. The fan weighs 50 N and is switched off, with its symmetry axis 
on the horizontal {6 = 0). Tightening the butterfly screw permits the joint 
to support torques to the maximum limit of 8 N m, guaranteeing, therefore, 
immobility of the set. When the fan is switched on, the system of forces exerted 
by the air in motion on the blades is equivalent to a wrench applied at point Q, 
with resultant F = — 30ni N and a resultant torque of T = — 6ni Nm. Does 
the cover stay still? Assuming that the tightening moment on the butterfly is 
proportional to the maximum resistant torque on the joint, how much extra 
percentage in tightening the butterfly is needed to keep immobility (or, if 
one concluded that the first tightening is sufficient, what is the percentage of 
loosening that would still keep this mobility)? 
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P2.17 The system consists of the sliding vectors Fi, F 2 , F 3 , and F 4 , as- 
sociated to the straight lines indicated and of magnitudes equal to 5N, 3N, 
10-s/2N and 2N, respectively, and the free vectors Mi, of magnitude 10 Nm, 
and M 2 , of magnitude 8 N m. The cube in the figure has edges with a length 
of 2 m. Determine the position vector, with respect to A, of the point of the 
central axis closest to it. 




P2.18 Consider the system illustrated in the figure, consisting of two small 
disks P and Q, of the same mass m each, joined by two rigid light bars of the 
same length r, at a vertical axis that is revolving in relation to the reference 
frame TZ, as indicated. The axes {xi, X 2 ,xs} are fixed on the vertical axis and 
the articulations at O and Q are pivots revolving around the xs-axis the z-and 
axis respectively, so that the bars always stay on the plane xiX 2 - Indicate the 
system of external forces acting on the mechanical system. 




P 



Figure P2.18 
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P2.19 Consider the lid, shown in the figure, consisting of a homogeneous 
rectangular plate of mass m, joined at the support by two hinges, being opened 
using a cable, passing through a pulley, to which a force of magnitude F is 
applied. Draw a free body diagram of the plate, indicating all the force and 
torque components applied. Reduce this system to vertex B. 




P2.20 A gate, in the shape of a fourth of a cylinder with radius r, is being 
designed to regulate the level of a canal. The gate shall be able to rotate 
freely around the axis x, thanks to the pivots at A and B. Specify the relative 
density d of the building material of the gate, so that it opens when the water 
level reaches the height a = |r. 




Figure P2.20 
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P2.21 The homogeneous bar B, of mass M, is partly lying on the fixed 
circular base A being pivoted at its end O to a vertical pin fixed on the base, 
as illustrated. At the other end, Q, a light wire, with length a, is fixed, with 
a small sphere P, of mass m hanging from it. Consider the mechanical system 
consisting of B and P and draw a diagram of the external forces applied to it 
(there is friction between B and A, but the friction on the pin is negligible). 




Figure P2.21 



P2.22 The light beam is supported at its ends, subject to the vertical load- 
ing q{x) = Q{1 — f) and to torque T = in the direction indicated. 

Determine the forces Vi and V 2 on the supports, knowing that the beam is at 
rest. Now, removing the right support, the force on the left support assumes a 
new value V{ and the system is no longer a null system (the beam will move) . 
Can this new system be reduced to a single force applied at one point? 




Figure P2.22 
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P2.23 Bar B is connected to the guide rod G by a compound link, described 
below. The axes {xi,X2,X3} are fixed to the bar, with xi orthogonal to the 
cursor C and X2 parallel to its longitudinal axis. The bar can turn freely in 
relation to the cursor around the axis xs, while the latter can freely slide with 
respect to the guide rod, as shown. The axis X3, however, is built to make 
a constant angle a, with the guide rod axis. How many force and torque 
components does this link offer, and how many degrees of freedom does it 
permit? 




P2.24 A series of n identical blades, with length 2a each, are piled on top of 
each other, as illustrated. What is the maximum balance of each to guarantee 
the set’s equilibrium? 



2a 



Figure P2.24 
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P2.25 Two cylinders with radius r are lying at rest on a horizontal surface, 
kept together by a rope with length 2r, joining their centers, and supporting a 
third homogeneous cylinder, with mass m and radius R, as shown. Assuming 
that the frictions are negligible, calculate the stress on the rope. 




Figure P2.25 



P2.26 A uniform bar with length c can slide inside a cylindrical surface with 
a radius of r. Determine the maximum angle 9 that guarantees the equilibrium 
of the bar if the friction coefficient at the points of contact is gL. 




Figure P2.26 
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P2.27 Three homogeneous identical balls are lying at rest on a horizontal 
surface, touching each other and kept together by a rope passing through the 
common equatorial plane. A fourth ball, with mass of m = 10 kg, lies on 
top of the other three. Calculate the stress on the rope, not considering all 
frictions. 




Figure P2.27 



P2.28 A prismatic and homogeneous block of concrete, with density equal 
to double that of the water, is at rest lying on the bottom of a canal of width 
a, damming water to a height of a/2, as illustrated. The distributed forces 
exerted by the bottom of the canal on the block have horizontal components 
(whose resultant is known as friction force) and vertical components (whose 
resultant is called normal force). The vertical distributed force is equivalent 
to a force equal to its resultant applied at a certain point. Determine the 
coordinate b of this point. 




Figure P2.28 




Kinematics 



Chapter 3 



Kinematics plays a fundamental role in the study of dynamics. On 
the one hand, because it deals precisely with the motion of mechani- 
cal systems, whose description is the main subject of the discipline; on 
the other, because, in order to obtain the equations of motion of any 
system, it will always be necessary to first express velocities and accel- 
erations of its elements as functions of the coordinates that describe the 
configuration of the system. 

The motion of bodies will be discussed here in general terms. 
Since all motion is relative, the concept of a reference frame is intro- 
duced right at the beginning and all motion will always be described in 
relation to one or more reference frames. Special attention, however, will 
be paid to the relations between the kinematic properties that express 
the motion of a point or a rigid body when the observer changes the 
reference frame. The discussion of kinematics will give priority to the 
study of relative motion between different reference frames; the concept 
of angular velocity of a rigid body will thereby appear, of course, to be 
a condition necessary for fully developing the kinematic concepts. The 
motion of the point will, therefore, be discussed after that of the rigid 
body, since the kinematic theorems relating velocities and accelerations 
will result from the relative angular velocities and accelerations with 
respect to different reference frames. 

The differentiation of vector functions is studied in Section 3.1, 
with emphasis on the dependence of the derivative of a vector on the 
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reference frame where this derivative is calculated. Section 3.2 discusses 
what is perhaps the most important concept of kinematics: the notion 
of angular velocity of a rigid body, showing that the angular velocity 
vector acts as a differential operator between two reference frames. In 
Section 3.3 a general equation is derived that relates the derivatives of 
a vector in two reference frames in their relative motion. This relation- 
ship will allow the study of the motion in different reference frames, 
to greatly facilitate the calculation of velocities and accelerations. Sec- 
tion 3.4 introduces the notion of angular acceleration. These first four 
sections concentrate attention on the relative rotation between rigid bod- 
ies since, as already mentioned, all subsequent kinematic relations will 
be obtained from the general equations deduced therein. Section 3.5 
introduces the concepts of position, velocity, and acceleration, which 
are necessary for describing the motion of the point or particle. In 
Section 3.6 the so-called kinematic theorems are derived, which relate 
velocities and accelerations in different reference frames. Section 3.7 
introduces the use of intrinsic coordinates in the study of the motion 
of the particle. Then the geometrical and functional relations between 
the trajectory of a particle and its velocity and acceleration vectors are 
analyzed in greater detail. In Section 3.8 the motion of the rigid body 
is studied, first relating the velocities and accelerations of points of a 
body with its angular velocity and angular accelerations. Next, mention 
is made of some important categories of motion of a rigid body, such 
as plane motion and motion with a fixed point. Section 3.9 discusses 
the rolling between two bodies, stating the kinematic premises of this 
fairly common condition. Last, Section 3.10 addresses the general study 
of mechanisms, discussing the main procedures of kinematic analysis 
of multibody systems. Generalized coordinates and holonomicity of a 
general mechanical system are also discussed in this section. 

This chapter is of the utmost importance for understanding 
almost all the rest of the material in the book. The correct choice of ref- 
erence frames, bases, and coordinates is fundamental for easy problem- 
solving and mastering these elements is achieved by studying kinematics 
in depth. Therefore, it is very important for the reader to clearly under- 
stand its content before going ahead. It is, therefore, suggested that the 
reader, after studying each section, work on the corresponding exercises. 
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3.1 Differentiation of Vectors and Reference Frames 

The differential equations governing the motion of mechanical systems 
always involve time derivatives of vector functions. For instance, the 
dynamic equation that expresses Newton’s second law for a particle, 
ma = R, relates a resultant force vector, R, to an acceleration vector, 
a, which is, in turn, defined as the second time derivative of a position 
vector p. In short, to be able to establish equations of motion, it is 
necessary first to know how to correctly differentiate vectorial functions. 
On the other hand, the above dynamic equation is only valid when 
the acceleration is observed from certain reference frames, and not for 
others. In other words, you must know how to relate the derivatives of 
a vector in different reference frames. In this section, we will study how 
to differentiate vector functions and see why their derivatives depend on 
the observer. 

When motion is discussed, a reference frame is implicit. The 
motion of a point or body can only be described in relation to something 
else. A reference frame will be defined here as a set of non-colinear 
points, with distances from each other invariant with time. A rigid body 
can be taken as a reference frame, since it fully meets the conditions that 
define the latter. In practice, the concepts of rigid body and reference 
frame will be used alternatively. A plane can also be adopted as a 
reference frame, for the same reason. A line or point, however, does 
not constitute a reference frame, since it does not fulfill the conditions 
established in the above definition. 

A reference frame may, therefore, be understood as any object 
to which a system of Cartesian axes can be associated. Nevertheless, 
the concept of reference frame must not be confused with that of coor- 
dinates system. Different systems of coordinates can be associated with 
the same reference frame, whenever applicable; but a system of coor- 
dinates cannot be fixed simultaneously in two reference frames, unless 
there is no relative motion between them. Given a reference frame and 
having chosen a system of Cartesian coordinates, it is usual to adopt a 
basis of adimensional and mutually orthogonal unit vectors, fixed in the 
reference frame and parallel to the axes of the system, in which all other 
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vectors are decomposed. It should always be remembered that a vector 
does not depend on the basis chosen for its decomposition, although its 
components do, of course, depend on the orientation of the basis. 



^3 X 2 




Figure 1.1 



Figure 1.1 illustrates a reference frame TZ, to which a system 
of Cartesian axes {xi,X2,X3} is associated, with origin O, and a basis 
of orthonormal vectors, 111,112,113, fixed in TZ. Any vector u can be 
represented by its component in this basis, as (see Appendix A) 

3 3 

^ = = '^u - rij Uj. (1.1) 

j=i i=i 

If the vector u varies with time, it is said to be a vector function, u(t), 
whose scalar components Uj{t) = u(t) • iij, j = 1,2,3, are scalar func- 
tions of time. As the chosen basis is fixed in TZ, the time derivatives of 
the base vectors are null: drij/dt = 0, j = 1,2, 3, and the time derivative 
of the vector u in 7?. will be 

dll — A . , 

(1-2) 

1=1 

where itj is the reduced notation for duj/dt. 

Now let A and B be two different reference frames, moving 
independently in space, in which the orthonormal basis ai,a2,a3 and 
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bi,b 2 ,b 3 , respectively, are fixed (see Fig. 1.2). An arbitrary vector u 
can be expressed alternatively as 

3 3 

u = ^u-a^aj- = ^u-bjbj. (1.3) 

j=i i=i 




Figure 1.2 

Although, in general, u • a^ / u • b^, j = 1,2,3, both vector 
sums result in the same vector u. The time derivative of the vector u 
will, however, depend on the reference frame from which the vector is 
observed, since its components on each basis depend on the motion of 
the respective reference frame. The following example illustrates the 
point. 

Example 1.1 The system of axes {x,y}, in the plane in Fig. 1.3, 
rotates around point O in relation to the axes {X,Y}, according to the 
function 0{t) (see Fig. 1.3). The unit vector rii is parallel to the axis x, 
fixed, therefore, in the reference frame with which the system {x, y} is as- 
sociated. In relation then to this reference frame, the time derivative of rii 
will be null: djii/dt = 0. Now, by representing rii in the basis ai,a 2 , then 
ni = cos 6b.\ -\- sin 6 sl 2 and differentiating with respect to the time in the 
reference frame associated with the system of axes {X, Y} (where the vec- 
tors ai and a 2 are fixed), then dni/dt = (— sin^ai -1- cos 0 a. 2 ) 0 {t) = 0 {t)n 2 , 
a different result from the previous one, unless 9(t) is constant, which only 
happens if there is no relative motion between the reference frames. 




3.1 Differentiation of Vectors and Reference Frames 



95 




Figure 1.3 



It is therefore, clear that the time derivative of a vector must 
necessarily allude to the reference frame in which it is being computed. 
The notation will be adopted here to designate the time deriva- 

tive of the veetor v in the referenee frame TZ, also called the time rate of 
V in TZ. As the above example illustrates, given an arbitrary vector v, 
its time derivatives in two reference frames A and B, moving in relation 
to each other, are generally different, that is. 



dt dt ’ 



(1.4) 



and the indication of the reference frame must not be suppressed in 
the notation of the derivative of a vector, except in a context where 
a single reference frame is implicit. In this case, the notation ^d\r/dt 
may be reduced to dv/dt or even to v, for the sake of simplicity. The 
reader must, however, be sure that there is no ambiguity when choosing 
the reduced notation, adopting the complete notation whenever there is 
any doubt regarding the reference frame. The differentiation of scalar 
functions is always independent of the reference frame] therefore, there 
is no ambiguity in using the abbreviated notation ‘e’ for the derivative 

The differentiation of sums and products of vector functions 
follows simple working rules. Let u(t) and v(t) be vector functions of 
the variable t and let e(f) be a scalar function of the same variable. 
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The following relations are fulfilled, under the condition that the vector 
differentiations are performed in the same reference frame: 







^dv_ 




(1.5) 




dt 


dt ’ 




^d, , 








(1.6) 




= ev -|- 


® dt ’ 






_ ^du 


^dv 


(1.7) 




dt 


• V -|- u • 


dt ’ 


^d 


^du 






(1.8) 




dt 


X V -I- u 


^ dt ’ 


^d 


^du 




'’^dv 


(1.9) 


-(U®V), 


dt 


® V -I- u 


® dt ■ 



(If you still do not know the notation ‘(8>’, which means the tensorial 
product or dyadic product between vectors, refer to Appendix A.) 

In more general terms, if the vector p(t) is the result of a multi- 
ple product (scalar, vectorial or tensorial product, in any possible order, 
with the proper brackets) of n vectors Vi(t), i = 1, 2, . . . , n, that is, 

P = viV 2 ---Vn, (1-10) 



then the time derivative of p in a given reference frame can be expressed 
in terms of the time derivatives, in the same reference frame, of the 
component vectors, thus 



^dp 

dt 



^dvi 

dt 



V2 • • • H h ViV2 • • • 



dt 



( 1 . 11 ) 



Equations (1.5-1. 9) and (1.11) may be easily demonstrated by 
fixing a basis in the reference frame, decomposing the vectors on this 
basis and then using the differentiation rules of scalar functions. 

If rii, n 2 , ri 3 is an orthonormal basis fixed in the reference frame 
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TZ, then 






i=i 

i=i 

3 

= 

i=i 

3 3 

= e ^ {vjUj) + e ^ (hj-rij) 
i=i i=i 

'^dw 

= ev + e- 



dt 



as Eq. (1.6) illustrates. Note that in the last passage of the above proof 
Eqs. (1.1) and (1.2) have been used. As an exercise, it is left to the 
reader to demonstrate the other results. 

Let V be a nonnull vector varying with time in a reference frame 
TZ. Its module v = |v| is defined as (see Appendix A) 



V = V • V. 



( 1 . 12 ) 



Differentiating with respect to time in TZ, then 

1 ^dv 



vv = 



= V 



dt 
^dv 
dt 



V + V 



dt 



(1.13) 



This result shows that if a vector v has a constant module, its time 
derivative in any reference frame will be either a vector orthogonal to v 
or a null vector. In fact, if u = 0, Eq. (1.13) implies that either ^dv/dt 
and V are orthogonal or ^dv/dt = 0. Consequently, if v is a nonnull 
vector fixed in a rigid body C moving in a reference frame TZ, its module 
V is constant and 



V. 



dv 

dt 



v = 0. 



V fixed in C. 



(1.14) 
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Specifically, if rii , n 2 , ns is an orthonormal basis fixed in a rigid 
body C that moves in relation to a reference frame IZ, then 

ni • ni = n2 • n2 = ns • ns = 1, (1-15) 

ni • n2 = n2 • ns = ns • ni = 0. (1-16) 

Differentiating Eq. (1.15) with respect to time in the reference frame TZ, 
using the reduced notation, 

hi • ni = fi2 • n2 = hs • ns = 0 (1-17) 

and also differentiating Eq. (1.16), we obtain 

hi • n2 = -ni • h2, 

h2 • ns = -n2 • hs, (1-18) 

hs • ni = -ns • hi. 

If V is an arbitrary vector fixed in a body C that moves in 
relation to a reference frame 7Z, Eq. (1.14) guarantees that the time 
derivative in 7^ of v is a vector orthogonal to v (or a null vector, which 
is not of interest at the moment). 




Then there is vector w, which depends upon the motion of 

-R. . 

C in TZ, that when cross-multiplied by v, results in the vector 
(see Eig. 1.4), that is. 



dt 



= w X V. 



(1.19) 
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Now consider a set of vectors vi, V 2 , . . . , v„, fixed in C. Each 
vector will have its own time derivative in IZ orthogonal to itself and, 
therefore, equal to the cross product of a vector with the vector Vj 
(see Fig. 1.4). (If the time derivative in 7?. of a vector is null, then the 
vector Wfc will be parallel to v^.) Although each vector Wj depends on 
the motion of C in 7^, there is no evidence so far of a relation between 
these vectors. 

It is possible, however, to demonstrate that the vectors are 
all equal to each other, that is, that there is a single vector that, by 
way of a mere cross product, differentiates any vector fixed in a body 
moving in a reference frame. This is, perhaps, the most important result 
of kinematics and is the subject of the following section. 



3.2 Angular Velocity of a Rigid Body 



Suppose that a rigid body C is moving arbitrarily in space in relation 
to a reference frame IZ. Also assume that a certain vector v is fixed in 
(7, that is. 



dt 



= 0 . 



(2.1) 



The time derivative of v in a reference frame TZ will depend on how the 
body C moves in relation to the reference frame. It would be useful to 
establish a relationship to calculate ^d^r/dt based on any parameter that 
describes the motion of C with respect to IZ. The following theorem, 
which will be called Theorem 0, because it is the most fundamental 
result of kinematics, establishes this relationship. 



Theorem 0. If a rigid body C moves in relation to 
a reference frame TZ, then there is a vector so 
that, for every vector v fixed in C, its time derivative 
in the reference frame TZ is, at each instant, given by 



^dv 






X V. 



dt 



(2.2) 
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The vector called the angular velocity vector of C in TZ, is 
a kinematic property of the body and characterizes, as seen below, the 
time rate of change of orientation of the body in relation to the reference 
frame. According to Eq. (2.2), the vector acts as an operator that, 
when cross-multiplied on the left by any vector fixed in the body, yields 
the time derivative of the vector in the reference frame. 

To demonstrate Eq. (2.2), let us take two nonnull vectors p and 
q, linearly independent and fixed in C, so that their time derivatives in 
reference frame 7^, p, and q are nonnull and nonparallel. As p and q are 
fixed in C, their scalar product is a constant and, differentiating with 
respect to the time in TZ, gives 





p • q + p • q = 0. 


(a) 


Defining the scalar 


A: ^ p • q = — p • q 


(b) 


and the vector 


fi ^ p X q, 


(c) 


then 

0 X p = (; 


p X q) X p = p • pq - p • qp = A:p, 


(d) 


fi X q = ( 


pxq) xq = q pq — q qp = A:q. 


(e) 



If /c = 0, the result of Eqs. (d) and (e) is O x p = x q = 0. 
Now, by hypothesis, p 7 ^ 0, q 7 ^ 0 and fi 7 ^ 0. Since p, and q are nonnull 
and nonparallel, it would be necessary for to be simultaneously parallel 
to p and q, which is impossible. Therefore A: 7 ^ 0 and we can define the 
vector 



k 


(f) 


The result of Eqs. (d), (e), and (f) is that 




UJ X p = p, 


(g) 


X q = q. 


(h) 



Now let r be a third vector fixed in C, defined by 



r = p X q. (i) 
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Then (see Appendix A), 

X r = X (p X q) 

= (^UJ^ X p) X q + p X (^u)^ X q) 

=pxq+pxq 
= r. 



(j) 



Last, as every vector v fixed in C can be expressed as a linear combina- 
tion of the basis formed by p, q, and r, that is, 



V = ap -I- /3q -I- yr, (k) 

where a, /3, and 7 are constants, then 

X V = X (ap) -I- X (/3q) -|- x (yr) 

= ap -h /3q -h yf 

V I 



It is worth noting that, whatever are the physical properties of 
vectors p and q used to form the angular velocity vector, then 



Dim [a;] 



Dim [p] X Dim [q] 
Dim [p] X Dim [q] ’ 



(2.3) 



and the angular velocity vector will necessarily have a dimension [T ^], 
that is, radians per second, in metric units. 



Example 2.1 The cube C, with edge a, rotates in relation to the 
reference frame TZ, keeping the vertex A fixed in TZ (see Fig. 2.1). At a 
given instant, the time rates in TZ of the unit vectors Ci and C2, fixed in 
the cube, are ci = 7C2 — /Ica, C2 = — 7C1 -1- acs, where a, ( 3 , and 7 are 
nonnull real constants. As Ci and C2 are linearly independent and their 
derivatives are not parallel, Eqs. (b), (c), and (f) can be used to calculate 
the angular velocity vector : 
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Once the angular velocity vector of the cube is known, it is easy to calculate 
the time derivative of any vector fixed in it using Eq. (2.2). If, for example, 
d is the position vector of the vertex B with respect to point A (its module, 
d, is the diagonal of the cube). 



d = a(ci + C2 + C3), 



its time derivative in TZ will be 

d = X d = a [(/3 — 7)01 + (7 — o;)c 2 + (a — P)c3^ ■ 

Note that 

d-d = a^(/3 — 7 + 7 — a + a — /3) = 0, 

as would be expected, since d is a vector fixed in C . 

The equation adopted to prove the existence of the angular 
velocity vector, 

= ip X q, (2.4) 

where 

/c = p • q, (2.5) 

although effective in demonstrating the theorem, is rarely used in prac- 
tice to calculate the angular velocity vector, since it is not usual to know 
the time derivatives of two vectors fixed in the body in question. What is 
important is to note that, according to Eqs. (2.4) and (2.5), the angular 
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velocity vector of a rigid body in a given reference frame is determined 
from the time derivatives in the reference frame of two (and only two) 
independent vectors fixed in the body. 

The attentive reader may have asked him or herself, if given 
a rigid body C moving arbitrarily in a reference frame TZ, is it always 
possible, at any instant, to find a pair of vectors p and q, fixed in C, 
fulfilling the conditions established in the proof of the theorem. The 
answer is yes, and an example can be given as follows. Suppose C 
is moving arbitrarily relative to TZ and consider the orthonormal basis 
ni,n2,ri3 fixed in C, satisfying, therefore, Eq. ( 1 . 17 ). If, for example, 
hi and h2 are, at a given instant, not parallel, then rii and ri2 can take 
the place of the vectors p and q in constructing the angular velocity 
vector, which will be = T . If, on the contrary, hi and h2 

are, at a given instant, parallel to each other, they will necessarily be 
parallel to 113 (unit vector simultaneously orthogonal to rii and 112), 
which, in turn, is always orthogonal to h3 (see Fig. 2 . 2 ). In this case, 
ri3 and ri2 (or 113 and rii) can take the place of the vectors p and q in 
constructing the angular velocity vector, which will be 
In other words, given three linearly independent vectors fixed in a rigid 
body, it is always possible, at each instant, to find two of these vectors 
whose time derivatives in a given reference frame are also independent. 



% 

Figure 2.2 

Just one last comment regarding the theorem. It has been 
shown that the angular velocity vector exists, which differentiates 

with respect to TZ any and every vector v fixed in C. Will there be more 
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than one vector with this property? The answer is no and this is easy 
to check. Let us assume that there are two vectors u) and u' so that 
o;xv = a;'xv = v. Then, (a; — u') x v = 0 and, since v is arbitrary, 
oj = oj' , then the angular velocity vector is unique. 

When a body B moves in relation to a reference frame A so 
that, during a certain time interval, there is a unit vector n fixed simul- 
taneously to B and A, it is said that B has a simple angular velocity in 
A. When this happens, the angular velocity vector of i? in is parallel 



to the vector 


n and may be expressed as 






= (un. 


(2.6) 


where 


LO = dO/dt 


(2.7) 



and 6{t) is the angle formed by two straight lines orthogonal to n, one 
fixed in B and the other in A, chosen so that 9 increases when the line 
fixed in B rotates in the righthand direction around vector n. Figure 2.3 
illustrates the situation. 




The vectors ai , a 2 , as form an orthonormal basis fixed in the 
body A, with ai parallel to the line r and as = n, while the vectors 
bi, b 2 , bs form another orthonormal basis, fixed in the body B, with bi 
parallel to the line s and bs = as = n. The vector n is fixed in both A 
and B, thereby configuring a simple angular velocity between B and A. 
The angular velocity vector of i? in A may be broken down in the basis 
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fixed in A: = wiai + (jJ23l2 + waaa, where wi, uj 2 , and ^3 are scalar 

functions of time. The time derivative in A of the vector n, fixed in B, 
will be ^dn/dt = x n = (jJ23l\ — Wia 2 . However, as n is also fixed in 
A, this derivative will be null and, therefore, u)\ = u )2 = 0. Then = 
waaa = can, as Eq. (2.6) establishes. Now, bi,b 2 ,b 3 may be expressed 
in the basis fixed in A: bi = cos 0ai + sin 0 a 2 , b 2 = — sin 0ai + cos 0 a 2 , 
bs = a 3 , and differentiating with respect to the time in the reference 
frame A, yields 

"^dhi/dt = 0(— sin6*ai +cos0a2) = 0h2, 

"^dh2/dt = — 0(cos0ai +sin0a2) = —Ohi, 

"^dhs/dt = 0 . 

Now by calculating the same derivatives from Eq. (2.2) 

"^dhi/dt = X bi = cab2, 

"^dh2/dt = X b2 = — cabi, 

^dhs/dt = X b 3 = 0. 

When comparing these results, it is evident that uj = 6, as Eq. (2.7) 
indicates. Also note that the angle 0 increases when the line s rotates 
in relation to line r in the righthand screw direction of n. 

Example 2.2 Figure 2.4 illustrates a cylinder C rolling down a ramp 
R. P, Q, and S are three points fixed to the edge of the cylinder and 6 
measures the angle between the line passing through P and Q and the edge 
of the ramp, as illustrated. The vectors Ci, C 2 , C 3 form an orthonormal basis 
fixed to C while the vectors ni,ri 2 ,n 3 form an orthonormal basis fixed in 
R. Vector C 3 is parallel to the cylinder axis and, therefore, is also fixed in 
R, with C 3 = 113 , thus characterizing a simple angular velocity between C 
and R. The angular velocity vector of C in 7? will therefore be = 6c^ . 
If (p is the angle formed by the line passing through P and S and the edge 
of the ramp, it is easy to see that (p(t) = 6(t) + a, where a is a constant 
angle. Then p = 6 and the angular velocity vector may be expressed either 
as = 4>C3 or even as Note that when 6 and <p increase 

(cylinder rolling down the ramp), the angular velocity vector has the same 
direction as 113 . 
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3.3 Use of Different Reference Frames 

We saw in Section 3.1 that the time derivatives of a vector v in two 
reference frames A and B in relative motion are, generally, different, but 
a general relation has not yet been established between these derivatives, 
as a result of their relative motion. This can be obtained from Eq. (2.2), 
deduced in the preceding section, as shown below. 

Let us assume that a reference frame B moves in relation to 
another reference frame A at an angular velocity . In general, the 
angular velocity vector varies with time, not being fixed in any of the 
reference frames. Also let three orthonormal vectors bi,b 2 ,b 3 be fixed 
in B (see Fig. 3.1). If u is any vector varying in time in relation to both 
reference frames, its decomposition on the basis fixed in B will be 



i=i 



and its time derivative in B will be 



^du 



i=i 



j > 



(3.1) 



dt 



(3.2) 
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since the basis vectors are fixed in B. Now by differentiating Eq. (3.1) 
in reference frame A, we have 



— = ^ , bj + ^ Uj —hj . (3.3) 

j=i i=i 

One extra term is to be found in Eq. (3.3), if compared with Eq. (3.2), 
and this is due to the fact that the vectors bj, j = 1, 2, 3, vary in relation 
to A. Since these vectors are fixed in B, their derivatives in A can be 
obtained from Eq. (2.2), that is, 

-^hj = xhj, j = 1,2,3. (3.4) 

By substituting Eqs. (3.2) and (3.4) in Eq. (3.3), then 



^dvL 

dt 



^du 

dt 

^du 

dt 



+ X hj 



i=i 



+ X '^Ujhj, 

i=i 



resulting in the desired relation: 






^du 



+ X u. 



(3.5) 



dt 



dt 



(3.6) 
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Equation (3.6) relates the derivatives of any vector u with re- 
spect to two reference frames moving arbitrarily, in relation to each 
other. If the vector u is fixed in reference frame B, the first term on the 
right side of the equation vanishes, being reduced to Eq. (2.2). In a more 
general case, Eq. (3.6) shows that the difference between the derivatives 
of a vector in two reference frames is given by the term x u. In 
other words, the time rate of change of any vector u, in a reference frame 
A, is equal to the time rate of change of the vector in another reference 
frame B, added to the derivative, in A, of a vector equal to u, but fixed 
in B. 

Example 3.1 Figure 3.2 illustrates part of a gyroscope, consisting of a 
rotor C, which can rotate freely around its axis of symmetry, fixed to the 
frame B, which, in its turn, can rotate around the horizontal axis, fixed 




to the outer frame A. This, finally, can rotate around the vertical axis, 
fixed in a reference frame TZ. The bases of orthonormal vectors: ai, a.2, as, 
bi,b2,b3, and Ci,C2,C3, fixed in A, B, and C, respectively, have their 
directions indicated. P is a point of the edge of the rotor and the position 
vector of point P with respect to the center of the rotor, O, is p = rci = 
r(cos0bi -1- sin0b2), where r is the radius of the rotor and 6 measures its 
rotation in relation to B, as indicated. As the vector C3 = bs is fixed 
simultaneously in C and B, then there is a simple angular velocity = 
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0 b 3 and the time derivative of the vector p, fixed in C, in relation to B is, 
according to Eq. (2.2), 

^ dp B c 

= U) X p 



dt 



= Ohz X r(cos 0 bi +sin 0 b 2 ) 
= 6r{— sin 6hi + cos 0 h 2 ). 



As the vector b 2 = a .2 is fixed simultaneously in B and in A, then there is 



also a simple angular velocity = 0 b 2 , where 0 is the angle measuring 
the rotation of B in relation to A, as shown. The time derivative of the 
vector p in relation to the reference frame A can then be obtained, using 
Eq. (3.6), as 



'dp ^dp 



X p 



dt dt 

= 9r{— sin 6h\ + cos 9h2) + <fh 2 x r(cos 9h\ + sin 9h2) 
= r(— dsindbi + dcosdb 2 — 0 cos dbs). 



See the corresponding animation. 



Note that, for the sake of convenience, in the above example 
a basis has been adopted, fixed in reference frame B, to calculate the 
derivative in the reference frame A of vector p, fixed in C. This is 
a usual procedure and the reader should endeavor always to choose a 
basis that simplifies the calculation of the derivatives, independent of the 
reference frame to which it is associated. When necessary, the results 
can be transferred to another basis, by a simple procedure of vector 
decomposition. 

The relative angular velocities between two reference frames 
are opposites, that is, given two reference frames A and B in relative 
motion, 






(3.7) 



In fact, if u is any nonnull vector, we can use Eq. (3.6) twice and obtain 



^dvi 

dt 



^dvL 

dt 



+ X u = 



du r. A 

+ X u 



dt 



X u, 



(3.8) 



so, 

+ ^a;^) X u = 0 

and, as u is arbitrary, results in Eq. (3.7). 



(3.9) 
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Example 3.2 With regard to Example 3.1 (see Fig. 3.2), the angular 
velocity of the frame A in relation to the frame B will be = 

— 0b2 and the angular velocity of the frame B in relation to the rotor C 
will be = — 0bs. 

When three or more reference frames move in relation to each 
other, there is an angular velocity vector that decribes the relative mo- 
tion of each pair of reference frames (in fact, there are two opposite vec- 
tors, as Eq. (3.7) indicates). These vectors keep a relation of additiveness 
between each other that can be described as follows: Let 7?-i, 7^2, ■ ■ ■ ,TZn 
be N reference frames moving arbitrarily in space. Their relative angular 
velocities satisfy the relation 

^ ^ (3.10) 



Specifically, for N = 3, a relation very often used is 









(3.11) 



To demonstrate Eq. (3.11), let us take any vector v, fixed in 
the reference frame TZs. Its derivative in TZi will, according to Eq. (2.2), 
be ^^dv/dt = X v. Its derivative in TZ 2 , also obtained from 

Eq. (2.2), will be '^'^dv/dt = x v. Now using Eq. (3.6) to relate 

the time derivatives of the vector v in the two reference frames, we have 



^i(iv 

dt 



dt 






X v; 



therefore, 

X V = X V, 

and, as v is arbitrary, the result is Eq. (3.11). Equation (3.10) can be 
derived by induction from Eq. (3.11), and will be left to the reader as 
an exercise. 

These results are extremely useful for determining the angular 
velocity vector of a rigid body moving in a complex manner in a given 
reference frame by breaking down of this vector in simple angular veloc- 
ities — generally easy to calculate — whose vector sum is the desired 
angular velocity vector. 
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Example 3.3 Returning again to Example 3.1 (see Fig. 3.2), the 
angular velocity vector of the rotor C in the frame A will be = 

= (p\32 + ^ba. If is the angle measuring the rotation of 
the frame A in the reference frame TZ, then the simple angular velocity 
= 'ifa.s = ^(cos(/)bi + sinc/iba), and the angular velocity of the rotor 
in the reference frame TZ will be, according to Eq. (3.11), 

= 'if cos (phi + (ph 2 + {9 + ip sin 0)ba. 

Although not every motion of a rigid body is, as in the case of 
the gyroscope rotor in the above example, an addition of simple angular 
velocities between various reference frames, it is always possible to de- 
termine the expression for the angular velocity vector of a body moving 
arbitrarily in a given reference frame by introducing fictitious reference 
frames with simple angular velocities with respect to each other, in order 
to use Eq. (3.10). 

Example 3.4 Figure 3.3a illustrates the motion of a coin M rolling 
over a horizontal plane TZ, to which the system of Cartesian coordinates 
{X, Y, Z} and the basis of unit vectors n^, rij,, is associated, as shown. 




Figure 3.3 

Point O is the geometric center of the coin; C is the point on the edge of 
the coin in contact with the plane, at the instant shown; and P is a fixed 
point on the surface of the coin. The orientation of the coin in relation to 
the plane can be described by time functions 6{f),(p{t), and ip{t), where 
9 measures the angle between the line containing C and O (line s). 0 is 
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the angle between line s and the line containing P and O. Last, ip is the 
angle between the horizontal line touching the edge of the coin at point C 
(line t) and the Cartesian axis X. These three angles used to describe the 
orientation of the coin are a variant of what are called Euler’s angles, which 
will be discussed later. The basis of orthonormal vectors 111,112,113, with 
ni parallel to line s, 112 parallel to line t, and 113 orthogonal to the plane of 
the surface of the coin, although convenient to describe the motion, is not 
in either M or TZ. The general motion of the coin, with the three angles 
varying in time, is quite complex. This does not form a simple angular 
velocity, and to describe it we will introduce two intermediary reference 
frames (see Fig. 3 . 3 b). So let A be the plane containing the surface of the 
coin (note that basis iii , 112 , 113 is fixed in A) and B be the vertical plane 
containing line t. Vector 113 is fixed in M and in A and the angular velocity 
of M at ^ will be a simple angular velocity, = (/)n3 . Vector 112 is fixed 
in A and in B and configures a simple angular velocity, = 0ri2. Last, 
vector iiz is fixed in B and in TZ and the angular velocity of B in 7 ?, is 
= 'ijjnz- Using Eq. ( 3 . 10 ), then the angular velocity of the coin in 
relation to plane TZ may be expressed as 

u) = UT + u) + u) = tpuz + pri2 + 0ri3 
and, by breaking down = cos^ni + sin0ri3, then 

= -0 cos 6 m + 9 m + (0 + -0 sin 6 )m- 

It is interesting to note the similarity between the results ob- 
tained in Examples 3.3 and 3.4. In both, scalar variables 9, 0, and 0 
describe the orientation of the rigid body under study, in relation to a 
given reference frame. There is, however, neither a “rotation vector” nor 
an “orientation vector” of the body in the reference frame, whose time 
derivative in the reference frame is equal to the angular velocity vector 
of the rigid body in the reference frame. Rotations cannot be modeled 
as vectors since rotations, in general, are not commutative. Example 3.5 
illustrates this point more clearly. 

Example 3.5 Consider the rectangular block to which the axes {x, y, z} 
are fixed (see Fig. 3 . 4 a) and whose surface B', opposite to B, is facing the 
onlooker. 
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z 

X 

(a) (b) (c) 

Figure 3.4 

After a rotation of tt/ 2 radians around the x-axis, followed by a rotation 
of the same angle around the y-axis, both positive, the configuration is 
that shown in Fig. 3.4b, with the surface A', opposite to A, facing the 
onlooker. Based now on the same original configuration and proceeding 
with the same rotations, but in the reverse order, the result is that shown 
in Fig. 3.4c, with the surface C facing the onlooker. Therefore, here one 
cannot speak of a “rotation vector” or “orientation vector,” since the com- 
mutative properties of vector algebra are not fulfilled. The reader will have 
a better understanding of the idea by reproducing this simple experiment 
with a matchbox. Also, try repeating the experiment by doing rotations of 
7t/2 radians around axes fixed to the onlooker. What conclusion is reached? 

In general, three scalar functions measuring angles between cer- 
tain lines in space are needed to determine the orientation — also called 
the attitude — of a rigid body in relation to a given reference frame. 
Examples 3.1 and 3.4 clearly illustrate this fact, describing the body 
orientation in both using the scalar functions 0(f), and 'if{t). These 
functions — called angular eoordinates of the body — and their time 
derivatives will be present in the composition of the angular velocity 
vector of the body in the reference frame, as seen in those examples. 
The angular velocity vector can be understood, therefore, as a measure- 
ment of the time rate of change of the body orientation in the reference 
frame, even though it is not at all the derivative of any vector, as seen 
above. 

When a rigid body C moves in relation to a reference frame TZ so 
that, at a given interval of time, = 0, it is said that in that interval 
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there is translation (which, of course, includes the particular case of C 
being fixed in IZ). When translation occurs, Eq. (3.6) is reduced to 



n 



dv 



c 



dv 



it 

that is, if there is no relative rotation, the time derivative of an arbitrary 
vector V is the same in both reference frames. Translational motion is 
discussed in further detail in Section 3.8. 

Returning to Eq. (3.6), it may be conjectured whether the time 
derivatives of a nonnull vector in two reference frames that have a rel- 
ative rotational motion may be equal under any circumstance. The 
equation indicates that this will occur if the vector in question is para- 
llel to the angular velocity vector. In particular, the angular velocity 
vector itself has equal time derivatives in both reference frames, that is. 



dt dt 

as can easily be seen from Eq. (3.6). 






(3.13) 



3.4 Angular Acceleration 



If C is a rigid body moving arbitrarily in a reference frame TZ, the angular 
velocity vector of C in TZ, , is, in general, a vector function of time, 
and therefore is not fixed either in C or in TZ. Its time derivative in 
reference frame TZ is called the angular acceleration of body C in the 
reference frame TZ, 



dt 



(4.1) 



Note that although it is defined as the time derivative in TZ of the angular 
velocity, Eq. (3.13) shows that the angular acceleration is also equal to 
the time derivative, in the body, of its angular velocity. 

If a rigid body C moves at a simple angular velocity in a given 
reference frame TZ, its angular acceleration in this reference frame will 
be parallel to the angular velocity vector and its scalar component will 
be the time derivative of the scalar component of the angular velocity 
vector, that is, 

= (jn = 9n, 



(4.2) 
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where w = 0 is the scalar component of the simple angular velocity vector 
and n is a unit vector simultaneously fixed in C and in TZ. In fact, to 
differentiate vector in reference frame TZ, the only requirement is 
to differentiate its scalar component, since vector n is constant in TZ. 

Example 4.1 Figure 4.1 reproduces the gyroscope studied in Exam- 
ple 3.1. 




Figure 4.1 
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The angular acceleration of rotor C in reference frame TZ (see Example 3.3) 
is 



nc “7?. c 

a = — — ui 

dt 

= (t/j cos 4 > — sin 0)bi + < ph2 + {9 + ^ sin 0 + cos <(>)b3 

■ ^d ■ ■ ^d 

+ V’cosc/)— bi + 4>-j-h2 + (6> + V’sinc^i)— bs, 
dt dt dt 

where the derivatives of vectors bi,b 2 ,bs, fixed in B, in reference frame 
TZ, are given as 



■R. 



d. 



-^bj = '^u) X bj = (7/)cos<^bi + 0b2 + V'sinc^ibs) x bj, j = 1,2,3. 



Working with the cross products, replacing them in the preceding equation, 
and grouping the terms, we obtain 

= {ip cos 4> — ip<p sin (p + 9<p)hi 
+ {4> — Op) cos (p)h 2 
+ (0 + -!^sin<^+ tppcos (p)h 3 . 



We suggest that the reader calculates the cross products and checks the 
result. See the corresponding animation. 

The angular accelerations of two reference frames A and B 
moving in relation to each other are opposite each other, that is, 






(4.3) 



In fact, from Eqs. (4.1), (3.7), and (3.13), 






Aj Bj B j 

Aa^B ^ dA^B ^ _dB^A ^ _B^A_ 

dt dt dt 



Example 4.2 Returning to Example 4.1 (see Eig. 4.1), the angular 
acceleration of frame B in rotor C is 

c „B B„C 2. 

a = — Q! = — wba, 

and the angular acceleration of frame A in rotor C is 

= —^oF = —6(phi — (ph2 — ^ba. 



See the corresponding animation. 
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Angular acceleration vectors do not obey a relation of additive- 
ness similar to Eq. (3.11). In other words, if 7^i,7^2) and TZs are three 
different reference frames, then, in general, 

^ '^10^2 1^2 0,7^3 _ (4 4) 



More specifically, by time-differentiating Eq. (3.11) in reference frame 
TZi, we get 






d. 






d 






= 






d .1 



"a; 



dt dt dt 

and, from the definition of angular acceleration and Eq. (3.6), 



(4.5) 



^ ni^v.2 ^ n2^^n3. (4 g) 



therefore. 






(4.7) 



When comparing Eqs. (4.4) and (4.7), it is found that the inequality in 
Eq. (4.4) will be converted to equality only when '^^u >'^2 'R-2^'R-3 gj-g 

parallel (or one of them is null). 

Example 4.3 Wire A, in the form of an arc with a quarter of the 
circumference of a radius R (see Fig. 4.2), rotates around vertical axis z, 
fixed in laboratory L, according to function 4>(t), which measures the angle 
between the horizontal segment of the arc and a horizontal line, passing 
through center O of the circumference and fixed in L. Bar B moves in 
relation to wire A, having one end fixed at point O and the other sliding 
along the circular stretch, according to the function 0(t), which measures 
the angle between the bar and the horizontal segment of the wire, as shown. 
The basis of orthonormal vectors ai, a 2 , as is fixed in A, with ai horizontal 
and as orthogonal to the plane of the wires, and basis bi, b 2 , bs fixed in B, 
with bi parallel to the bar and bs = as. The angular velocities in question 
are = 0as, and + = —(j)a 2 + 0a3. The 

angular accelerations of i? in A and of A in L can then be obtained from 
the definition, Eq. (4.1), 

A B ^dA B a 

a = — u) = 6»as, 
dt 
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Figure 4.2 



LA d,L A •; 

a = — to = -<pSL2- 
at 

The angular acceleration of B in L can be obtained from Eq. (4.7): 
o: = Q: + a+ a;xa;= —<pffa.i — cpa.2 + ffa.3. 

See the corresponding animation. 



3.5 Position, Velocity, and Acceleration 

The preceding sections concern the relative motion with respect to two 
or more reference frames, where the notions of angular velocity and 
acceleration play a primary role. The relations between time derivatives 
of a vector in different reference frames are also established, expressed 
by Eqs. (2.2) and (3.6). We therefore have the tools required for a more 
general study of the motion of a point, the subject discussed in this 
section. Let P and Q be two points moving independently in relation to 
a reference frame TZ, with which a system of Cartesian axes is associated, 
with origin O (see Fig. 5.1). The position vector of point P with respect 
to point Q is the vector whose direction is parallel to the line passing 
through P and Q, pointing from Q to P, and whose module is the distance 
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between P and Q. The notation will be adopted for this vector. 
The geometric representation of the position vector is usually an oriented 
line segment, as shown in the figure. If (pi,P 2 ,P 3 ) and {qi,q 2 ,Q 3 ) are 
the Cartesian coordinates of points P and Q, respectively, and ni, ri 2 , ns 
are orthonormal vectors parallel to the coordinate axes, then 

pP/Q = -q.)nj. (5.1) 

J=i 




In fact, if p = is the position vector of point P with respect 
to point O and q = p*3/o ig position vector of point Q with respect 
to O, then 

3 3 

p = Y^pjnj, q = X] 

j=i i=i 

and the position vector of point P with respect to point Q will be the 
vector difference between p and q: 



pP/Q = p _ q 



When Eq. (5.2) is introduced into Eq. (5.3), the result is Eq. (5.1). 

The position vector of point Q with respect to point P is minus 
the position vector of P with respect to Q, that is. 



pQ/P = -pP/Q = ^(qj - pj)nj. 



i=i 



(5.4) 
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Every position vector has a dimension [L], that is, meters, in metric 
units. 

Example 5.1 Figure 5.2 reproduces the system analyzed in Example 4.3, 
now including a cursor P moving along the bar B and the scalar function 
r(t), which measures the distance from the cursor to point O. 



L 



Figure 5.2 

The dimensions of the cursor are small when compared to the range of 
its motion, 0 < r < R, and may be considered as a particle. Its position 
vector with respect to point O will be = rbi = r(cos0ai + sin0a2). 
The position of point Q, the end of the bar B sliding over the arc of the 
wire A, with respect to point O is = i?bi = R(cos Oai + sin 0 a 2 ). The 
position of P with respect to point S, fixed in A, is 

pP/S ^ pP/O _ pS/O 

= rbi — Rai 

= (r — Rcos 0)bi + Rsm 6 h 2 
= —{R — rcos0)ai + r sin0a2. 

See the corresponding animation. 

The time derivative in a reference frame TZ of the position vector 
of a point P with respect to another point Q is called the velocity of P 
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relative to Q in the referenee frame TZ: 

(5.5) 

Note that the adopted notation refers explicitly to points P and Q of 
the position vector and to the reference frame where the vector is being 
differentiated. Every velocity vector has a dimension [LT“^], that is, 
m/s, in metric units. 

Example 5.2 Referring to the above example (see Fig. 5.2), the velocities 
of P relative to O, of Q relative to O, and of P relative to S, in reference 
frame B, are, using the definition, Eq. (5.5), 

= rbi, = 0, = (f + R0sin0)bi + R6 cos 9h2- 

The relative velocities of the same points in reference frame A are obtained 
by differentiating, in reference frame A, the respective position vectors: 

= fbi + r — bi = rbi + r 0 h 2 ; 
dt 

= R^hi = R6h2\ 
at 

= (r cos 6 — rO sin 9)ai + (r sin 9 + r9 cos 9)a2 

= rbi + r9h2- 

It is worth noting that = 0, because Q and O are both fixed in B 

and that , because S and O are both fixed in A. The first 

equality is not surprising, since it is to be expected that points fixed to 
the same body do not have a relative velocity in the body. The second 
equality illustrates the concept of absolute velocity, discussed ahead. See 
the corresponding animation. 

If O is an arbitrary point, fixed in a reference frame TZ, the 
velocity of any other point P relative to O in 7?. is called the absolute 
veloeity of F in TZ or, simply, the veloeity of P in TZ. Absolute velocity 
is independent of the choice of point O, fixed in the reference frame, that 
is, 

n^p ^ n^p/o^ 



for every O fixed in R. 



(5.6) 
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In fact, if O and O' are two different points fixed in 7^, the positions of 
any one point P with respect to O and O' fulfill the relation 

pP/o _ pP/O' ^ pO'/O^ 

Time-differentiating in reference frame 7^, 

T^^P/o _ n^P/o' ^ 

and once O and O' are fixed in 7^, then, 

n^p/o ^ n^p/o' ^ n^p 

The velocity of a point P relative to another point Q in a given 
reference frame TZ is equal to the difference of the (absolute) velocities 
of P and Q in TZ, that is, 

n^p/Q ^ n^p _ 

Equation (5.10) results from differentiating Eq. (5.3) in the reference 
frame TZ and from the definitions of relative and absolute velocity. 

Example 5.3 Returning again to Example 5.1 (see Fig. 5.2), since O 

is a point fixed in B, A, and L, then 

BP B p/o ■ . 
v = v ' = rbi, 

B^Q _ b^q/o _ 

'^v'" = = rhi+r6h2, 

= R0h2. 

The velocity of cursor P in reference frame L is (in every detail) 

L P pjo 

= rbi -I- r — bi 
at 

= fbi -|- X bi 

= fbi -|- r(— 0sin0bi — c(icos 0 b 2 -|- ^ba) x bi 
= fbi -1- rdh 2 + r0cos 0ba. 

Last, it is easy to see that 

A. P IQ A P A Q •! /D 

V ^ = V — V = rbi — [R— r)0h2. 

See the corresponding animation. 



(5.7) 

(5.8) 

(5.9) 
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The time derivative in a reference frame TZ of the velocity of a 
point P relative to another point Q in 7^ is called the acceleration of P 
relative to Q in the referenee frame TZ: 

- '^n^P/Q- (5.11) 

dt ^ ^ 

If O is an arbitrary point fixed in reference frame TZ, the ac- 
celeration of any other point P relative to O in 7?. is called the absolute 
aeeeleration of F in TZ or, simply, the aeeeleration of P in TZ: 



for every O fixed in TZ. 



(5.12) 



Likewise with the velocity vectors, if O and O' are any two points fixed 
in TZ, the differentiation with respect to time in the reference frame TZ 
of Eq. (5.9) gives 

n^p/o ^ -Rg^P/o' ^ n^p (5 J3) 

The acceleration of a point P relative to another point Q in 
a reference frame TZ is equal to the difference between the (absolute) 
accelerations of P and Q in TZ, that is, 

Rg^P/Q ^ RgP _ RgQ_ (g J4) 



This result is an immediate consequence of Eq. (5.10) and the definitions 
of relative and absolute acceleration. 

The time derivative in a reference frame TZ of the (absolute) 
velocity of a point P in 7^ is equal to the (absolute) acceleration of P in 
TZ, that is. 






dt 



(5.15) 



In fact, if O is a point fixed in TZ, and, from Eqs. (5.11) 

and (5.12), the immediate result is Eq. (5.15). 



Example 5.4 Figure 5.3 shows a small cursor C sliding over a guide en- 
graved in the surface of a disk D, which rotates around its axis (horizontal) 
of symmetry, on a shaft fixed in fork A. The latter, in turn, rotates around 
the vertical axis z, fixed in the laboratory L, at a simple angular velocity 
of a constant module ojq. The basis of orthonormal vectors ai,a 2 ,as is 
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fixed in A, with a 2 vertical and as parallel to the disk axis; the basis of or- 
thonormal vectors ni, 112, 113 is attached to D, with ni parallel to the guide 
and ri 3 horizontal. The angular velocity of the disk in relation to the fork 
is a simple angular velocity and may be expressed as = 0 a 3 , where (j) 
is the indicated angle. The angular velocity of the disk in the laboratory is 
then = WQa .2 + 4>a.3. If x{t) is the coordinate measuring 

the displacement of the cursor, as illustrated, the velocity of the cursor in 
D is (point Q is fixed in D) 



DC a c/Q 
V = — p = ccni. 
at 



z 




Figure 5.3 

The velocities of Q and C in A are 

A Q Q/o ■ 

+ ^*^ 2 ) = (x - l^)ni + X(j)n2. 

The velocity of C relative to Q in A is, therefore, 

A C/Q A C A Q ■ , y 

V ' = V — V = xni -1- X(pn2. 
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The acceleration of C in relation to Q in A is, according to Eq. (5.11), 

= (x — x 4 > )ni + (xcp + 2 x 4 >)n. 2 . 

The (absolute) acceleration of Q in A is, according to Eq. (5.15), 

Ai 

A (D ^ A Q j ] 7 !/ 2 

= —l(pni — l(p n2; 
at 

therefore, the acceleration of C in A is, according to Eq. (5.14), 

= (x — — x(jP)ni + {x^ — lijP + 2x4>)ii2, 

or, alternatively, according to Eq. (5.15), 

A c ^dA c 
a = — ^ V 
dt 

= {x — ^ 0 )ni + {x — /((i)hi + {x 4 ) + x^)ri2 + X(j)ii2 
= {x — l'(j) — x^‘^)ni + {x'(p — + 2x^)n.2. 

In the next section an alternative and more effective form are presented to 
determine velocity and acceleration vectors, avoiding the need to differen- 
tiate vectors. See the corresponding animation. 



3.6 Kinematic Theorems 

The examples in the preceding section show how to determine velocities 
and accelerations of points, always obtained from their definitions. In 
other words, velocities have been determined by differentiating relative 
position vectors with respect to time, as expressed in Eqs. (5.5) and (5.6). 
Accelerations have been determined by differentiating, with respect to 
time, velocity vectors, as expressed in Eqs. (5.11) and (5.15). This pro- 
cedure can be greatly simplified by using Eqs. (2.2) and (3.6) to obtain 
relations between velocities and accelerations of different points and of 
the same point in different reference frames. This section is devoted 
to establishing and exemplifying the use of these important relations, 
known as kinematic theorems. 
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Consider A and B as two reference frames moving indepen- 
dently in space and let and be the angular velocity and ac- 
celeration of B in A. If Q is a point fixed in reference frame B, O a 
point fixed in A, and P any point moving arbitrarily in relation to A 
and B (see Fig. 6.1), the (absolute) velocities of P in ^ and of P in S 
are related according to the following theorem: 

Theorem 1 . The velocity of a point P in a reference 
frame A is equal to the vector sum of the velocity of 
P in another reference frame B with the velocity at A 
of a point Q fixed in B, plus the cross product of the 
angular velocity of B in A with the position vector of 
P with respect to Q, that is, 

^v^ = ^v^ + ^v«+^a;^xp^/0. (6.1) 

The kinematic theorem for velocities relates, therefore, the ve- 
locity of a point in two different reference frames moving arbitrarily in 
relation to each other, showing that the difference between the velocities 
of the point in the two reference frames depends on their relative angular 
velocity. 

The demonstration is simple when using Eq. (3.6) and 
the definition of an absolute velocity vector, Eqs. (5.5) and (5.6), 
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A^P ^ ^ P/O 

dt ^ 



= + — p"/'^ + X p 

dt 

— A.^Q _|_ _|_ A^B ^ pi 



B 



d 



PIQ . AB 



^P/Q 



Since the velocity of P in relation to Q in reference frame A is 
the difference between the velocities of P and Q in ^ [see Eq. (5.10)], 
Eq. (6.1) can be alternatively expressed as 

^^^P/Q = P^P + X (6.2) 

Example 6.1 Figure 6.2 reproduces the situation studied in Exam- 
ple 5.4. The velocity of point Q in relation to the fork A can now be 
obtained by using the kinematic theorem, adopting O as the point fixed in 
reference frame D: 

A^Q ^ D^Q ^ A^O ^ A^D ^ pQ/O 

= 0 -|- 0 -|- ([ins X in2 
= — /(^ni. 

The velocity of the cursor C in relation to fork A, also using Eq. (6.1), is 

AC D C , A O , A D CIO 
v = v-l-v-l-wxp' 

= ini -|- 0 -|- ^ns x (xni -1- in 2 ) 

= (i — /(^)ni -1- X(j)n2, 

giving the same result as that obtained in Example 5.4. The theorem 
simplifies the calculation and may be used successively to determine veloc- 
ities in relation to reference frames where the motion of the point is more 
complex. Hence, the velocity of the cursor C in the laboratory L is 

v = v-l-v-l-a;xp' 

= (i — l((i)ni -|- x^U 2 -|- 0 -|- woa 2 x (xni -|- Zn 2 ) 

= (i — 10)ni -1- x 4 in 2 — ujo{lcos4>+ a;sin<?i)n 3 . 

See the corresponding animation. 
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z 




Figure 6.2 



As seen from the preceding example, the kinematic theorem 
relates the velocities of an arbitrary point P in relation to any two ref- 
erence frames moving in relation to each other; the difference between 
these velocities depends, as seen from Eq. (6.1), on the relative angu- 
lar velocity between the reference frames (which, as we already know, 
is a measure of the time rate of change of their relative orientations) 
and on the velocity of any point Q, fixed in one of the reference frames, 
in relation to the other. Note that this point Q is, in fact, arbitrary. 
When another point Q' is chosen, the terms and in Eq. (6.1) 

change, of course, but the end result for will necessarily be the 
same. This indifference with regard to the choice of point Q, fixed in 
reference frame B, is extremely valuable in solving problems, always al- 
lowing the choice of a point whose motion in A is known (for example, 
a point fixed in both reference frames, in the cases where there is such 
a point), simplifying the solution. 

A kinematic theorem like the previous one, relating the accel- 
erations of a given point in relation to two reference frames that move 
relative to each other would certainly be very valuable. Considering 
then the same reference frames A and B and points Q fixed in B and O 
fixed in A (see Fig. 6.1), the (absolute) accelerations of P in A and of P 
in B will be related according to Theorem 2: 
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Theorem 2. The acceleration of a point P in a ref- 
erence frame A is equal to the vector sum of its ac- 
celeration in another reference frame B with another 
four terms, as follows: acceleration in A of an arbi- 
trary point Q, fixed in B; the double cross product of 
the angular velocity of B in A with the position vec- 
tor of P with respect to Q; the cross product of the 
angular acceleration of B in A with the same position 
vector; twice the cross product of the angular velocity 
of B in A with the velocity of P in B, that is, 



= ^a^-\-^a^-\-^u>^x{^u!^xp^^^)-\-^a^xp^^^-\-2^u>^x^v^ . (6.3) 

Equation (6.3) derives from Eq. (6.1) and from the defini- 
tion of absolute acceleration. In fact, by differentiating both mem- 
bers of Eq. (6.1) in the reference frame A and using Eq. (3.6) 
to relate the derivatives in the two reference frames, we get 

dt 

Aj Aj a ] 

= ^ _^A^Q ^ ^ pP/Q) 

dt dt dt ^ 

= ’IAb^P ^ A^B ^ B^P ^ ^ ^A^P ^ pP/Q 

dt dt 

dt 

— B^P _|_ A^B ^ B.^P _|_ A^Q _|_ A^B ^ ^P/Q 
+ X X 

= ^a^ -\-^a^ X (^w^ xp^/'^)-|-^Q;^ xp'^/'^-l- 2 x . | 

It can be seen that the last component, 2^uj^ x , comes 
from two different terms, grouped in the final result. This component is 
called Coriolis acceleration.^ 



1 



G. Coriolis, French engineer, 1792-1843. 
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As the acceleration of P relative to Q in reference frame A is 
given by the difference between the accelerations of P and Q in A [see 
Eq. (5.14)], Eq. (6.3) can be alternatively expressed as 

+ ^LO^ X + . (6.4) 

Example 6.2 Returning to the above example (see Fig. 6.2), the 
acceleration of cursor C in relation to fork A is, according to Eq. (6.3), 

+ + x (^o;^ x p^/°) + ^a^ x 2 x ^v^, 

where 

= ini, 

= 0 , 

X ("^w^ X p'^^'^) = 0n3 X (0ns x (xni + ln 2 )) 

= —(^^{x-n.1 + l-n.2), 

X p^^*^ = 0ns X (xni + Zn2) 

= 0(-lni + xn2), 

2^u)^ X = 20ns X ini, 

= 2i0n2. 

Bringing the terms together, then 

= {x — 1(f) — x4>^)n.\ + (a;0 — l(p^ + 2i0)n2, 
as obtained in Example 5.4. See the corresponding animation. 

The kinematic theorem for velocities, Eq. (6.1), has a relatively 
simple algebraic form, providing geometric interpretation. In fact, it is 
possible to consider that the velocity of a point P, as seen from a reference 
frame A, is equal to the velocity of that point with respect to 

another reference frame B, plus a term equal to the velocity that 

would have in A a point fixed in B that coincides instantaneously with 
p,AvQ _|_ X p^/*3_ Qji other hand, with regard to the kinematic 
theorem for accelerations, Eq. (6.3), its algebraic complexity discourages 
geometric interpretation (particularly the Coriolis term that, as shown 
in the demonstration of the result, comes from two different parts and 
does not admit a separate geometric interpretation). Anyhow, with or 
without geometric interpretations, it is advisable for the reader always 
to adopt the kinematic theorems as safe guides for calculating velocities 
and accelerations of points in different reference frames. 
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Example 6.3 The mechanism illustrated in Fig. 6.3 consists of two bars 
A and B, articulated at the support TZ at points O and Q, respectively, 
and a cursor C, pivoting at the free end of bar A and sliding along bar 
B, as shown. All the motion occurs on the plane of the figure, and the 
interdependent coordinates 0(t), and r(t) conveniently describe the 

configuration of the mechanism. We wish to determine how the bar B 
moves, that is, to evaluate and 0(t) at the instant when 9 = 60°, 
9 = uj, and 9 = 0. 




Figure 6.3 



The cursor velocity in reference frame TZ may be expressed, according to 
Eq. (6.1), as 

= 0 T 0 T 9 sl ^ X Is-i 
= 19sl2. 

Using the same relation but now going through bar B, 

= fb2 + 0 — 0b3 X r-b2 
= rcj)hi + rh2. 

By equaling the velocities, the relation is then 

Wa.2 = r^bi + fb2. 
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When 9 = 60° the bars are orthogonal and the bases ai , a2 , as and bi , b2 , bs 
coincide, resulting then in 

(p = Q and f = col. 

To calculate (p and r, at the same instant, Eq. (6.3) will be used, going 
through bar A\ 

= 0 -|- 0 -|- ^3-3 X (^33 X /3i) -|- 0 -|- 0 
= —W^ai 

and through bar B: 

a = a + a^+ u) x( w xp'^)+ a xp '^+2 a; x v 
= rb 2 + 0 — 0bs X (— 0bs x rb 2 ) — 0bs x rb 2 — 20bs x fb 2 
= {rp + 2 f 0 )bi + (r — rp^)h 2 . 

Equaling the results in the considered position, then 

rp + 2rp = —W^, 
r — rip^ = 0. 

So, substituting the velocities calculated above yields 

p = —- '6^ = and r = 0 . 
r 3 

Note that a particularly simple configuration (with 6 = 60°, p = 30°, and 
the mutually orthogonal bars) has been chosen for this example to simplify 
the algebra involved. The use of kinematic theorems for velocities and 
accelerations, however, leads to the solution of the problem for a chosen 
arbitrary configuration. Also, note that it is convenient first to use the 
kinematic theorem for velocities, since the obtained velocities are always 
required for determining the accelerations. 

To master the use of the kinematic theorems, it is of the utmost 
importance to gain experience in calculating velocities and accelerations. 
It is particularly recommended for the reader to work on the correspond- 
ing proposed exercises (Series #3) before moving on to study the rest of 
this chapter. 
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3. 7 Motion of Particles 

The motion of a particle P in a reference frame TZ is described by its po- 
sition vector p with respect to an arbitrary point O fixed in TZ. Because 
this vector, expressed as components in any basis, is determined by three 
scalar functions of time, generally independent to each other, a particle 
is said to have three degrees of freedom if there is no specific constraint to 
its motion in space. The number of degrees of freedom of a system cor- 
responds to the minimum number of independent coordinates that must 
be known so that its spatial configuration in relation to a given reference 
frame is fully determined. In the case of a particle, if Pi{t) , p2{t) , ps{t) 
are the scalar components of p in a given basis, these time functions are 
three coordinates that fully describe the position of P in TZ. When there 
is any specific constraint to the motion of P, its number of degrees of 
freedom is reduced. When, for example, P is restricted in its motion to a 
given surface S, two coordinates are enough to determine its position in 
S, and if n is a unit orthogonal to S at point P, the kinematic relation 
• n = 0, establishing that P does not leave the surface, is called 
the kinematie eonstraint. Each scalar kinematic constraint reduces the 
number of degrees of freedom of a particle in one unit. If P is confined 
to move on a line, there will be two kinematic constraints (two velocity 
components of the particle parallel to the plane orthogonal to the line 
at the point should be null), and only one coordinate will be sufficient 
to determine the position of P on the line. Hence, taken as particles, a 
balloon, a boat, and a train have three, two, and one degrees of freedom, 
respectively. The kinematic constraints applicable to a particle are of 
the holonomie type. Mechanical systems comprising rigid bodies can 
be subject to another kind of constraint called nonholonomie, in which 
case the number of coordinates required to describe the system is higher 
than the number of degrees of freedom. We return to this subject in 
Section 3.10. 

The position vector of P with respect to O is a vector function 
of time, p(t), whose first time derivative in a reference frame TZ is the ve- 
locity of the particle in the reference frame, and whose second time 
derivative is the acceleration of the particle in the reference frame, . 
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As seen at the beginning of this chapter, the dynamic equations ruling 
the motion of P in 7^ involve acceleration vector components. They are, 
therefore, differential equations where time derivatives of first and sec- 
ond order of the coordinates are present. Depending then on the basis 
chosen for the breaking down of the acceleration vectors, these equations 
can become more or less complex, and the choice of a proper basis may 
facilitate the solution considerably. A notable basis for describing the 
motion of a particle, called the intrinsic basis, will be studied below. 




Figure 7.1 

If P is a particle moving in a given reference frame IZ, the 
geometric place of the successive positions occupied by P over time is its 
trajectory in TZ (see Fig. 7.1). The reader should always remember that 
the trajectory will depend on the reference frame in relation to which the 
motion of P is observed. The trajectory of P in 7^ is, mostly, a reverse 
curve A. Considering a system of Cartesian axes {xi,X 2 ,x-i} of origin 
O, fixed in TZ, a point P of A has as coordinates the scalar components 
of the position vector p of the point with respect to O (see Fig. 7.1), 
that is, 

F : {pi{t),p2{t),pi{t)). (7.1) 

Example 7.1 Consider a trajectory A in the form of a helix with a radius 
r and pitch a, both constant (see Fig. 7.2). The coordinates {xp,yp, zp) 
of a general point P can be expressed as (r’cos0,r’sin0,z); the position 
vector p of point P with respect to point O will therefore have the scalar 
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components pi = r cos 9, p 2 = r sin 9, and ps = z. Since the helix is a line, 
only one parameter should be enough to establish P; in fact, it is easy to 
see that z = ^9 and all coordinates of P can be expressed as a function of 
a single parameter, in the case of the variable 9, P : (rcos0,rsin0, ^9). 



z 




Every trajectory can be parametrized according to a conve- 
niently chosen variable. Two different points on the curve must corre- 
spond to different values of the parameter. Parameter 9, used in the 
previous example, is suitable for describing the curve; parameter z, for 
example, would also be suitable. Of all the possible variables to be 
chosen to parametrize a given trajectory, one is particularly useful, as 
discussed ahead. 

If Pq is the position occupied by P at a given instant to; that 
is, po = p(to)) the length s along A between Pq and P (see Fig. 7.3) is 
given by 




(7.2) 



where dp is the differential of position vector p, in reference frame TZ. 
Note that ds is, by definition, essentially positive. For the sake of sim- 
plicity, in this section we omit the indication of reference frame TZ in all 
differentiations. In other words, we assume that dp = ^dp. We also 
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Figure 7.3 

adopt the dot over the vector variable as a reduced notation for time 
derivative in 7?. of the variable. 

Example 7.2 Returning to the previous example (see Fig. 7.2) and 
adopting Pq : (r, 0,0), then 

ds^ = MpI^ = + (^)^) 

therefore. 




So, if P describes the trajectory, starting at Pq, and gives, for example, 
two complete rotations around the axis z {6 = 47t), the distance covered 
along the curve is 

s = 2(47T^r^ + a^) ^ . 

Line r touching the trajectory A at point P necessarily has the 
direction of vector dp (see Fig. 7.4). A unit vector parallel to r can be 
defined then as 

dp dp p 

|dp| ds s 



nt = 



(7.3) 
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Vector rij, called the tangent unit vector, is, in fact, the unit 
vector that touches the trajectory at the point, pointing in the direc- 
tion of rising s. Note that at a point where s = 0, neither nor the 
trajectory beyond the point is defined. 

If ^ is the (absolute) velocity vector of particle P in reference 
frame TZ, then, from Eq. (7.3), we have 

= p = snt, (7.4) 



that is, the velocity of P in TZ is always tangent to the trajectory and 
its module is 

r; = |v| = s. (7.5) 

Note that s(t) is a monotonic nondecreasing scalar function and, there- 
fore, s > 0, as mentioned above. 

Example 7.3 Cursor C moves along guide B according to function 
r(t) = ro + ut, where tt is a constant velocity, while the guide moves at a 
simple angular velocity of constant module oj in relation to support A, as 
illustrated (see Fig. 7.5). An element of arc length of the spiral trajectory 
is related to the variables r(t), given above, and 0(t) = ojt according to 
ds^ = dr^ + r^d9^. Defining the constant = u'^ + r'^oj'^ , then 



ds = w dt 



s = w. 
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By adopting basis bi,b 2 ,bs, fixed in B, the position vector of C with 
respect to pivot O is p = rbi and the velocity of the cursor in A is 

V = p = fbi + rbi = ttbi + ru>h2- 

The module of the velocity vector will then be the speed v = (u^ + r^uJ^) 2 , 
that is, V = w. It is therefore immediate that v = s. The unit vector 
touching the trajectory at a generic instant is, according to Eq. (7.3), 

V 1 

n£ = — = —(uhi + rcjb 2 ). 
s w 

We are now going to focus our attention on the neighborhood 
of a point P, the instantaneous position of a particle that describes a 
trajectory A in a reference frame TZ (see Fig. 7.6). Let Pi and P 2 be 
two positions infinitesimally close to P. The three points therefore define 
a plane, called the osculating plane, that locally contains the curve A. 
These three points also define a circumference contained in the oscula- 
ting plane, which locally approaches the trajectory. Center C of this 
circumference obviously belongs to the plane and is called the center of 
curvature of the trajectory at the point; the radius of this circumfer- 
ence, p, is called the radius of curvature of the trajectory at the point 
(see Fig. 7.6). The infinitesimal arch ds and infinitesimal angle d<j) are 
naturally related by 



ds = pd(p. 



(7.6) 
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Variable (j) may be expressed as a function of the parameter s, 
and the rate 




1 

P 



(7.7) 



is called the first curvature or, simply, the curvature of the trajectory 
at the point. The curvature is a measure of the variation with s of the 
orientation of the curve in the osculating plane. The orientation of the 
curve is given by the tangent unit vector, nj. As its module is constant, 
the direction of its derivative is necessarily orthogonal to it. In fact, the 
differential of rit between points P and P 2 is dnt, orthogonal to rit and 
oriented toward the center of curvature C (see Fig. 7.6). So defining the 
unit vector n„, orthogonal to and parallel to the osculating plane, 
the differential of the tangent unit vector will be dnt = dfin^, and its 
time derivative in TZ can be expressed as 



n* = ^ = fiun. (7.8) 

The rate of change of the tangent unit vector with respect to parameter 
s, which we write as n(, is, according to Eqs. (7.7) and (7.8), 



n. = 



dnt 

ds 



= Knr 



(7.9) 



Vector n„ is called the principal normal of the trajectory at the point. It 
points to the direction in which the trajectory tends. The rate at which 
the orientation of the trajectory changes, as a function of displacement 
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s of the particle, is determined by curvature k, as shown by Eq. (7.9). 
It is also worth noting that 

ht = sn(. (7.10) 



Also note that, from Eq. (7.7), 



1 ds 

K d(f)^ 



(7.11) 



that is, the curvature is the inverse of the radius of curvature. The 
higher the rate d(f>/ds, the wider the curvature of the trajectory and the 
smaller its radius of curvature. 



Example 7.4 Returning to the helical trajectory discussed in Ex- 
ample 7.1 (also see Example 7.2), the position of a general point P with 
respect to origin O is (see Eig. 7.7) 

p = rcos^ni -1- rsin0ri2 -|- -^ 6113 . 

ZTT 



Z 




So, defining constant b = (r^ -1- (a/27r)^) ^ , then s = bO and the tangent 
unit vector, according to Eq. (7.3), is 

dp 1 dp 1 . . „ „ Ox 

nt = -(-rsmdni -|- rcosdri2 -|- — nsj. 

as b at) b 2 -k 
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By differentiating with respect to time, 



vO 

lit = — ^ (cos 6ni + sin 0 ri 2 ) . 



The principal normal unit vector, therefore, is 



n„ = = — (cos^ni + sin0ri2), 

nt 



a horizontal vector oriented toward the vertical axis z (see Fig. 7.7). The 
derivative of the tangent unit vector with respect to s can be obtained from 
Eq. (7.10): 



/ nt nt r 

nt = — = ^ = 

s bO 



The curvature, according to Eq. (7.9), is 



w = 

0 ^ r 






It is then found that the helix has a constant curvature. The radius of 
curvature, also constant, according to Eq. (7.11), is 



p = r + 



dTT^r 



Note that the center of curvature C is mobile and does not belong to 
the z-axis. If a = 0, the helix becomes a circumference of radius r, and 
the center of curvature will then coincide with point O, the center of this 
circumference. 

The acceleration vector of a particle P moving in a trajectory 
A in relation to a reference frame TZ is parallel to the osculating plane 
and therefore may be broken down into the directions of the tangent 
and principal normal directions according to 



+ a„ = 0*11* + UnUr. 



(7.12) 



Component a^, being tangent to the trajectory at the point, is called 
the tangential acceleration; component a^, pointing toward the center of 
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curvature, is called the centripetal acceleration. In fact, by the definition 
of the acceleration vector, then 

Tld 

= — (srit) = snt + sht = snt + (7-13) 

at 

The tangential acceleration is, therefore, 

at = snt, (7.14) 



and the centripetal acceleration is 

2 s^ 

a„ = S Kiln = —Iln = —Hu- (7-15) 

p p 

In short, the acceleration vector of a particle P moving in a trajectory 
A in relation to a reference frame IZ is always parallel to the oscula- 
ting plane at the point. It has a component tangent to the trajectory 
with magnitude s, that is, the second time derivative of displacement s 
along the curve, and another component in the direction of the principal 
normal, with magnitude dependent on speed s, that is, the first time 
derivative of s and the radius of curvature, as shown in Eq. (7.15). 

Example 7.5 Returning to Example 7.3 (see Fig. 7.8), the acceleration 
of cursor C in reference frame A is, by definition, 

a = v = ubi - 1 - ra;b2 -|- ruih2 = — rw^bi - 1 - 2uu>h2. 
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By twice differentiating the relation ^ we obtain 



s = V = w = 



Then, the tangential acceleration component, according to Eq. (7.14), is 



ruuj , , , , 

a* = snt = — ^(rtbi + rwb2j. 



According to Eq. (7.12), the centripetal component of acceleration is 



— a — at 



ruuj 



= —r(jj bi + 2uuih2 ^(ttbi + rwb2) 






2 I 2 

w +u 



u! (— rwbi + ub2). 



The principal normal unit vector, being the unit vector in the correspond- 
ing direction, is then 



n„ = — {-rujhi + uh2), 
w 

and it is immediately ascertained that n* • = 0. We can then extract 

from Eq. (7.15) the value of the radius of curvature, a function of the point, 

^ Lo{w^ + u'^) w( 2 m 2 -(- r^w^) ' 

Defining now a third unit vector 

rife ^ nt X Un, (7-16) 

called binormal to the trajectory at the point, we determine an orthonor- 
mal basis, nj,rijj,nfe, which accompanies the motion of particle P along 
trajectory A (see Fig. 7.9). This set of vectors, called the intrinsic or- 
thonormal basis, is fixed in a reference frame S, always with rit and n„ 
parallel to the osculating plane at the point and with vector rife orthog- 
onal to the plane. From the condition of orthogonality, then rife • rii = 0 
and differentiating with respect to time m TZ, fib • rit -|- rife • fit = 0. But, 
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as rij = SKn„, then h;, • rij = 0. Therefore, it is concluded that is 
simultaneously orthogonal to rif and rib, that is, it is parallel to n„. It 
may therefore be written as 

hfe = -V’n^, (7.17) 

where if) may be interpreted as the time derivative of an angle between 
successive osculating planes so that V’ decreases when the plane rotates 
in the direction of n* (see Fig. 7.9). It is interesting to note that both 
derivatives of the tangent and binormal unit vectors are parallel to the 
principal normal unit vector. 




T = 



(7.18) 



Variable V’ can also be expressed as a function of parameter s, 
defining the rate 

dip 
ds 

as the second curvature or torsion of the trajectory at the point. Tor- 
sion is, therefore, a measure of the variation of the orientation of the 
osculating plane around the direction of the tangent line. 

The reference frame S where the intrinsic basis is fixed moves 
in relation to reference frame TZ with angular velocity which can 

be determined by using Eq. (2.2). By breaking down = ujt'o.t + 
oJn^n + Wfeiib, then ht = x n* = and hb = 

X rib = — ^t^n = On Comparing the results, we obtain 



LOt = Ip, iOn = 0, and cob = <p, resulting in 



= V’llt -h (pUb. 



(7.19) 
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Also using Eqs. (7.7) and (7.18), we may express the angular 
velocity of S in reference frame TZ alternatively as 

^(jj^ = s(rrit + Krib). (7.20) 

It is then easy to determine the time derivative in the reference 
frame TZ of the principal normal vector, that is, 

h„ = X n„ = -^nt + + TUb). (7.21) 

In short, the time derivatives of the component vectors of the 
intrinsic orthonormal basis in the reference frame TZ are 

ht = = SKUn, 

hn = -^nt + i’nb = s{-Knt + Tnb), (7.22) 

hb = ~i>nn = -STUn. 

Of course, the derivatives with respect to s of the intrinsic basis 
vectors in TZ will be 

n( = Kn„, 

n'„ = -KUt + TUb, (7.23) 

n'b = -rn„. 

Equations (7.23) are called Serret Frenet formulas and express how the 
vectors of the intrinsic basis vary along the trajectory; Equatons (7.22) 
express how the same vectors vary as the point (particle) moves forward. 
The difference is subtle but important. The derivatives with respect to 
variable s depend exclusively on the form of the trajectory, regardless of 
how the point moves along it; the time derivatives, on the other hand, 
depend on the motion of the point. So, for example, the curvature 
of the helix, established in Example 7.4, and its torsion, calculated in 
Example 7.6 ahead, are independent of the motion of P. Consequently, 
n(, n(j, and will also be independent of time. 



Example 7.6 Going even farther back to the helical trajectory of 
Example 7.1 (also see Examples 7.2 and 7.4), the binormal vector at point 
P can be established, according to Eq. (7.16), by 



rib = - ( — rsinflni + rcos 0 ri 2 + — na ) x (— cosflni — sin 0 ri 2 ) 

0 \ 2tt 

1 / a . „ a _ 

= - — sm tini cos 6 'ri 2 + m 3 

b \2 tt 2tt 
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The time derivative of this vector is 

9 



nb = 



6 \27r 



i 9ni 



2n 



6u2 I = - - 



27t6 



-OUn. 



The torsion of the trajectory at the point, according to Eqs. (7.17) 
and (7.18), is then 



tj) a a 

s 27 T &2 27rr’2 + a^/27T ’ 

therefore constant along the curve. The angular velocity of reference frame 
S, where the intrinsic basis is fixed, is, according to Eq. (7.20), 



n s 

to = 



0 / a 
b \2 tt 



nt + rnb 



Note that the time rate of change of the spatial orientation of the intrinsic 
basis is a function of 9, depending, therefore, on time. In other words, the 
angular velocity of reference frame S depends on the motion of the particle 
along the trajectory, characterized by the function s{t). The curvature, k, 
and torsion, r, are, on the other hand, solely functions of the geometric 
nature of the trajectory and may depend on the point but not on time. 
(In this specific example of the helix, it was found that both the curvature 
and torsion are constant, not depending on the point of the curve; this 
is not, however, a valid conclusion for any trajectory.) In short, the time 
derivatives of the intrinsic units are, according to Eqs. (7.22), 



ht = -0n„ 



r • a ■ 

“S""' + ss""'- 



hb = - 7 — 
27TO 



The derivatives with respect to parameter s of the same units are, according 
to Eqs. (7.23), 

, r , r a , a 

n, = pn„. = + 



Let us now assume that a particle P moves along the helical trajectory, 
leaving point Pq, according to function s{t) = + uot, where oo and 

uo are scalar constants. As 9{t) = s{t)/h, the velocity of P at an arbitrary 
instant of the motion is 

aot + Uo f . s s CL \ 

— rsm -ni + rcos -n 2 H 113 . 

b b 2 tt J 



V = snt = 



b 




3 . 7 Motion of Particles 



147 



The scalar component of the tangential acceleration is a* = s = ao, there- 
fore constant, and the scalar component of the centripetal acceleration is 
a„ = s^K = r{aot + uqY / h^ , variable in time. The acceleration of P at a 
general instant is then 



2 ^ 

a(t) = aont -|- {a^t + uo) 



aor . s (aot + u)^r s 

— ””5 + P '“i ' "■ 



+ 



aor s (aot-\-u)^r . s 

P ^^"6 



H2 



aoa 

27T& 



na- 



When the trajectory of a particle P moving in a reference frame 
TZ is contained on a plane vr fixed in TZ, it is said that P is describing 
a plane motion. In this case, the osculating plane coincides with plane 
7T, the tangent unit vector and principal normal vector are parallel to 
the plane, and the velocity and acceleration vectors of P in 7?. are also 
parallel to the plane (see Fig. 7.10). 




Figure 7.10 



Since the trajectory is a flat curve, the center of curvature be- 
longs to the plane and the torsion is null at any point. In fact, if the 
trajectory is flat, the position vector p with respect to a point O of the 
plane is always parallel to the plane and the vector rij, in the direction 
of dp, is also parallel. Therefore, the variation of the tangent unit vec- 
tor is also parallel to the plane, thus guaranteeing that the principal 
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normal vector, n^, is in the orthogonal direction to nj parallel to the 
plane. Consequently, the velocity and acceleration will also be parallel 
to the plane. Since the position vector of the center of curvature C with 
respect to point P has the direction of and P belongs to vr, then C 
will necessarily belong to tt (see Fig. 7.10). Last, as the binormal vector 
n;, stays orthogonal to the plane, its time derivative in IZ is null and, 
from Eqs. (7.22), the torsion of the curve is also null. 



Example 7.7 Returning again to Example 7.3 (also see Example 7.5), 
vectors rit and have been expressed as a linear combination of unit 
vectors bi and b2, parallel to the plane of motion, the same occurring with 
the velocity and acceleration vectors of the cursor. The time derivative of 
the tangent unit vector is (check) 



nt = 



w 



dt 



2 I 2 

W +U 



(ttbi + rwb2) 



2 I 2 

w +u 
w'^ 



u>(—rujhi + ub 2 ) 



-wrin 



The curvature of the trajectory is, according to Eqs. (7.22), 



2 I 2 

W + U 

K = ^ W, 

and therefore variable. The radius of curvature is, at each instant, 



1 

^ K (w^ + u‘^)u! ’ 

as established in Example 7.5. Since ri(, = ba, therefore, the torsion is, ac- 
cording to Eqs. (7.22), null and the time derivative of the principal normal 
vector is, also according to Eqs. (7.22), 



h„ = -KSIlt 

2 I 2 

W + U 

= ^ — wnt 

= -^^^^^^w(ubi+rwb2). 

The reader can check this last result, as an exercise, by directly differenti- 
ating the expression for vector rin, obtained in Example 7.5. 
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3.8 Rigid Body Motion 

The description of the rigid body motion requires more information than 
for the description of the motion of a particle. Its configuration in a 
given reference frame can be obtained in different ways. For example, 
the three components of the position vector of a point of the body with 
respect to a point fixed in the reference frame and the three angles con- 
veniently chosen to characterize its spatial orientation in this reference 
frame comprise a set of six real scalar functions that can fully describe 
the position of the rigid body. It is then said that a rigid body, if there is 
no specific constraint to its motion, has six degrees of freedom in space. 




Figure 8.1 illustrates a simple way of checking the above state- 
ment. Point Pi belongs to a rigid body (not shown) and, in order to 
determine its position in reference frame TZ, we need to have three co- 
ordinates, ci(t),C2(t), and C3(t) (for example, the scalar components of 
the vector where O is a point fixed in TZ). If P2 is another point 

of the body, the rigid condition requires the distance between Pi and P2 
to be constant; therefore, with the position of Pi fixed in relation to TZ, 
point P2 must be on the surface of a sphere with center in Pi; therefore, 
two coordinates, Ci{t), c^it), are enough to determine its position on the 
surface (latitude and longitude, say). Now if P3 is another point of the 
body, its distances to points Pi and P2 are also constant. Therefore, 
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if the positions of Pi and P 2 in relation to TZ are also fixed, point P 3 
must be on a circumference contained in a plane orthogonal to the line 
passing through Pi and P 2 , with the center on this line (see Fig. 8.1). 
Therefore, only one coordinate, C 6 (t), is required to calculate its posi- 
tion in relation to TZ. Last, if Pk is any point of the body, its distances 
from the three aforementioned points of the body are constant and no 
extra coordinate is required to calculate its position in relation to TZ. 
Six coordinates, therefore, fully determine the configuration of a rigid 
body in a given reference frame. 

Let C be a rigid body moving arbitrarily in relation to a ref- 
erence frame IZ at angular velocity and angular acceleration . 
Also, let P and Q be two points fixed in C. The position vector of P 
with respect to Q, , is a vector of a constant module, that is, 

. pP/Q = 0. (8.1) 

As this vector is fixed in C, its time derivative at C is null, that is, 

= c^P/Q = C^P _ c^Q ^ 0 ^ (8 2 ) 

The first kinematic theorem, Eq. (6.1), in this case, is then reduced to 

-I- X (8.3) 

In short, Eq. (8.3) relates the velocities, in a given reference frame 7Z, 
of two points of a rigid body. Since the relative velocity between two 
points is the difference between their absolute velocities, Eq. (5.10), the 
above relationship can alternatively be expressed as 

P^PIQ = X (8.4) 

that is, the difference between the velocities of two points of a rigid body 
in a given reference frame is equal to the cross product of the angular 
velocity vector of the body in the reference frame by the relative position 
vector between the points. 
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Example 8.1 Consider the system shown in Fig. 8.2, where disk D, 
with radius r, rotates around its axis of symmetry 2 ; in relation to arm B 
that, in turn, rotates around horizontal axis y, in relation to bearing A. 
Orthonormal vectors bi, b 2 , bs are attached to B, with b 2 parallel to y and 
ba parallel to z. The orthogonality between axes y and 2 , guaranteed by 
the connection at O, limits the motion of H in A to two degrees of freedom. 
The motion of the disk in relation to the bearing is fully described by the 
angular coordinates 4>{t) and d{t), as illustrated. 



2; 




The angular velocities in question are 

= 0bs, = 0h2, = 6h2 + (Jiba. 

As O and Q are fixed in B, the velocity of point Q in A can be found from 
Eq. (8.3) to be 

X = 0 + 0h2 X Zba = Whi. 

The velocity in relation to the bearing of point P, fixed on the edge of the 
disk, can then be calculated, using again Eq. (8.3): 

X 

= Whi + {0h2 + <^ba) x r(— sin 0 bi + cos (j)h2) 

= {10 — r<^cos0)bi — r0sin0b2 + r0sin((iba. 



See the corresponding animation. 
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Returning to the rigid body C moving in a given reference 
frame TZ with angular velocity and angular acceleration ^of' ^ we 
can establish a relation between the accelerations of P and Q in reference 
frame IZ by using the second kinematic theorem, Eq. (6.3). In fact, as 
P and Q are fixed in C, = 0, then 

X X x . (8.5) 

Equation (8.5) establishes the relation between the accelerations of two 
points of a rigid body moving arbitrarily in a given reference frame. By 
replacing Eq. (5.14) in the above relation, an alternative form is then 
obtained: 



X (^w*^ X x (8.6) 

which calculates the relative acceleration between two points of the same 
rigid body moving in a given reference frame. 

Example 8.2 Returning to the previous example (see Fig. 8.2), the 
angular accelerations in question are 

= 6h2, = ^ba, = 9^hi + 9h2 + 0ba. 

The acceleration of point Q in A can be obtained from Eq. (8.5), so 

X X p«/°) + x 

= 0 + 6 ib 2 X {9h2 X lbs) + 9h2 x lha 
= Whi - W^ha. 

The acceleration of point P in reference frame A can now also be obtained 
from Eq. (8.5), 

^a^ = ^a« + X X p^/^) + x p^/^ , 



where 

^a^ = Whi - I9%a, 

X X p^/*^) = r((0^ + 0^) sin 0bi — cos (j)h 2 + 9(j)cos 0ba) , 

X = r(— 0COS 0bi — ^sin 0b2 + (0sin 0 + 00cos 0)ba); 
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therefore, 



= {19 — r '<pcos <j) + r{6^ + (p^) sin0)bi 
— r(0 sin 4> + cos p)h 2 

+ {rO sin p — 19^ + 2r9p cos p) bs . 

Specifically, if the disk rotates in relation to the arm at an angular velocity 
of constant module wa and the latter rotates in relation to the bearing at 
another angular velocity of constant module uj 2 , the angular velocity of the 
disk in relation to the bearing will be = 0 J 2 b 2 + waba and its angular 
acceleration in the same reference frame will be = W 2 Wabi. In this 
case, the velocity and acceleration of point P in A when, say, 0 = 0, are 
reduced to 

= {luj2 — rwa)bi, 

= — rw|b2 + {2ruj20J3 — lu>2)h3. 

See the corresponding animation. 

When a rigid body C moves in a reference frame TZ so that its 
angular velocity in that reference frame is null for a certain interval of 
time, it is said that the body is in translation in the reference frame in 
that interval. When this happens, the velocities of all points of the body 
in the reference frame are equal to each other and the accelerations of 
all points of the body in the reference frame are also equal to each other. 
In fact, from Eq. (8.3), if = 0, then for any points P 

and Q of the body. On the other hand, as the angular velocity vector is 
always null, = 0 and, from Eq. (8.5), for any points 

P and Q of the body. The motion of a rigid body that translates in 
a given reference frame is established by the position vector describing 
the trajectory of one of its points, since the orientation of the body 
in TZ does not alter and all points of the body move on trajectories 
parallel to each other. A rigid body with translational motion in a given 
reference frame, therefore, has three degrees of freedom, provided there 
is no further constraint against its motion. 

Example 8.3 The rectangular block R, shown in Fig. 8.3, hangs from 
the support S by four bars of the same length c, joined by spherical joints 
at the suspension points on S and at vertices A, B, C, and D, as illustrated. 
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The basis of orthonormal vectors 111,112,113 is parallel to the axes 
{xi,X2,xs}, fixed in S. The block moves, keeping its edges parallel to 
the axes, translating, therefore, about S; the description of its motion will 
be complete if the trajectory of, say, vertex A is known. As A is liable 
to move on the surface of the sphere with center at O and radius c, two 
coordinates, 0 (t) and are sufficient to configure the motion and R 

will have only two degrees of freedom in S. Note that in this case 0 and 
0 are not coordinates that measure the orientation of R on S, but only 
convenient coordinates to describe the position vector 

= c (sin 9 sin (pni + sin 9 cos ((m2 + cos ^113). 

The velocity of any point P of will then be given by 
s p A/o 

= c ((0cos0sin((>+ ((isin^cos 4 >)ni 

+ {9 cos 9 cos (j> — <t> sin 9 sin (j))'n.2 — 9 sin ^113) . 

See the corresponding animation. 

When a rigid body C moves at simple angular velocity in a 
reference frame TZ, the angular velocity vector and angular acceleration 
vector are, as shown in Sections 3.2 and 3.4, always parallel to a unit 
vector n, fixed in C and in TZ. If, moreover, a point Q of the body 
moves in a trajectory parallel to the plane orthogonal to n, then all 
points of the body move in trajectories parallel to this plane and it is 
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said that the body has plane motion in the reference frame. In fact, if 
. n = 0, the velocity of any point P of C in 7^ is, from Eq. (8.3), 

X and, projecting toward n, then • n = 

. n + wn X • n. Both terms on the right side are null; therefore, 
whatever P is, 

• n = 0 if C has plane motion in TZ. (8-7) 

As the velocity of any point stays parallel to the plane orthogonal to n, 

there will be no acceleration component parallel to n, that is, for every 
point P of the body, 

• n = 0 if C* has plane motion in TZ. (8-8) 

Example 8.4 The system shown in Fig. 8.4 consists of a disk D, with 
radius r, rotating around its vertical axis of symmetry in relation to the 
horizontal arm B, with length R, which, in its turn, rotates around the 
vertical axis z in relation to support A at angular velocity of constant 
module fl. 



2 




The orthonormal basis bi, b 2 , ba is fixed in B, with bi parallel to the axis 
of the arm and ba vertical. As ba is fixed simultaneously in A, B, and D, 
then there is simple angular velocity between the three reference frames, 
with = riba, = ^ba, and = (fl + 0)ba, 0 being the angle 
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shown. The angular accelerations are = 0, = flba (the 

crossed term does not appear, since the angular velocities are parallel to 
each other). Point Q, the center of the disk, describes a circular trajectory 
with its center on the 2 ;-axis; its velocity and acceleration in A are 

X 

= mh2, 

X X X p^/^ 

= -m%i. 

Since the disk has a simple angular velocity in A and one of its points (Q) 
describes a plane trajectory, the disk will have plane motion in A. The 
velocity and acceleration of point P, fixed to the edge of the disk, in A, are 

V = V + w X p ' 

= — r(fl + 9) sin 0bi + + r(fl + 9) cos 0)b2, 

X X p^/«) + x p^^^ 

= — {r9 sin 9 + Rfl^ + r (fl + 0)^ cos 0) bi 
+ r{9 cos 9 — (fl + 0) ^ sin 9^ b 2 . 

As the reader can see, no velocity or acceleration components are in the 
direction of ba . 

Example 8.5 The crankshaft mechanism, illustrated in Fig. 8.5, consists 




Figure 8.5 
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of a cursor C, which moves over a straight guide, and two rods, A and B 
joined at point O, fixed in TZ, and at pins Q and C, as shown. We wish to 
find the angular velocity in TZ of rod B as a function of the coordinate 0(t). 
Since A and B perform a plane motion and 113 is always perpendicular to 
the plane of motion, the angular velocities of A and B inTZ are simple and 
parallel to 113 . Point Q, fixed in A and in B, moves on the plane of the 
figure. The result then is that both bars have a plane motion and 

u) = 6/ns, (jj = c<;n3, a = 6/na, a = c<;n3, 

where ui{t) is the angular velocity to be established. Also, 

u Q -R. o , u A Q/O 

V = V + a; X p ' 

= 0 + 0 ri 3 X a(cos 6n.\ + sin 9n.2) 

= a6{— sin 0 ni + cos 9n.2). 

But, on the other hand, 

^ ^ pQ/c 

= uni + wn 3 X b(— cos 4>ni + sin (f>n 2 ) 

= (v — buj sin (^)ni — buj cos 0 n 2 . 

By equaling term by term, we have 

a cos 9 ^ 

^ V^l - (f sin 0 )" 

Note that the angular velocity of bar B is null when 9 = ±7 t/2 . 

When a rigid body C moves in a reference frame 7Z in such a 
way that a point O of C stays fixed in TZ, it performs a motion with a 
fixed point. When this happens, all points on the line passing through 
O and parallel, at a given instant, to the angular velocity vector of the 
body in the reference frame has a null velocity in 7Z at that instant 
(see Fig. 8 . 6 ). 

In fact, if Q is a point of the body so that its position vec- 
tor with respect to O is parallel to the angular velocity vector, then 
X = 0 and, from Eq. (8.3), '^v‘3 = _ q £qj, gyery point 

Q on the line. It may then be said that instantaneously everything oc- 
curs as if the body rotates around this line, which, for this reason, is 
called instantaneous axis of rotation. 



a cos 9 ■ 

uj = -9 = - 

b cos 4> 
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Figure 8.6 

In general, however, the angular velocity vector of the body in 
the reference frame is not fixed either in C or in 7^ (it is enough that 
is a nonnull vector) and this instantaneous axis of rotation will, 
therefore, not be fixed in the body or in the reference frame. 

The velocity, in a reference frame TZ, of a point P of a rigid 
body C moving in TZ with a fixed point O, is, according to Eq. (8.3), 

X (8.9) 

Therefore, the velocity of any point of the body is always orthogonal to 
the instantaneous axis of rotation. The acceleration of this same point 
is, according to Eq. (8.5), 

X C^uj^ X X (8.10) 

A rigid body C moving with a point fixed in a given reference 
frame generally has three degrees of freedom in this reference frame. In 
fact, the constraint to the motion of the fixed point reduces by three the 
number of degrees of freedom of the body, dropping, therefore, from six 
to three. In general, three angular coordinates are required to decribe 
the motion of a rigid body with a fixed point. When C is a body 
of revolution, it is particularly convenient to adopt a set of angular 
coordinates, known as Euler’s angles, described in the following example. 

Example 8.6 Figure 8.7 illustrates the motion of a top C moving freely, 
supported by a horizontal plane with friction, with its point O staying fixed 
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in the plane. The plane is a reference frame TZ in relation to which the 
motion of the top will be described. The axes {x, y, z] are fixed in TZ, with 
X and y parallel to the horizontal plane and 2 ; vertical. Consider A as a 
reference frame, not shown, moving at a simple angular velocity in relation 
to TZ, around axis z. Axes x\ and 2 ; are fixed in A, and ip(t) is the angle 
between x and x\, as shown. Also consider another reference frame B 
moving at a simple angular velocity in relation to A, around axis x\. Axes 
{xi, X 2 , X 3 } are fixed in B, and 0{t) measures the angle between axes z and 
X3, as shown. Last, the top moves at a simple angular velocity in relation to 
B, around axis X3, in the direction shown. Angle 0(t), measured on a plane 
orthogonal to X3, expresses the rotation of C around X3. Orthonormal basis 
ni, ri 2, 113 is fixed in TZ and orthonormal basis bi, b2, bs is fixed in B, with 
the directions indicated. 

z 



X2 



Figure 8.7 

The angular velocity of the top in relation to B (rotation of the top around 
its axis of symmetry), called spin, is 

B c y. 

UJ = (pD3. 
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The angular velocity of reference frame B in relation to reference frame A, 
called nutation, is 

A B 

(jj = 6/bi. 

The angular velocity of reference frame A in relation to reference frame IZ, 
called precession, is 

= 'ip'n.3 = i/^(sin 6h2 + cos ^ba). 

The angular velocity vector of the top in TZ will therefore be the vector 
sum of the angular velocities obtained above [see Eq. (3.10)], that is, 

= 0bi + ^sin 6h2 + (0 + cos 0)bs. 

Scalar functions 0(t), 0{t), and ip(t), adopted for the description of the 
angular motion of the top, are called Euler’s angles. Although it is not the 
only possible description for the orientation of a rigid body moving with 
a fixed point, it is extremely practical and used widely. If Q is a point 
of the axis of symmetry of the top, being at a distance r from point O 
(see Eig. 8.7), its velocity in TZ, according to Eq. (8.9), is 

X = r(V)sin0bi — 0h2). 



The time derivatives in TZ of basis vectors bi,b 2 ,bs can be obtained, ac- 
cording to Eq. (2.2), as 

bj = X bj 

= (0bi -1- 'll; sin 6h2 + 'll; cos 0ba) x bj , j = 1, 2, 3, 



that is, 

bi = V’(cos 6h2 — sin 0bs), 

1)2 = — V'cos^bi -1- 0b3, 
bs = V’sinflbi — 6h2- 

The angular acceleration of the top may then be obtained by differentiation: 



n c 

a = 



an c 



dt 



UJ 



= 'Ohi + sin 0 + 'ipO cos 0)h2 + {(j) + ^ cos 6 — 'ip 'O sin 0)ba 
-|- 0bi + 'll; sin 01)2 + {<p + 'll; cos 9 ) ba 
= (0 -|- ((>^/) sin 0)bi -1- ()/)sin0 -1- ^/)0cos0 — 00) b 2 
A {4) A ip cos 0 — 'ipB sin 0)ba. 




3.9 Rolling 



161 



Let us now consider the top moving with constant 0(t), and that 
is, a motion with constant spin and precession and null nutation. (This is 
one of the possible modes of motion of a top, as discussed in Chapter 7.) 
In this case, then 9 = 9 = 'ip = (p = 0, and the angular velocity and 
acceleration of the top are reduced to 

= V>sin 9h2 + (0 + cos 0 )b 3 , 

= 'ip (j) sin 9hi. 



The acceleration of point Q is, in this case, 

X X 

= r sin 9ip^ {cos 9h2 — sin 0bs) 
= r sin 9ip^n, 






X p 



Q/O 



where n is the unit vector orthogonal to the plane defined by axes 2 ; and 
x\, in the indicated direction. In fact, in the condition of constant preces- 
sion and null nutation, point Q describes a circular trajectory with radius 
rsin0, parallel to the horizontal plane, at constant speed v = rsin0|-?/>|, 
null tangential acceleration {ip = 0), and centripetal acceleration 

■ 0)2 

&c = — n = r sm 9ip n, 

P 

as established above. See the corresponding animation. 

As expected, the expressions for the angular velocity vector in 
Examples 3.3, 3.4, and 8.6 are similar. Both the gyroscope in Exam- 
ple 3.3 and the top in the above study perform rigid body motion with 
a fixed point and, in both cases, the angular coordinates adopted are 
Euler’s angles. In the case of the coin, studied in Example 3.4, the 
point of contact C has instantaneously zero velocity in relation to the 
plane, although, as will be seen in the following section, its acceleration 
is different from zero, therefore instantaneously configuring a rigid body 
motion with a fixed point. 



3.9 Rolling 

Let there be two rigid bodies C and C moving so that, at each instant, 
there is a point P of the surface of C touching a point P' of the surface 
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of C (see Fig. 9.1). It is said that there is rolling between C and C if, 
for some reference frame 7^, 



or the equivalent, 






= 0 . 



(9.1) 

(9.2) 




By using Eq. (6.1), it is easy to check that if the velocities of 
P and P' in TZ are equal at a given instant in 7^, their velocities will be 
equal in any reference frame at that instant. In fact, if TZ' is any other 
reference frame and O is a point fixed in IZ^ then 

X p^/O, 

, , , (9.3) 

^ X p^ /«, 

and subtracting the second from the first equation, then ^ v^— ^ =0. 

Specifically, choosing as a reference frame the actual body C", then 

= ^'v^' = 0, (9.4) 

that is, if a body C rolls over another body C , then at each instant the 
point P of C in contact with C has null velocity in C . Note, however, 
that rolling sets a condition exclusively for the velocity of the point of 
contact, nothing being imposed on its acceleration. In fact, when rolling 
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occurs, at each instant a new point of C will be in contact with C , 
meaning that the acceleration of this point in C will be different from 
zero; if the velocity and acceleration are simultaneously null at a given 
interval of time, we return during this interval to the condition of motion 
with a fixed point. 

Example 9.1 Figure 9.2 illustrates a rolling situation. Cylinder C, 
with radius r, rolls over the inner surface of the cylindrical ring A, with 
radius R. In this case, all points of generatrix ^ are in contact with the 
ring surface. Let B be the reference frame defined by the plane containing 
axes Z (the ring axis of symmetry) and z, reference frame to which the 
Cartesian axes {X^Y,Z} and orthonormal basis ni,n 2 ,ri 3 are associated, 
as illustrated. Then we have 

A B B C I AC ( r\ i\ 

(jj = On.3, (jj = -0n3, to ={0 — (f))n3, 

where 0 and 0 measure the rotation of B relative to A and the rotation of 
C relative to B, respectively, as shown. 




The velocity of point Q, fixed in B, in ^ is 

A Q A O \ A B . . Q/O /’id \Z) 

= V + o; X =—[R — r)0ni, 

and the velocity of the point of contact P, fixed in C, in relation to A, can 
be obtained from 

A P A Q , A C P/Q ( ± TDd\ 

V = V + u) X p ^ = (r0 — ROjxii. 
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As the rolling condition, Eq. (9.3), must be met, then = 0, which 
establishes the kinematic constraint relating the functions 6{t) and 4>{t)\ 




If the angular velocity vector of body C in relation to body 
C", ^ , is parallel to the plane touching the contact surfaces of the 

bodies at point P (see Fig. 9.1), it is said that there is pure rolling. If the 
angular velocity of C in C is orthogonal to the tangent plane common 
to the bodies at the point of contact, it is said that there is pivoting. In 
the more general case of rolling between two bodies, the relative angular 
velocity vector has a pure rolling component and a pivoting component. 

Example 9.2 Figure 9.3 shows a circular track A, with inner radius R, 
in which two identical spheres with a diameter of 2r move. 



Z 





Figure 9.3 

Sphere E' has its center O' fixed on the vertical axis Z, rotating at an 
angular velocity with constant module in relation to the track A. Point 
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P', fixed in E' , is in permanent contact with the horizontal plane of the 
track. The motion of E' in relation to A is, therefore, purely pivotal, with 
= fins. Sphere E, on the other hand, describes a more complex 
motion, with its center O performing a circular trajectory with radius 
(R — r) on a horizontal plane, with velocity v, and two points, P and Q, in 
contact with the track. As there is rolling at both points, = 0 

and, from Eq. (8.3), x = 0, then the angular velocity vector of 
the sphere in relation to the track makes an angle of 45° in relation to both 
the tangent planes at the points of contact, that is, = ^w(n 2 + 113 ). 
This is, therefore, a case of general rolling, with pure rolling and pivoting 
components. Now suppose that the center of sphere E moves in relation 
to the track at constant speed u, that is, v = —uni. From Eq. (8.3), 
then X that is, ^w(n 2 + ns) x (— r)ns = —uni; 

therefore, to = —^/2u(r and the angular velocity of sphere E is 

A E I 1 

to = (n 2 + ns). 

r 

Example 9.3 Consider the motion of the coin M rolling over a horizontal 
plane TZ, as described in Example 3.4 (see Fig. 9.4). It is necessary that 
= 0 in order to fulfill the rolling condition. The angular velocity 
vector of the coin in relation to the reference frame TZ, determined in the 
aforementioned example, is 

TZ M I I 

u) = cuini + W2n2 + Wsns, 

where 

wi = V’ cos 0 , UJ2 = 0, u>3 = (f> + 'tp sin 9 . 

The time rates of these components are 

uii = %p cos 6 — ip6 sin 9, 6 j 2 = 9, 103 = (p + ip sin 9 + ip9 cos 9. 

The angular velocity of the reference frame A, where the orthonormal basis 
ni, 112,113 is fixed, is 

= tomi + W2112 + (ws — ^)n 3 , 

and the time derivatives in TZ of the base vectors are (using the simplified 
notation) 

hi = (ws - ^)U2 — W2n3, 
h2 = Wins - (ws - 0)ni, 



ns = W2ni — Win2. 
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The angular acceleration of the coin in reference frame TZ is obtained by 
differentiating the angular velocity vector in TZ, resulting in 

n M , , 

oc = airii + a2ri2 + 0:3113, 

where 

Oi = Wi + 4>U!2, CX2 = OJ 2 ~ 03 = W 3 . 

The velocity of the center of the coin is obtained from Eq. (8.3): 

no n c , n M o/c 

V = V + w X p ' 

= 0 + (wirii + W 2 n 2 + Wsns) x rni 

= r(w3n2 - W2H3), 

and its acceleration can be obtained by differentiating the above result in 
TZ, that is, 

n O a-jz o 
a = — — V 
dt 

= r(w3ll2 — W2U3 + 0;3h2 — 0^2113) 

= r[— (w2 + Ws(w 3 - (j>)) ni + (ws + wiW2)n2 

+ (-W2 + W3o;i)n3). 

Now calculating: 

X C^u)^ X = r[{u)2 + W3)ni — wiW2n2 — wiwsns]; 

X = r [-W3H2 + (W2 - <^Wi)ll3] , 
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the acceleration of point C in contact with TZ can be determined by 
Eq. (8.5): 

X x p^/°) + V x 

= r{^L 03 ni — (jiuims) 

= r [(((>^ + (pip sin 0)ni — (pip cos flns] 

= r(p^ni + pipn), 

where n is a horizontal unit vector, orthogonal to the line t, as shown. 
It is interesting to find how the component terms of show various 
simplifications, in fact annulling the acceleration toward ri 2 . Actually, 
there can be no acceleration in this direction; otherwise sliding would occur 
immediately afterward. Some particular cases illustrate the situation even 
better. Assuming pure rolling, that is, the coin rolling over the plane with 
0 = ^/) = 0, then ^a^ = ni, a centripetal acceleration, which always 
occurs in the case of pure rolling over a plane. Now when we assume 
pivoting, that is, the coin moving with 6 = ip = 0, then = 0, meaning 
that point C stays in contact with the plane throughout the motion, being 
reduced therefore to the status of motion with a fixed point. 

3.10 Mechanical Systems 

When a set S of particles or bodies (or both) moves in relation to a given 
reference frame TZ so that there is a partial or total interdependence 
between their motions, this is a mechanical system or a mechanism. If 
the position vector of each point of S with respect to a given point 
O fixed in TZ is determined, it is said that the configuration of S in 
TZ is known. The system configuration is determined by means of a 
set of scalar functions of time, qi{t),q 2 {t), . . . ,qr{t), called generalized 
coordinates or simply coordinates of the system. Every position vector 
above will therefore be expressed in terms of the chosen coordinates. 
Each coordinate qj{t), j = l,2,...,r, will have a dimension [L] when 
measuring a distance, or null dimension when measuring an angle. 

Example 10.1 Consider a mechanical system S, shown in Fig. 10.1, 
consisting of a rectangular plate L, with dimensions a and b, whose vertices 
A and B are confined to move along axes X and Y, respectively, and a small 
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sphere P connected to vertices C and D by two light threads of the same 
length r. 



z 




The system can therefore be treated as if it were a rigid body and a par- 
ticle and, assuming that it moves so that the threads stay stretched, its 
configuration can be fully described by the following set of coordinates: 
q\ = x{t), measuring the distance between A and O; = y{t), measuring 
the distance between B and O; qs = 0(t), measuring the angle between 
the plate and the horizontal plane; and q^ = 4>(t), measuring the angle 
between the line passing through E and P and the line orthogonal to L 
passing through E, the midpoint of edge CD. Note that this is not the 
only possible choice of coordinates (would you have another suggestion?). 
Note also that, in this case, r = 4 and there are two coordinates with the 
dimension of length and two with the dimension of angle. Any point of S 
can have its position with respect to O fully established as a function of 
the chosen coordinates. For example, the position of point D with respect 
to O may be given as 

= xtlIx + aril = (x + cos 0)tl1x + x^ cos Ouy + a sin Ouz. 

See the corresponding animation. 

The number of mutually independent generalized coordinates 
in a mechanical system is known as the number of degrees of freedom 
of the system. A particle, free to move in space, has three degrees of 
freedom. A rigid body, on the other hand, has, in principle, six degrees 
of freedom. So, a system S consisting of n particles and m rigid bodies 
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would, in principle, have 3n + 6m degrees of freedom. However, it so 
happens that the elements of a system interact with each other and 
with the reference frame to which they are associated, resulting in a set 
of constraints against their motions, called kinematic constraints. Every 
kinematic constraint, therefore, comes from a link between two elements 
of the system or between one of those elements and a body outside the 
system. To each kinematic constraint corresponds a relation involving 
the system coordinates and their time rates, so that 

f{qi,Q 2 , ■ ■ ■,qr,qi,q 2 , ...,qr,t) = 0. ( 10 . 1 ) 

Example 10.2 Returning to the previous example (see Fig. 10.1), the 
system consists of a particle (P) and a rigid body (L), with, therefore, in 
principle, 3 + 6 = 9 degrees of freedom. If p is the position vector of P with 
respect to O, its scalar components in the directions of the Cartesian axes 
would consist of three coordinates of S, so that qi = px , Q 2 = pv , qs = pz . 
The coordinates, say, of the vertex A: <74 = Xa; q^ = Y a] qe = Za, and 
three angles measuring the orientation of the plate in relation to the axes: 
qr = ax', qs = ay', qg = az, would complete the overall set of coordinates. 
The system is, however, subject to the following constraints: Vertices A 
and B of the plate are restricted to moving along the guides fixed to axes 
X and Y, respectively; and particle P is fixed by nonstretchable threads to 
vertices C and D of the plate. The following kinematic constraints must, 
then, be satisfied: 



7^ A 




= 0; 


7^ A /-V 


V ■ 


■ ny 


V ’ Uz = U 


-R B 




= 0; 


R, B /-I 


V ■ 


nx 


V ’ Uz = V 


7Z PIC 

w ' • p 


PjC 


= 0; 


n^pID 



There is, therefore, a set of six kinematic constraints. When expressing the 
position and velocity vectors in terms of coordinates qi,q 2 , . . . ,qg, there 
will be six relations in the form of Eq. (10.1). For example, the first two 
kinematic constraints above, expressed in terms of the general coordinates, 
are 

(?5 = 0, qe = 0. 



Note that the effective number of degrees of freedom of the system will 
be 9 — 6 = 3. In fact, it is easy to see from the chosen coordinates in 
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Example 10.1 that, for any configuration of the system, 
and, therefore, the y-coordinate can be expressed as a function of the x- 
coordinate, that is, y = and three coordinates (a;, 9, and 0) are 

enough to fully determine the system configuration. 

A mechanical system S consisting of n particles and m rigid 
bodies, moving in a given reference frame IZ and subject to p kinematic 
constraints in the form of Eq. (10.1), will have 

l = 3n + 6m — p (10-2) 

degrees of freedom. The number of generalized coordinates required to 
fully describe an arbitrary instantaneous configuration of 5 in 7^ will be 
r > 1. When a relation of kinematic constraint in the form of Eq. (10.1) 
can be integrated, it is said to be a holonomic constraint. When the 
constraint equation cannot be directly integrated, it is said to be simple 
nonholonomic. A nonholonomic constraint ceases to be considered sim- 
ple when it cannot be expressed in the form of Eq. (10.1). Holonomic 
constraints can also be classified as reonomic or escleronomic to the 
extent that the function / does or does not depend explicitly on time, 
respectively. A mechanical system S is said to be holonomic when all 
p kinematic constraints are of the holonomic type; otherwise, it will be 
called nonholonomic. Since they can be directly integrated, holonomic 
constraint equations result in algebraic expressions interrelating the co- 
ordinates. Thus, some coordinates may be expressed as a function of 
others. In this case, the number of degrees of freedom of the system may 
equal the number of generalized coordinates adopted for its description, 
that is, r = 1. The following examples illustrate better the point. 

Example 10.3 Let us consider the mechanical system consisting of 
disk D and bar B, welded at point Q, which moves in reference frame TZ as 
follows: The bar has its end O linked by a ball and socket to the vertical 
shaft, fixed in TZ, and the disk is supported by the horizontal plane, rolling 
on it (see Fig. 10.2). 

Since the disk and bar are welded together, they form a single rigid body 
and the system would have six degrees of freedom, not taking the kinematic 
constraints into account. The body (bar plus disk) can be configured by 
the following set of coordinates: xo,yo, zo, coordinates of point O in the 
Cartesian system {x,y,z}, fixed in TZ, and angles that determine 
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X 



Figure 10.2 



the orientation of the body, as shown. The pertinent kinematic constraints 
are 

xo = 0, yo = 0, zo = R, 
ensuring that the point O is fixed in IZ, 



= 7t/2, 



translating the fact that the disk stays in contact with the plane, and 

_ n 



the rolling condition of the disk. Note that the first four kinematic con- 
straints are already in the integrated form, that is, they establish direct 
algebraic relations between the coordinates. The original kinematic rela- 
tions, in the form of Eq. (10.1), would be 

= 0; therefore, xo = 0, ijo = 0, zo = 0, 



and 

• b 2 = 0; therefore, '^ = 0, 

whose direct integration leads to the previous algebraic equations. The 
first four kinematic constraints are, therefore, of the holonomic type and 
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naturally eliminate the coordinates xo, Vo, zo, and ijj. Let us now look 
at the rolling condition. The angular velocity of the body in TZ will be 
= —6hi + 0ba and the velocity of the point of contact will then be 

+ '^u>° X = (3<^ - 0)Rh2. 

To fulfill the rolling condition, then 

30 - 0 = 0 , 

an equation of the type of Eq. (10.1), which can be directly integrated and 
solved for 0, resulting in 

0(t) = 3(0(t)-0(O))+0(O). 

This system is, therefore, holonomic, with n = 0, m = 1, p = 5, and 
/ = 3x0 + 6xl — 5=1 degree of freedom. The coordinate 4>(t) is suffi- 
cient to describe its configuration, provided that the initial configuration 
is known: 0(0), 0(0). 

Example 10.4 Let us now consider a new mechanical system derived 
from the previous one with the introduction of a thin rectangular plate P 
between the disk and horizontal plane (see Fig. 10.3). Assuming that there 
is rolling between D and P and that the latter slides over the plane, now 
the system consists of two rigid bodies (m = 2) and the following kinematic 
constraints: 



< 

0 

II 

o 


(three constraints); 


(a) 


7^ D 1 r\ 

(jj • b2 = 0 


(one constraint); 


(b) 


• ri3 = 0 


(one constraint); 


(c) 


• ri2 = 0 


(two constraints); 


(d) 




(two constraints). 


(e) 



The kinematic constraints (a) and (b) are identical to those in the previous 
example and therefore holonomic; constraints (c) and (d) translate the fact 
that the plate stays supported on the horizontal plane, and it is easy to see 
that they also form holonomic constraints. Let us now look at the nature of 
constraints (e) . We may take as generalized coordinates for this system two 
coordinates for vertex A of the plate, x{t)andy{t), the angle /3(t) between 
the edge illustrated and axis x, and angles 0(f) and 0{t), described in the 
preceding example. 
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Figure 10.3 



The plate angular velocity in TZ will be = /3ns, and the velocity in TZ 

of the vertex A will be = hni + yri 2 . The position relative to A of 
the point of P, instantaneously in contact with D, is 

= (37? cos (p — x)ni + (3-Rsin p — y)xi 2 , 



and the velocity in TZ of C' is 

n c' n A , n p c'/a 

V = V + w X p ' 

= (i — (37? sin — j/)/3)ni + (y — {SRcosp — a;)/3)n2. 

By substituting it in Eq. (e) (see previous example for the expression of 
then 



— -R(30 — 0) sin <p = X — (3i? sin 0 — y)(3, 

R{3(p — 0) cos 4> = ij — (3i? cos 4> — x) 'j3. 

Note that the two nonlinear differential equations above, involving the co- 
ordinates x(t), y(t), /3(t), 0{t), and <(>(t), cannot be directly integrated, 
and it is no longer possible, for example, to find a simple relation between 
6(t) and as in the previous example. There are, therefore, two non- 
holonomic kinematic constraints and the system will not be holonomic. 
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Note also that the vector equation (e) resulted, in fact, in only two kine- 
matic constraints, as expected. This is due to the fact that conditions 
(b), (c), and (d) ensure that there is no vertical component of velocity of 
the points of contact. The system has, then, p = 9 kinematic constraints 
and Z = 6x2 — 9 = 3 degrees of freedom. As this is a nonholonomic 
system, however, to determine a general configuration requires adopting 
r = 5 coordinates (two more, since there are two nonholonomic kinematic 
constraints), as follows: 6{t) and 0(t) to configure D and x{t), y{t), and 
P(t) to configure P. 

Now let 5 be a system consisting of m interconnected rigid 
bodies, moving in space in relation to a reference frame TZ. Let Ck be 
an element of this system, in contact with body Ck-i at point Q and 
with body Ck+i at point P (see Fig. 10.4). 




Let n be a unit vector, at each instant parallel to the line 
containing P and Q, and let u> be the angular velocity vector of Ck in 
TZ. We can break down uj in the directions parallel and orthogonal to n 
(see Appendix A) , 

= (10.3) 

where 

= a; • nn (10.4) 



= n X (o; X n). 



and 



(10.5) 
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The component of the angular velocity vector parallel to the 
relative position vector between points P and Q, satisfies, of course, 
the condition 

X n = 0, (10.6) 

while the component of the angular velocity vector orthogonal to the 
relative position vector, , must satisfy the condition 

o;^-n = 0. (10.7) 

Then the result, from Eqs. (8.3), (10.3), and (10.6), is 

X (10.8) 

The above relation shows that, in a given reference frame, the velocity 
of a point P of a rigid body is fully established in terms of the velocity of 
another point Q of the body and of the component of the body angular 
velocity vector orthogonal to the relative position vector of the points. 
Equation (10.8) is actually a refinement of Eq. (8.3); as the cross product 
of the parallel component of the vector angular velocity with the relative 
position vector is null, this component does not contribute to the relation 
between the velocities of two points of a body in a given reference frame. 
The result is quite useful for analyzing mechanisms, where a certain body 
often acts as a link element between another two. In order to analyze 
the mechanism, it is not always necessary or sometimes possible to fully 
determine its motion in the reference frame. In general, to get around 
the indetermination of the angular velocity vector, Eq. (10.7) is used 
together with Eq. (10.8). 

Example 10.5 Consider the system shown in Fig. 10.5, consisting 
of a disk D, with radius r, that rotates around the vertical axis Z in 
relation to support A; a cursor C, which moves along the vertical guide 
G, fixed in A; and a bar B, with length I, whose ends are connected 
by ball and socket joints at C and point P, fixed on the edge of D, as 
shown. The axes {X,Y,Z} and orthonormal basis 111 , 112,113 are fixed in 
A, and the unit vector b is parallel to the axis of bar B. The coordinate 
z(t), (/^ — < z < I, measures the cursor displacement along the 

guide, and the coordinate 0{t) measures the rotation of the disk around 
the vertical axis. 




176 



3. Kinematics 




Figure 10.5 

The velocities, in A, of points C and P can be expressed as 

A C 

V = zns, 

= r9(— sin 6ni + cos 0 ri 2 ) . 

The relative position vector between these points is 

pC/P ^ 

1=1 

with 

Pi = r(l — cos 0), p 2 = —rsin0, = z. 

The angular velocity vector of the bar, expressed on the same basis, would 
be 

3 

1 = 1 

The kinematic theorem of velocities for two points of a rigid body, Eq. (8.3) 
is, in this case, 

AC A p , A B c/p 

V = V + w X p . 
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Then, substituting the components in the above equation, a system of 
algebraic equations for the scalar components of the angular velocity vector 
(check) is as follows 



P 3 UJ 2 — P 2 UJ 3 = r sin 0 6 , (a) 

P 1 UJ 3 — P 3 UJ 1 = —rcosOO, (b) 

P 2 UJ 1 — P 1 CO 2 = z. (c) 

It is easy to see that the determinant of the matrix of coefficients is null: 
therefore, the system is indeterminate. In fact, the existing relation be- 
tween the motion of D and C does not depend on the bar rotation around 

its axis of symmetry. In other words, the component in the direction 

of the unit vector b is, in fact, indeterminate. Nevertheless, it is possible 
to compute the component of the angular velocity vector orthogonal to b. 
Assuming then that 

3 

n = ^ ^ iij 

1=1 

is this component, satisfying, therefore, Eq. (10.7), that is, 

fi • b = pifli -I- -I- = 0, (d) 

then, according to Eq. (10.8), f2 can take the place of in the kinematic 
theorem of velocities and, therefore, 

P 3 VI 2 — P 2^3 = rsmO 9, (e) 

pifls — P3fli = — r cos 0 0, (f) 

P2^i-pi^2 = z. (g) 

There is no doubt that the system of Eqs. (e-g) is also indeterminate 
but, by including Eq. (d), there is a new system of Eqs. (d-f), the latter 
determined, whose solution is (check) 

fli = ((1 — cos0)^— -|- COS0) - 6, 

Q 2 = (l — (1 — COS0)— ) - sin00, 

' l^ z 

r" • 

H 3 = (1 - COS0)— 6. 

l^ 
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Specifically, when 6 = tt/2: 



fli = 0; Q 2 








and for 6 = 0: 

rii “ y = 0. 

Last, from Eq. (g). 




z 



In the position 6 = tt/2. 




z 



and for 9 = 0, 

z = 0. 

The reader should note that the component of the angular velocity vector 
of the bar parallel to its axis cannot be determined from a kinematic view- 
point. The geometric relation always present between the variables z{t) 
and 6(t), z = — 2r^(l — cos0)]^^^, is independent of this component; in 

fact, when the velocity of end P of the bar is known, which only depends 
on 9(t), it is possible to determine the velocity of end C, a function of z{t). 
See the corresponding animation. 

Returning to the system of m rigid bodies, described above 
(see Fig. 10.4), the angular velocity of Ck in TZ can, according to 
Eq. (10.3), be interpreted as a composition of angular velocities between 
three reference frames: Ck, TZ, and a third one, with angular velocity 
with respect to TZ, and in relation to which the angular velocity of 
Ck is (see Fig. 10.6). 

The angular acceleration of Ck in TZ can then be expressed, 
according to Eq. (4.6), as 

= a_L + ui^^n + X (10.9) 



where 
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St St' 






Now calculating, 

^0;'^'= X X = u) n X X p^^^) + X x 

and 

'^oP^ X p^!^ = q;j_ X p^^^ + {tjj^ X us x (10.11) 

and replacing it in Eq. (8.5), noting that, as to ^ is parallel to p^/^ , then 
W// X (w^ X p^/'^) = -(W// X o;^) X p^/'^, (10.12) 

we arrive at the relation (check) 

+a;^ x (w^ x p^/'^) + cix x p^/^ . (10.13) 



Therefore, not only is the component of the angular velocity vector or- 
thogonal to the relative position vector, (O^., enough to determine the 
relative velocity between two points of a rigid body [see Eq. (10.8)], but 
its time derivative in the reference frame, q:_l, is also sufficient (jointly, of 
course, with the vector to ^ itself) to determine the relative acceleration 
between the points. 

It is worth mentioning that vector aj_ is not the component of 
the angular acceleration of the body orthogonal to the relative position 
vector between the points; it is solely the angular acceleration in IZ 
of the aforementioned intermediary reference frame, that is, the time 
derivative in IZ of vector to^, as defined in Eq. (10.10). 
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Example 10.6 Returning to Example 10.5 (see Fig. 10.5), we now wish 
to determine the acceleration of the cursor C when it reaches its maximum 
height, that is, when 0 = 0. Then, by adopting the orthogonal component 
of the vector angular velocity and its time rate at A in the equation of the 
kinematic theorem for accelerations, as established in Eq. (10.13), we have 

+ Q X (O X p^/^) + O x 

where, for 0 = 0: 

'^a'^ = —rd^ni + r0ri2; 

2 

f 2 X (f 2 X p*^^^) = flirii X (flirii x /113) = —^0^113; 

ni = jO; (I2 = 

tl X = /(fl2ni — fliri2) = r( 0 ^ni — 0 ri 2 ). 

Then, when 0 = 0, the cursor C will have the acceleration 



Mechanisms are present throughout the engineering world, 
from the delicate precision mechanism of a wristwatch to the robust 
and heavy operating system of a rolling mill. From a strictly kinematic 
point of view, however, the analytical method is always the same, and 
we must identify the holonomicity of the system, choose generalized co- 
ordinates, establish the pertinent kinematic constraints, determine the 
angular velocities and accelerations in terms of the selected coordinates, 
and use the kinematic theorems to determine velocities and accelera- 
tions of points. It is worth remembering again that an orthonormal 
basis should always be chosen to decompose the vectors, which, at least 
in principle, seems to be most convenient from a vectorial algebra point 
of view, independent of the reference frame in which it is fixed. 

Example 10.7 A mechanism consists of three gears (see Fig. 10.7): A 
is fixed; B has an axis of symmetry coinciding with that of A and rotates, 
in relation to the latter, with simple angular velocity of constant module 
Wo, in the indicated direction; C engages with A and B, with its axis of 
symmetry intercepting that of the two others at point O, as illustrated. 
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The motion of gear C is therefore determined by the motion of gear B in 
relation to the fixed gear A. The orthonormal basis 111,112,113, with the 
directions shown in the figure, is fixed in a reference frame N, coinciding 
with the plane containing the axes of symmetry of the gears. We now want 
to determine the angular velocity and acceleration of C in relation to the 
fixed gear A. 




Points O and P are fixed in C, O is also fixed in A, and, from the condition 
of engagement (a rolling condition), = 0. Then, from the kinematic 
theorem. 



A P AO 

V = V 



X p^/°. 



the result is that is parallel to that is, 



A c 

U) = Wini. 



Assuming r to be the distance from point Q to the vertical axis (note that, 
as the geometry is known, r only assumes a scale that will automatically 
define the other dimensions involved), the velocity in A of the point can 
also be obtained from the kinematic theorem for velocities 

A Q A O , A B Q/O 

V = V + a; X p ' 

= -rwons. 



But points O and Q are also fixed in C (Q is one of the points of contact 
between C and B)\ therefore, 

A Q A o , A c Q/O 
= V + a; X p^' , 
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that is, 
therefore, 



-rwons = wmi x r(ni + -\/3n2); 



Wi = — Wq. 

V3 



The angular velocity of gear C in relation to A is, therefore, 

AC 1 

<jj = ^woni. 

Since ojq is constant, the angular acceleration of C will depend on the time 
rate of change of the unit vector ni and, to obtain it, we first need to 
determine the motion in A of reference frame N. Point R, on the axis of 
symmetry of C, is, of course, fixed in JV and C, and its velocity can be 
computed as 

v=v+wxp^ 



1 / ^2 2 ^ 

= 0 —UJoni X v^r ( -r-ni + -ri2 



V3 



= --rwona. 

Now using the same kinematic theorem for velocities but with O and R 
fixed in N, 

ao 



A R A O . A N . 

V = V + W X p 



that is. 



therefore. 



1 

— -rwona = W 2 n 2 x 



V3r( 



-m + -ri 2 



a>2 = -Wo- 

The angular acceleration of C in A can then be established as 

AC ^dA c 

a = — — u> 

dt 

1 

= ^woni 

1 

= =wo W2112 X ni 

1 2 

Wo na. 



3^3 

See the corresponding animation. 




Exercise Series #3 



183 



Exercise Series #3 (Sections 3.1 to 3.6) 

P3.1 Consider the cube studied in Example 2.1, where the orthonormal 
basis Ci,C 2 ,C 3 is fixed. Determine the angular velocity vector of the cube in 
TZ, at the instant when ci = C2 — C3 and C2 = — ci + C3. Calculate the time 
derivative of the vector C 3 at this instant. Ascertain whether it is possible for 
the cube to move so that, at a given instant, Ci = C2 + C3 and C2 = Ci + C3. 




Figure P3.1 



P3.2 The cone C moves in space with its vertex A pinned to fork G, which 
rotates in 7?, at a constant module angular velocity fl. The pinned joint in A 
allows two movements. One is measured by 0(t), the angle between axis E 
and the vertical. The other is measured by 4>(t), the angle between a fixed 
line at the base of C and the plane containing axes E and X 2 - Determine a 
general relationship for the angular velocity of C in IZ. 




Figure P3.2 
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P3.3 For the cone in the previous problem, determine 0 as a function of the 
angle 6, so that the angular acceleration of the cone in IZ stays horizontal. 

P3.4 Show that if bi, b 2 , ba is a fixed orthonormal basis on a rigid body B, 
which moves arbitrarily in a reference frame A, and if b^, j = 1,2,3, are the 
time derivatives in A of the basis vectors, the angular velocity vector of B at 
A may be expressed by 

U) = b 2 • ba bi + bs • bi b 2 + bi • b 2 ba- 



P3.5 The bodies A, B, and C, joined at points P and Q, comprise a mech- 
anism. Given the angular velocities 

A C 

(jj = H“ c^2^25 

A B 

CJ = CJ2^2 — ^ 3 ^ 3 , 

A 

(jJ — CJiHi H“ 

where 7^ is a given reference frame, ai, a 2 , sls is an orthonormal basis fixed in 
A, and, wi,W 2 ,wa are constant, find the angular accelerations and . 




Figure P3.5 



P3.6 Prove that if A, B, C, and D are four bodies moving independently in 
space, the angular acceleration of H in A can be written as 
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P3.7 Considering the coin M rolling on a horizontal plane TZ, analyzed in 
Example 3.4, determine the general relationship for the angular acceleration 
of M in TZ, in terms of the functions 0(t), and 




P3.8 Show that if a rigid body C moves in relation to a reference frame TZ, 
then there exists a linear transformation that maps a vector v, fixed in 

the body, into its time derivative in TZ. That is, for every vector v fixed in C, 
its time rate in TZ, v, can be written as 

nrj,c 

V = Tv. 

Hint: Adopt an orthonormal basis Ci, C 2 , C 3 , fixed in C, in order to decompose 
the angular velocity vector of the body as 

= WlCi + UJ2C2 + UJ3C3, 

and define a tensor T that, on the same basis, is expressed by the antisym- 
metric matrix 

( 0 -UJ3 LO2 \ 

UJ 3 0 —ivi I . 

— UJ2 0 / 

P3.9 Referring to the above exercise, prove that if p and q are the time 
derivatives in reference frame TZ of two linearly independent vectors, fixed in 
body C, then the tensor ’^T*^ can be written as 

^T'^ = -r^ (q (g) p - p (g) q) . 

p ■ q 

Also check that the angular velocity vector oi C m TZ may also be written as 
n c P X q q X p \ 

2 V pq qp / 
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P3.10 The support A rotates in relation to the pedestal L aX a constant 
angular velocity of module = 4 rad/s, as illustrated. The engine casing B 
pivots on the support A and rotates around the pin, coincident with axis xi 
at a constant angular velocity of module 9 = 2 rad/s. Axes {xi, X 2 , X 3 } are 
fixed in B. Disk D rotates in relation to the engine casing B at a constant 
angular velocity of module p = 300 rad/s. Determine the module of the 
angular velocity and of the angular acceleration at the moment 

when 6 = 0 . 




Figure P3.10 



P3.ll Disk D, with radius r, rotates freely around arm B that, in turn, 
rotates around the fixed vertical axis, at a constant angular velocity of module 
fl. The disk rolls on the conical surface, as illustrated. Calculate the modules 
of the angular velocity and acceleration of the disk in relation to the surface. 




Figure P3.ll 




Exercise Series #3 



187 



P3.12 Fork G is welded to the bar that can slide lengthwise in relation 
to the bearing M and can also rotate in relation to the latter around axis 
xi. At the moment shown, the velocity of the bar on the bearing is = 2 
m/s and the acceleration is a = 1 m/s^, both in the positive direction of the 
axis. The angular velocity of the bar in relation to the bearing is w = 3 
rad/s, in the direction indicated, and the angular acceleration is null. Bar B, 
pivoting on the fork, moves in relation to the fork according to the function 
6(t) = (tt/ 2) cos(o;t). At the moment illustrated, 6 = tt/6 and </ = tt/ 2. 
Calculate the angular velocity and acceleration of i? in M at that same instant. 




Figure P3.12 



P3.13 A flexible steel tape with length c is being rolled around a fixed drum 
T, with its end B fixed in T and end A moving to keep the free part of the 
tape straight. The motion is prescribed by the function />(t), which measures 
the angle between the radii of ends B and C, the last point of contact of the 
tape with the drum. Find the velocity and acceleration of end A in relation 
to the drum, for a general position. 




Figure P3.13 
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P3.14 Determine the general relationship for the acceleration of cursor P 
on laboratory L, for the system analyzed in Example 5.1. 




L 

Figure P3.14 



P3.15 Consider the system analyzed in Example 5.4. Suppose that cursor 
C moves harmonically in the guide according to x{t) = /sin(wo^) and that 
disk D rotates in relation to fork A at the constant rate 0 = 2lvo- Find the 
acceleration of cursor C in laboratory L, when a; = 0 (i > 0), 0 = tt, and 
when X = I, 0 = tt/2. 

z 




Figure P3.15 
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P3.16 The mechanism consists of a cursor C, sliding along bar B, joined by 
a pivot at point P with arm A that, in its turn, rotates around the vertical 
axis passing through the point O, in relation to the reference frame TZ. The 
system configuration can be described by the functions 0(t), 0{t), and r(t), as 
shown. If 0(t) = Q, 6{t) = 6o cos{ujot) ■, and r{t) = v, where fl, 0o, too, and v 
are constants, find the velocity of C in 7?, and the acceleration of C in A when 
the bar passes through the vertical position, with positive 9. 




P3.17 The crankshaft A rotates at a constant angular velocity 9 = 12 rad/s 
in relation to the support S. By means of a pin at hinge P, bar B is driven 
to slide through the bushing C, which is pivoted in point Q, as illustrated. 
Determine the module and direction of the angular velocity and angular ac- 
celeration of the bar in relation to the support for positions 0 = tt/2 and 
6 » = 0 . 




Figure P3.17 
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P3.18 The figure illustrates a mechanism consisting of two horizontal guides 
fixed to the support S, on which cursors A and C slide, with velocities of 
module u and v, respectively, as illustrated. A telescopic bar joins the cursors. 
Cursor C is connected by means of a ball and socket. A fork B at the other 
end of the bar is joined to the last element of the bar, which is connected to 
cursor A by a pin fixed in A, with an axis orthogonal to x\. The orthonormal 
basis ni, 112, 113 is fixed in S, while the basis bi, b2, ba is fixed in B, with bi 
in the direction of the pin and b 2 in the direction of the telescopic bar axis. 
Determine an expression for the angular velocity of the fork on the support, 
as a function of the velocity of each cursor, at an instant when the position 
of the center of both cursors, along the respective guides, is equal to 0 . Hint: 
Write the angular velocity of the fork as a composition of its angular velocity 
in relation to the cursor A with its angular velocity in relation to S and use 
the kinematic theorem for velocities, relating the velocities of the center of 
cursor C in B and in S. 







Figure P3.18 



P3.19 Returning to the previous exercise, and for the instant under consid- 
eration, find the time rate of change in S of the unit vector bi. Next, calculate 
the angular acceleration of the fork in relation to the support, knowing that 
at that instant u = v = a. 
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P3.20 The drive mechanism of a windshield wiper consists of three ar- 
ticulated bars. Bar B\ has its motion prescribed by the function 6 (t) = 
6 q — Acos(27r/ot), where 6 q = h’njVl rad, A = tt/ 4 rad, and /o = 1 Hz. The 
blade and horizontal bar B 3 are rigidly connected at point Q. Find the veloc- 
ity of the blade end P at the highest position (0 = ttI2) and the acceleration, 
of the same point, at its lowest position {6 = tt/6). 




P3.21 Bar B moves inside the cylindrical concavity, staying in the plane of 
the figure. Its end P slides on the surface, at constant speed v, as shown, 
while another point B always touches the edge C. Find the angular velocity 
and acceleration of the bar and the velocity and acceleration of the point of 
the bar in contact with point C, as a function of the coordinate 9. 




Figure P3.21 
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P3.22 The rectangular plate B is hinged at the edge of the fixed plate A, 
along axis X 2 , while the triangular plate C is hinged at the edge of plate B, 
along axis xi. The system configuration is described by the angles 9(t) = 
^ sin(wt) and 4>(t) = 2ojt. Find the angular acceleration of C in A when t = 0 
and the velocity in A of vertex P when t = 7r/2w. 



Xi / 




P3.23 The board is hanging by two ropes and swings so that, at a given 
instant, it is horizontal, with vertex A moving at a velocity = uri 2 , ver- 
tex B at a velocity = u(— 3ni -1- 112 ), and the vertical component of the 
velocity of vertex C being v, where the basis ni,n 2 ,n 3 , fixed in the board, 
has the indicated directions and v is constant. Find the angular velocity and 
acceleration of the board at that instant. 




Figure P3.23 
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P3.24 This is a sketch of a fan. The rotor-propeller set rotates around 
the axis of symmetry, in relation to the engine casing C, which, in turn, 
can rotate in relation to the support S. If the propeller H is rotating at 
an angular velocity with constant module lo rad/s, in the casing C, in the 
indicated direction, and this is moving in relation to the support S according 
to 6{t) = (tt/2) (l — cos(o;t/10)) rad, find the acceleration module, in the 

referential S, of the end P of the propeller, when 6 = (tt/2) and 0 > 0, 
knowing that, at that instant, points P, Q, and G are on the same vertical 
plane. 




P3.25 Let A and B be two reference frames moving independently and let 
O be a fixed point in Q a fixed point in B, and P a third point moving in 
relation to both reference frames. Prove that if, at a certain instant, P and Q 
coincide, the acceleration of P with respect to Q, in reference frame A, may, 
at that same instant, be expressed by 
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Exercise Series #4 (Section 3.7) 

P4.1 The telescopic antenna has its rod A pivoting at point O around a 
horizontal pin attached to the base B that, in turn, rotates at a simple an- 
gular velocity of constant module lo in relation to the reference frame TZ, as 
illustrated. The antenna axis slants in relation to the vertical according to 
the function 9(t) and the end P moves away from the pivot O according to 
r{t). The ai,a 2 ,as basis is fixed in A and the basis bi,b 2 ,b 3 is fixed in 
B, as illustrated. Find the velocity of P in 77, as a function of coordinates 
r and 6. Then calculate the tangential acceleration module of P in 77 when 
r = I, r = ho, r = 0, and, also, 0 = 30°, 9 = 0, 9 = . 




Figure P4.1 



P4.2 The trolley travels along the hyperbolic guide at a constant velocity of 
module v = 4 m/s. Determine its acceleration when it passes by vertex P. 



y 




Figure P 4.2 
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P4.3 A particle moves on the surface of a cylinder defined by the coordinates 
r, 9, and z, according to r = a, 9 = 2Trt, and 2 ; = 6sin(27rt). Calculate the 
maximum and minimum values of the radius of curvature of the trajectory. 

P4.4 The motion of a particle is described by the cylindrical coordinates 
r = a, 9 = 2TTt, and z = asin^(27rt). Determine the modules of the velocity 
and acceleration of the particle at any instant. 

P4.5 The figure shows the system studied in Example 5.4. Now suppose that 
x{t) = lcos{ujot) and (j) = u>o, constant. Calculate the tangential acceleration 
of the cursor in A at the instant t = 0. 







Figure P 4.5 

P4.6 With reference to the previous problem, suppose that, at the same 
instant, 0 = tt/2. Now calculate the tangential acceleration of the cursor in 
L. 

P4.7 A particle performs a periodical motion as a result of the composition 
of two harmonic motions of the same frequency but different amplitudes and 
phases, in the directions of two orthogonal axes x and y: x = Asin(o;t + 0); 
y = B sin(wt + -0). Determine their trajectory. 

P4.8 Find the initial radius of curvature of the trajectory of the plane motion 
of a particle described by the time functions: xi = 2t; X 2 = where xi and 
X 2 are the coordinates of the particle in the plane, in meters, and parameter 
t is the time, in seconds. 
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P4.9 A disk with radius r rolls on the horizontal surface, with its center 
moving at constant velocity. A point P, on the edge of the disk, therefore 
describes a cycloid, as illustrated. Calculate the radius of curvature in any 
position (j). 




P4.10 With reference to the previous problem, calculate the module and 
direction of the acceleration of point P, if the disk is 2 m in diameter and 
makes a complete turn around its own axis of symmetry every tt/IO s. 



P4.ll The motion of a particle on the plane is described by the coordinates 
X = at, y = bt — \gt^ , where x and y are Cartesian coordinates on the plane, 
and t is the time. Determine the tangential acceleration module of the particle 
at an instant when its velocity has module v. 



P4.12 With reference to the previous exercise, calculate the centripetal ac- 
celeration module of the particle, at the same instant. 
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Exercise Series #5 (Sections 3.8 to 3.10) 

P5.1 The stepladder E is initially at rest, supported on points A and B, 
on the horizontal plane xy, and on points C and D, on the vertical plane yz, 
as illustrated. At a certain instant, the stepladder starts to move as follows: 
A remains fixed; B slides on the horizontal plane, in the indicated direction; 
and C slides on the vertical plane. With the initial velocity of B, v, known, 
now determine, for that same instant, the module of the stepladder’s angular 
velocity and the velocity of point D. 




Figure P5.1 



P5.2 With reference to the previous exercise, now assume that the steplad- 
der continues to slide, with point A fixed in position, point B describing 
horizontal circle with center A, at a constant module velocity v, and point 
always on the vertical plane. Find the velocity of C when it is at a maximum 
distance from the horizontal plane. 



Q p 
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P5.3 Bar B is connected by a pivot, with axis xi, to disk D, which rotates 
at a angular velocity of constant module = 2 rad/s, around the vertical axis 
fixed in A, as illustrated. Determine the acceleration module, in relation to 
A, of the bar center G, at an instant when 6 = tt/ 3 rad, 6 = A rad/s, and 
9=1 rad/s^. 




Figure P5.3 



P5.4 The spinning top C moves with its tip in a small depression in bar B 
(point Q). Bar B rotates at a simple angular velocity of a constant module D, 
in relation to the support A, as illustrated. The motion of the top in B has 
constant precession and spin with null nutation. Write the general expressions 
for the angular velocity vector of C in A and for the angular acceleration vector 
of C in A. Also calculate the velocity of point P, the center of the top, in A, 
at an instant when tp = w, with p) > Q. The basis bi, b2, ba is fixed in B. 




Figure P5.4 
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P5.5 Bar B pivots on the fork G and can rotate freely in relation to it 
around axis xi. The system of Cartesian axes {xi,X 2 ,xs} is fixed in G. The 
fork rotates in relation to reference frame TZ at constant angular velocity fl, 
as illustrated. The angle 9, between bar B and vertical axis x^, is given 
by 9(t) = — ^cos(nt). Determine the relations for the angular velocity and 
angular acceleration of bar B, in the reference frame TZ. 




Figure P5.5 



P5.6 The fork G is welded to the bar that can slide lengthwise in relation 
to the bearing M and can also rotate in relation to the latter in the indicated 
direction. At the moment shown, the velocity of the bar in the bearing is 
V = 2 m/s, in the positive direction of the xi-axis. The angular velocity of 
the bar in relation to the bearing is w = 3 rad/s, in the indicated direction, 
when 0 = 7t/2. The 20-cm-long bar B pivots on the fork, moving in relation 
to it according to the function 9(t) = (tt/2) cos(wt). At the given moment, 
6 = 7t/6. Calculate the velocity of end P of the bar, in reference frame M , at 
this instant. 







Figure P5.6 
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P5.7 Bar B has one end, P, linked to the horizontal plane by means of a 
ball and socket joint and another end, Q, merely rests on the vertical plane. 
Assuming that point Q moves on the vertical plane at a velocity of constant 
module v, find the module of the angular velocity of the bar when Q is at its 
maximum elevation and at null elevation, immediately before the impact of 
the bar with the horizontal plane. 




P5.8 With regard to the above problem, what is the module of the angular 
acceleration of the bar in those two configurations? 



P5.9 Cone A rolls over the fixed cone B. Center O', of the base of A, 
describes a circular motion at a constant module velocity. If the motion is 
repeated with a frequency of 2 Hz, calculate the angular velocity and acceler- 
ation of A. 




Figure P5.9 
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P5.10 The figure illustrates a universal joint, a mechanism that permits 
torque transmission between two unaligned shafts. Shafts A and B rotate 
on bearings fixed in a reference frame TZ (not shown). Angle /3 on the ver- 
tical plane remains constant. A and B are interconnected by the crosshead 
C . Points P and Q are common to the fork connected to shaft A and the 
crosshead, while points R and S are common to the crosshead and the fork 
connected to shaft B. The orthonormal basis ai,a 2 ,as is fixed in A, with 
ai parallel to the line PQ and as parallel to the x-axis. The basis bi,b 2 ,bs 
is fixed in B, with bi parallel to the line RS and ba parallel to shaft B, as 
illustrated. Shaft A rotates at a constant angular velocity 6 = fl, where 6 
is the angle between line PQ and the vertical axis Note that the angular 
velocity of shaft B will be a periodic function of 9, with a period 27 t. Find 
the vector as a function of 9. Then calculate the module of this angular 
velocity for positions 9 = 0 and 9 = tt/2. See the corresponding animation. 




P5.ll With reference to the previous exercise, calculate the module of the 
crosshead angular velocity for 9 = 0 and 9 = tt/2. Hint: Use the basis 
ai,a 2 ,a 3 to break down all vectors. 
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P5.12 Disk D rotates in relation to the horizontal arm B, around axis 0 : 2 , 
while it rolls on the horizontal plane A. The arm, in turn, rotates in relation 
to A, around the xs-axis, at the constant rate of 30 rpm, in the indicated 
direction. Find the velocity and acceleration, in A, of point P on the edge of 
the disk at the instant shown. 




P5.13 The piece of chalk G (a conical stump with a semi-angle j3) rolls on 
the horizontal table M . Is this rolling of G on M pure? Assume that point P, 
the center of the cone’s base, describes a circular trajectory with a constant 
speed V, in the direction shown. Find the angular velocity and acceleration of 
G in M. 




Figure P5.13 
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P5.14 The figure illustrates diagrammatically the base frame of a super- 
market trolley. The wheels A and B can rotate freely around the X 2 -axis, in 
relation to frame M, and roll over the horizontal plane E. Wheels C and D 
can rotate freely around horizontal axes in relation to the respective sockets 
that, in turn, can rotate around vertical axes in relation to the frame. At 
the instant shown, wheels A and B rotate in the same direction in relation to 
M, at angular velocities of constant module fl and lo, respectively, as shown. 
Determine, at that instant, the angular velocity and acceleration of the wheel 
A and velocity and acceleration of its center (point P), also in relation to E. 




P5.15 Bar B is connected through pin O to the reference frame A. Cursor 
C slides on B and cursor D slides along the guide welded on A. C and D are 
linked by a pivot, as shown. Determine the angular velocity of i? in A when 
X = a/2, X = u. 



a 




Figure P5.15 
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P5.16 The vertical shaft C, with a conical end, is located by a thrust bear- 
ing, consisting of a fixed cylindrical base TZ, on which eight identical balls 
roll, being kept equidistant by a spacer, not shown. When rotating around its 
axis of symmetry, the shaft rolls over the balls, while they roll over the plane 
surface and the cylindrical surface of the base at the same time, as illustrated. 
When the bearing is designed, it is possible to slightly vary the parameters a, 
radius of the base, r, radius of the balls, and /3, the semi-angle of the cone, 
thereby altering the points of contact between the bodies in motion. In order 
to reduce to a minimum the wear of the surface of the conical shaft (harder 
to change), values are to be found that permit pure rolling between the shaft 
and the balls. Find the proper value for the relation a/r in function of (3, to 
meet this condition. 





Figure P5.16 
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P5.17 The ceiling fan consists of a casing C pivoting around y-axis in re- 
lation to the ring A which, in turn, pivots around X-axis in relation to the 
support S, attached to the ceiling. Inside the casing a motor moves the blade 
rotor and a small gearbox that moves the shaft on its back. This shaft is 
connected to arm B, whose end Q pivots on S, around the vertical Z-axis, 
as illustrated. When the motor starts up, it produces a rotating motion of 
the blade around the z-axis in relation to the casing, at an angular velocity 
with constant module fl, in the direction shown, and a rotating motion of arm 
B, in the casing, in the same direction, at an angular velocity with constant 
module oj. The entire set experiences a periodic motion, with the angle 9 kept 
constant. Determine the general expression for the angular velocity of B in 
S and for the angular velocity of C in S' as a function of the angular position 
4>{t) (the angle between the X-axis and the direction of arm B). Express the 
results on the basis 111,112,113, fixed in S. 







Figure P5.17 



P5.18 With reference to the previous exercise, now consider the fact that the 
velocity reduction caused by the gearbox is 12:1, that is, fl = 12 lo. Determine 
the angular velocity and acceleration of the blade in S at the instant when 
0 = 0 . 
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P5.19 A planetary velocity conversion system consists of three gears rotat- 
ing at angular velocities, all parallel to the xa-axis. The sun gear A, with 24 
teeth, is attached to the input shaft of the system and rotates at a constant 
rate of 200 rpm, in the direction shown, in relation to the internal ring gear 
B, which is fixed. Gear C, with 18 teeth, engages simultaneously in gear A 
and in gear B, the latter with 54 teeth. Gear C is free to rotate around a pin 
attached to support D. Support D is attached to the output shaft. Galculate 
the angular velocity of the output shaft with respect to the fixed gear B. 




P5.20 The cone C rolls on the conical surface A, with vertex V fixed in A. 
Point P, the center of the C base, describes a circular trajectory with constant 
speed V in A, as shown. Determine the angular acceleration of C in A and the 
acceleration of point Q, fixed to the base of C when it touches the surface A. 
The orthonormal basis 111,112,113 is fixed in the plane containing the axes of 
symmetry of both cones, with ni horizontal and radial and 113 vertical. 




Figure P 5.20 
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P5.21 The disk rolls on the horizontal plane, rotating freely around the 
sloping arm, which, in turn, rotates freely around the vertical axis xs, keeping 
point O fixed in the support, as shown. The axes {xi,X 2 ,xz} are fixed in 
a reference frame that has, in relation to the horizontal plane, a prescribed 
angular velocity, The angle between the sloping arm and the vertical 

support, 6, remains constant. Find the acceleration of point P of the disk in 
contact with the plane. 




P5.22 The disk D, with radius r, rotates around the sloping arm B, which, 
in turn, rotates at an angular velocity with constant module fl, around the 
vertical shaft fixed in the cylinder of radius r. The two shafts are linked by a 
ball and socket joint, as illustrated. Knowing that the disk rolls on the cylinder 
surface, calculate the velocity module, in the cylinder, of point P on the edge 
of the disk at the instant when it is in a position diametrically opposite of the 
point of contact. 




Figure P5.22 
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P5.23 The disks D and D' rotate freely around the ends of rod B and roll 
on the horizontal plane, as shown. Knowing the constant angular velocities to 
and cv' of the disks in relation to the vertical plane containing the centers of 
the disks, calculate the angular velocity and acceleration of D in relation to 
the horizontal plane. 




P5.24 The mechanism illustrated consists of three gears. A is fixed, B 
rotates at a simple angular velocity with constant module loq, in relation to A, 
in the direction indicated, and C is engaged in A and in B, having, therefore, 
its motion established by the two others (see Example 10.7). Find the angular 
velocity and acceleration of C in B. See the corresponding animation. 




Ill 



Figure P5.24 
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P5.25 Consider the mechanism consisting of the disk D that can rotate 
freely around its axis of symmetry in relation to the arm B, connected to 
the trolley C by a ball and socket joint at point O. The trolley, in turn, 
moves in relation to the table A, along the straight rail, as illustrated. The 
coordinates x{t), 0{t), and V'(i) fully describe the configuration of the 

system. The orthonormal bases bi, b2, ba and ci, C2, cs are fixed in B and in 
C, respectively, with the directions shown. Write the general expression, on 
the basis ci,C 2 ,ca, for the angular velocity vector of disk D in the reference 
frame A. Now assume that x{t) = + vt, 6{t) = ujot, 4>{t) = 2u>ot, and 

ipit) = ipo sin(At) and determine the vector angular acceleration oi D m A at 
the instant t = 7t/2A. Also find the angular velocity vector of C in relation to 
D at the same instant. 




P5.26 The disk D rolls inside the ring A, as illustrated. If the disk center, 
P, makes a full turn every second, calculate the module of the angular velocity 
of D in A. 




Figure P5.26 
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P5.27 The rod B slides on the fixed circular base A, pivoting at its end O 
on a vertical pin fixed at the center of the basis, as shown. At the other end Q 
a string with lenght a is fixed with a small ball P hanging from it. How many 
degrees of freedom does the system have, consisting of B and P, assuming that 
the wire remains stretched? 




Figure P5.27 



P5.28 Disks D and D' rotate freely around the ends of bar B and roll on 
the horizontal plane, as illustrated. As the angular velocities oj and ui' of the 
disks in relation to the vertical plane containing the disk centers are known, 
find the velocity and acceleration of the midpoint M of bar B in relation to 
the horizontal plane. 




Figure P5.28 
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P5.29 The figure illustrates an articulated mechanism, conceived by 
Leonardo da Vinci, to solve an optical problem. (The purpose of da Vinci’s 
ingenious device, given a candle, convex mirror, and onlooker, was to find 
which ray of light comes from the flame to reach the onlooker’s eye.) Pins P, 
Q, and O are fixed on a fiat horizontal surface (they correspond to the eye, 
flame, and center of the mirror, respectively, but this is not important when 
solving the kinematic problem) while pins R and S move in relation to the 
central rod guide, at velocity v, in the directions shown. If, at the instant 
shown, the distance between P and R is r, the distance between Q and R is s, 
and the distance between O and S is a, calculate the angular velocity of the 
central rod in relation to the plane, at that instant. 




P5.30 The body C consists of a cylinder welded to a rod, with the indicated 
dimensions. The free end of the rod is linked to the fixed point O by means of 
a ball and socket joint, and the cylinder rolls on the horizontal plane fixed in 
a reference frame TZ, always keeping a point on its bottom edge touching the 
plane. The motion of C in 7 ?, is prescribed and can be described as follows. 
Consider a reference frame B, defined by the plane containing the vertical 
axis 2; and the mass center C* of C. The orthonormal bases bi,b2,b3 and 
ni,n2,ri3 are fixed in B, with the directions shown in the figure. B moves in 
relation to 7 ?, at a vertical simple angular velocity with constant module fl, as 
illustrated. All points on the xi-axis, therefore, also have a constant module 
velocity in the reference frame TZ. Determine the angular velocity of C in TZ, 
the angular acceleration of C in TZ, the acceleration of the point C*, and the 
acceleration of the point of contact between the cylinder and the plane, both 
in the same reference frame TZ. 




212 



3. Kinematics 




Figure 5.30 

P5.31 The figure shows a diagram of the differential system of a motor 
vehicle, where the torque provided by a shaft E can be transmitted to the drive 
wheels, permitting them to rotate at different angular velocities in relation to 
the reference frame fixed in the vehicle. The system operates as follows. The 
gears A and A' are attached to the axes that drive the wheels. The gears 
B and B' are engaged with A and Al and free to rotate around pins fixed 
to the structure C . This structure is attached to the crown gear D, driven, 
in turn, by the pinion gear driven by shaft E. Note that the gears A, A' , 
and D all rotate around the common axis of symmetry, z, but have partially 
independent motions. Knowing the angular velocities and fl' , respectively, 
of the wheels in the reference frame TZ and the rate n between the number 
of teeth of D and E, calculate the angular velocity of shaft E in this same 
reference frame. 
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Chapter 4 



This chapter formally discusses the fundamental principles of dynamics, 
applied to the motion of the particle. Although this formulation is not 
Newton’s original one, it is convenient, for the sake of logic and clarity, 
to formulate the dynamic principles from the point of view of a particle. 
Once the equations governing the motion of a particle in a given refer- 
ence frame have been established and the main techniques for solving 
problems involving its motion have been studied, it is easier and more 
natural to generalize these principles and techniques for application to 
systems of particles or bodies in general. This chapter discusses the 
main methods for analyzing the dynamics of a particle, which must be 
clearly understood for the study of dynamics of the rigid body and other 
applications, such as fluid mechanics, solid mechanics, and mechanical 
vibrations. 

Section 4.1 introduces the fundamental concepts of dynamics; 
momentum vectors, angular momentum with respect to a point, and 
angular momentum with respect to an axis are defined, as well as the 
kinetic energy of a particle, in a given reference frame. Section 4.2 is 
devoted to the study of Newton’s second law. Here the lesson is to learn 
how to establish the equations of motion for a particle and how to choose 
the basis to help simplify these equations. A thorough analysis of the 
famous experiment of Foucault’s pendulum helps in the discussion on 
inertial reference frames. Plane motion is discussed in Section 4.3, where 
evidence is given of the simplifications introduced by this kind of motion. 
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Section 4.4 deals with an alternative form for the equations of motion, 
involving the resultant moment with respect to a fixed point and the 
angular momentum vector of the particle with respect to the point. It 
is found that the method, in some cases, helps to eliminate undesirable 
unknowns. Section 4.5 introduces the notion of work of a force applied to 
a point, with a discussion ensuing on the so-called conservative forces and 
the calculation of their work based on potential functions, in preparation 
for the study of energy. In Section 4.6 the dynamic equation is integrated 
along the displacement of the particle, resulting in the equation that 
relates work and energy. Mention should be made of the simplicity of 
this formulation in solving a whole range of problems that do not require 
integration in the time of the equations of motion. Section 4.7 discusses 
the problem of impact, presenting the notion of a force’s impulse and 
its applications. The concept of angular impulse is also discussed in 
that section. Last, in Section 4.8, conservation principles are described. 
A number of examples illustrate their application in problem-solving, 
showing the advantage of their use, whenever applicable. 

4.1 Dynamic Properties 

Let P be a particle with mass m moving in a trajectory — described 
by the line A — in a given reference frame TZ. Let Q also be a point 
that moves in TZ (Q may, for example, be another particle or a point of 
a rigid body), O a point fixed in TZ, and p, q, and the position 
vectors of P with respect to O, Q with respect to O, and P with respect 
to Q, respectively (see Fig. 1.1). Now adopting the reduced notation for 
the time rate in TZ, the (absolute) velocity of the particle P in reference 
frame TZ (see Section 3.5) is 



TZ p 
'^v = p 



and the velocity of P relative to Q in 7?. is 

n^P/Q ^ pP/Q = n^P = 



( 1 . 1 ) 



(1.2) 
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The (absolute) acceleration of P in 7^ (see Section 3.5) is 

= Kp = p 

and the acceleration of P relative to Q in 7^ is 

— P-\Q = p — q. 



(1.3) 

(1.4) 



The momentum vector of a particle P in a reference frame TZ 
is a vector vinculated to P, defined as the product of its mass m by the 
velocity of P in TZ, that is, 

^ m^v^. (1.5) 



The time rate in TZ of the momentum vector of the particle, as- 
suming its constant mass, using the reduced notation for differentiation 
in TZ will then be 

P-GP = m^a^ . (1.6) 

It is worth noting that the momentum of a particle, as well 
as its time rate, depends on the reference frame from which it is being 
observed. 



Example 1.1 The disk D rotates around the vertical axis xs in the ref- 
erence frame 7?, at a simple angular velocity of constant module u. Cursor 
P, with mass m, slides freely over the diametrical guide and the pin Q is 
fixed to D, as illustrated (see Fig. 1.2). The velocities of the point Q and 
cursor P in the reference frame D are, respectively, 

D Q r, DP 

v =0, v = xni. 
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The velocities of the point Q and cursor P in the reference frame TZ are, 
respectively, 

7? Q 71. P • 

= — rwrii, V = xni + xtt>ri 2 . 



The accelerations of P in the reference frames D and TZ are, respectively. 



DP DP 

a = = xni, 



= (x — a;w^)ni + 2io;n2. 



The momentum vectors of P in the reference frames D and TZ can then be 
calculated, according to Eq. (1.5): 



D p 

Cj = m V = TOxni; 

7^ /—I P 7^ P / • I \ 

Cj =m V = m(xni + xo;n2). 



The time rates at D and TZ of the respective momentum vectors may be 
obtained from Eq. (1.6): 



= mini; 

= m((i — a;w^)ni + 2iwn2) . 
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The angular momentum vector of a particle P with respect to 
a point Q in a reference frame TZ is defined as the moment, with respect 
to the point, of the momentum of the particle in the reference frame 
(see Fig. 1.1), that is, 

n^P/Q ^ pP/Q ^ TZqP^ 

Substituting Eq. (1.5) in Eq. (1.7) one finds that the alternative equation 
is then 

n-^P/Q ^ pP/Q X (1.8) 

The angular momentum of a particle with respect to a point will be 
null if the velocity of the particle in the reference frame is null or if the 
particle and the point coincide or if the velocity vector is parallel to the 
relative position vector, as stated in Eq. (1.8). 

The time rate in TZ of the vector ^ also using the reduced 

notation, will be 

n-^P/Q ^ pP/Q ^ -RqP pP/Q ^ TZQP 

= - ^v'^) X X (1.9) 

= X nQP _ n^Q X 

or, using Eqs. (1.5) and (1.6), 

n^p/Q ^ pP/Q ^ ^n^p _ n^Q ^ ^n^P _ (PIO) 



Note that the second term on the right vanishes if Q is fixed in 7Z or if 
P and Q have parallel velocities in IZ. 

The angular momentum vector of a particle P with respect to 
a point O, fixed in the reference frame 7Z, in IZ, is (see Pig. 1.1) 



= p X ^G^ 

= p X m^v^. 



( 1 . 11 ) 



where p = The time rate in 7Z of the vector will then be 



'Pi^P/o = n^P X + p X PQP 

= p X PQP 



( 1 . 12 ) 
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or 

= p X m^a^. (1.13) 

Note that Eq. (1.13) is a particular case of Eq. (1.10). 

The angular momentum vector is the moment of a momentum 
vector with respect to a point; its projection toward an arbitrary unit 
vector n will therefore be the moment of this vector with respect to 
the axis passing through the point and parallel to the unit vector (see 
Section 2.2). The angular momentum of a particle P with respect to an 
axis E is then defined in a reference frame TZ as 

n-^p/E ^ n^p/o . 

where n is a unit vector parallel to the axis E and O belongs to the axis 
(see Eig. 1.1). When substituting Eq. (1.11) in Eq. (1.14), then 

= p x^G^-nn 

TZ P 

= p X m V • n n. 

The angular momentum vector of a particle P with respect to an axis 
in a given reference frame does not depend on the point of the chosen 
axis for its calculation (see Section 2.2) and will be null if the vectors p, 
and n are coplanar, as illustrated in Eq. (1.15). 

If the axis E is fixed in the reference frame, the unit vector n 
has a null derivative in this reference frame, and the time rate in TZ of 
the angular momentum of P with respect to E in 7^ will be 

T^ilP/E ^ V-iiP/o . 

that is, 

P-tlP/p = p X m^aP ■ nn. (1.17) 

Example 1.2 Returning to the previous example (see Fig. 1.2), the 
angular momentum vector of the cursor P with respect to the point Q in 
the reference frame D is, according to Eq. (1.8), 



Dj^p/Q _ — m2) X mini = mrxns. 
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The angular momentum vector of P with respect to Q in 7?, will be 

= (ccm — m2) X m(a;ni + a:wn2) = m(x^u> + rx)n3. 

The time rate in TZ of this vector, according to Eq. (1.10), will be 

= (xm — m2) X m[(x — xuj^)n.\ + 2 ia;n 2 ] 

— (— rw)ni X m(a;ni + a;a;n2) 

= m{rx + 2xxuj)n‘i. 

(Note that the same result would be obtained by directly differentiating 
) Xhe angular momentum vector of the cursor P with respect to 
the point O in 7?, is, according to Eq. (1.11), 

7^jjP/0 

= xni X m(a;ni + a;wn2) = mx^ujns, 

and its time rate in TZ, according to Eq. (1.13), will be 

_ j;ni X m[{x — xui^)ni + 2ia;n2) 

= 2 mxxun[i 3 . 

The disk moves at a simple angular velocity in TZ and, as the points O, 
Q, and P remain on the same horizontal plane, every angular momentum 
vector obtained is vertical. In the latter case, therefore, the angular mo- 
mentum with respect to any axis contained in the disk’s plane will be null 
[see Eq. (1.14)] and the angular momentum with respect to a vertical axis 
will be equal to the angular momentum with respect to the point of the 
plane that the axis intercepts. Thus, for example, 

7^ T T P/x 3 P, TT P/O 2 

H ^ = H ^ = mx UJ113. 

The time rate in TZ of this vector, according to Eq. (1.16), will be 

n-^p/xs _ 2mxxu}n3 -113113 = 2mxxujn3. 
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The kinetic energy of a particle P in a reference frame TZ is 
defined by the expression 

^ (1.18) 

If V = l^v^l is the module of the velocity vector of the particle in TZ, 
its kinetic energy in TZ may, therefore, be expressed by 

= ^mv^. (1-19) 

Note that the concept of kinetic energy of a particle retains some similar- 
ity with that of momentum, both depending on the mass and velocity 
of the particle. The kinetic energy, however, is a scalar property, a 
quadratic function of the module of the velocity vector, while the mo- 
mentum is a vector property, having the same direction as the velocity 
vector. 

It is also worth noting that the kinetic energy of a particle in 
a given reference frame may be obtained from the momentum vector of 
the particle in the reference frame and of its velocity vector in this same 
reference frame, that is. 



UrP 




n^p 



( 1 . 20 ) 



which is evident from the definitions in Eqs. (1.18) and (1.5). 



Example 1.3 Once again returning to the configuration described in 
Example 1.1, the kinetic energy of the cursor P on the disk D is, according 
to Eq. (1.18), 



Dj^P 1 D p 

K = —m v 



DP r .2 
v = -TOX , 



and the kinetic energy of the cursor in the reference frame TZ may be 
calculated by using Eq. (1.20): 






-m(a;ni -1- xujto. 2 ) ■ (ini -1- xojn 2 ) 

1 / • 2 , 2 2x 

-m[x + X LO }. 
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The concepts of momentum, angular momentum, and kinetic 
energy of a particle in a given reference frame are the basis for establish- 
ing the equations governing the motion of the particle, as will be seen 
below. 

It is interesting to see that, by projecting the time rate of the 
momentum vector in the direction of the motion of the particle, that 
means, performing the dot product 

• ^dp 

dt ^ ( 1 . 21 ) 

TZ jTZ P ^ 

= m '^d V • — p 
dt ^ 



and, integrating along the trajectory of the particle, then 

J ■ ^dp = J rrP'v^ ■ ^d^v^ 

= -mw ■ V + C ^ ’ 

2 

= + C, 

where C is a constant, depending on the initial conditions of the motion 
of P. Equation (1.22) will be especially useful in establishing the balance 
of energy of the particle, which will be discussed in Section 4.6. 



4.2 Newton’s Second Law 

Let P be a particle with mass m moving in space under the action of 
a force system T whose resultant is R (see Fig. 2.1). As discussed in 
Chapter 2, every force system acting on a particle is a concurrent simple 
system, always being equivalent to a force equal to its resultant, applied 
to the particle itself, the concurrence point. The dynamic law governing 
the motion of P under the action of this force system — known as 
Newton’s second law — may be formulated as follows: 
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Second Law. Reference frames IZ exist so that if 
is the momentum vector of a particle P in TZ, 
their time rate in 7Z is, at each instant, equal to the 
resultant R of the force system acting on P, that is, 

^G^ = R. (2.1) 




Figure 2.1 

Note that, as formulated above, the law establishes the exis- 
tence of reference frames — called inertial reference frames — for which 
the vector equality is valid between the time rate of the momentum and 
the resultant force, Eq. (2.1). Also note that, in this equation, the re- 
duced notation has been adopted for the time rate; the reader should 
always bear in mind, however, that it is a differentiation in an inertial 
reference frame TZ. 

Using Eq. (1.6), we may express the dynamic equation alterna- 
tively in a form frequently used, 

= R, (2.2) 

which establishes that the product of the mass of a particle through its 
acceleration in an inertial reference frame TZ is vectorially equal to the 
resultant of the force system acting on it. 

It is usually convenient to break down Eq. (2.2) into three scalar 
equations obtained from its projection on an orthnormal basis, parallel 
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to a system of Cartesian axes chosen beforehand. So, if {xi,X 2 ,xs} is 
a convenient system of axes for the study of the motion of a particle 
P, with mass m, and ni,ri 2 ,n 3 is an orthonormal basis parallel to the 
axes (see Fig. 2.1), then by dot-multiplying Eq. (2.2) sucessively by each 
basis element: 



mai = Ri] 

77102 = R 2 ] (2.3) 

77703 = R3, 



where aj and Rj, j = 1,2,3, are the scalar components of and 
R, respectively, on the chosen basis. Equations (2.3) are usually called 
equations of motion for the particle P. 

Equations. (2.3) involve acceleration and forces. Time rates of 
first and second order of the scalar functions that describe the position of 
the particle in the reference frame in question are always present in the 
components of acceleration, as discussed in Chapter 3. Eor these func- 
tions, the coordinates, the equations of motion are, therefore, second- 
order ordinary differential equations, generally not linear. Eor the com- 
ponents of forces, when unknown, these same equations are, however, 
simple algebraic equations. 

Example 2.1 Figure 2.2 illustrates a curved pipe B, with its axis in 
the form of a quarter of a circle, turning around the vertical axis ^ in the 
reference frame A, at a simple angular velocity of a constant module lo, in 
the indicated direction. A small sphere P, with mass m, is sliding inside 
the pipe with negligible friction, under the action of its weight, mg, and 
force F, applied by the internal contact with the pipe. The basis ni, 112, 113, 
with 111 directed from O to P and 113 orthogonal to the plane containing 
the pipe’s axis, and the basis bi,b 2 ,b 3 , fixed in B, with bi parallel to 
the axis 2; and b3 = 113, are shown in the figure. Ignoring the friction 
component, in the direction 112, the resultant of the force system applied 
to P is 



R = {Fi + mg sin 6)ni + mg cosOn.2 + ^3113. 



(a) 



The acceleration of P in the reference frame A may be obtained from the 
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kinematic theorem, Eq. (3.6.3), 

a = a + a + wx(w xp ' )+ a xp ' +2 w x v 

= r{—0^ni + 0112 ) + 0 + wbi x (wbi x rrii) + 0 + 2ojbi x r 0 ii 2 (b) 
= r [ — (0^ + cos^0)ni + {0 + ui^ cos 0 sin 0 )n 2 — 2w0sin0n3] . 

Assuming then that the reference frame A is inertial, expressions (a) and 
(b) may be substituted in Eqs. (2.3) to obtain the following set of equations 
of motion (check): 

0^ + ij/ cos^ 0 = — — sin 0; 

mr r 

0 + cos 0 sin 0 = - cos 6 \ 
r 

2(jj0 sin 0 = ^ . 

mr 

Once oj is prescribed, therefore known, the motion of the particle is fully 
determined by the coordinate 0{f). Equation (d) is a nonlinear ordinary 
second-order differential equation for the variable 0{t), of the type 

0 {t) + f{ 0 ) = 0, where f{ 0 ) = sin 0 cos 0 , 

whose integration would lead to the desired function. The integration of 
this equation, given the nonlinearity, must be performed numerically. Once 
0 {t) is determined and, therefore, 0 {t), equations (c) and (e) are algebraic 
equations for the force components Fi and F 3 . See the corresponding 
animation. 



(c) 

(d) 

(e) 
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The inertial reference frames, also known as Newtonian refer- 
ence frames — whose existence is necessary for the correct application 
of the second law — are, in fact, a merely formal concept. The so- 
called astronomical reference frame, fixed in a certain constellation of 
far-off stars, is usually considered to be the Newtonian reference frame 
par excellence, in all cases where classic mechanics is applied; it is not, 
however, suitable for solving commonplace engineering problems, given 
the complexity in determining accelerations relative to such a reference 
frame. In practice, only experience can say whether a given adopted 
reference frame is inertial. In other words, if the motion of a particle, 
used in the solution of Eq. (2.1) or (2.2), results, for all practical pur- 
poses, according to the measurements, then the reference frame adopted 
for calculating the velocities and accelerations, in that situation, is in- 
ertial. For the vast majority of engineering applications, the earth is an 
excellent inertial reference frame, that is, the errors from ignoring its 
motion in outer space are generally less than the errors intrinsic to the 
observation procedures. 

A famous experiment performed by Foucault^ in 1851, in the 
Pantheon, in Paris, gives a good idea of the question of choice of a ref- 
erence frame, as we examine in the following example. This experiment, 
reproduced later by several researchers in different places, is today a 
demonstrative apparatus in a number of science museums all over the 
world. 

Example 2.2 Figure 2.3 illustrates the earth, T, considered here 
as a sphere, with center G, turning around its axis AfS in a reference 
frame 7Z, making a full turn each sidereal day (86,164 s), with G fixed 
in 7Z. Earth has, therefore, a simple angular velocity in 7Z, = ujn, 

where n is a unit vector in the direction of the earth’s polar axis and 
uj = 27t/ 86, 164 ss 7.3 x 10~^ rad/s. The Z-axis contains the center G and 
makes an angle ip with the polar axis, intercepting the earth’s surface at 
point O; point Q is on the Z-axis, a distant from point O. P is a pendulum 
with mass m, suspended at Q by a string with length r. The orthonormal 
basis ni,n 2 ,ri 3 is fixed in T, with directions as shown. Figure 2.4 shows 
in greater detail the pendulum on the earth’s surface, whose position in T 
may be described by the angles f and 9, as shown. 



1 



Jean Bernard Leon Foucault, French physicist, 1819-1868. 
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Figure 2.3 



The basis bi, b 2 , bs has bs = ns, being turned at the angle cf>, with regard 
to the basis ni, n 2 , ns; the unit vector k is oriented from P to Q. 




We will now study the motion of the pendulum under the action of the 
earth’s gravitational force, — mgns, and of the traction on its support, 
F = Fk, ignoring other effects (the mass of the string, resistance of air, 
gravitational pull of the moon, etc.), assuming T and, later, TZ as inertial 
reference frames. The resultant force exerted on P is then 



R = Fk — mgns 



F sin^bi + (Fcos0 — mg)bs. 
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To determine the acceleration of P in T it is convenient to adopt an inter- 
mediary reference frame, B, consisting of the plane containing O, Q, and 
P, with which the orthonormal basis bi,b2,b3 is associated. It is easy to 
see that u) = <^ri3 and a = 0ri3. This gives 

= rd{cos 6h\ + sin 0b3) -|- -|- 0 -|- 0ri3 x (0ri3 x (— r)k) 

-|- 0ri3 X (— r)k -|- 20ri3 x r0(cos 0bi -|- sin 0b3) 

= r [(0 cos 9 — 6^ sin 9 — <p^ sin 0)bi -1- (^sin 9 + 2(f>9cos 9)h2 
+ (9 sin 9 + 9^ cos 0)b3] . 

Equation (2.2), expressed in components on the basis bi,b2,b3, is as fol- 
lows: 

9cos9 — (9^ + ^^)sin9 = — ^sin0, (a) 

mr 

4)sm9 + 24>'9cos9 = Q, (b) 

9 sin 9 + 9^ cos 9 = cos 9 — (c) 

mr r 

Equation (b) is satisfied for <f> = (p = 0, that is, B is fixed in T and the 
trajectory of the pendulum in relation to the earth always stays on the 
same vertical plane. The system of equations is then reduced to 

9 cos9 — 9^ sin9 = — ^sin0, (d) 

mr 

9 sin 9 + 9^ cos 9 = cos 9 — - . (e) 

mr r 

Multiplying both members of Eq. (d) by cos 9 and of Eq. (e) by sin 9 and 
adding the members to each other, then 

9 + - sin 0 = 0, 
r 

a nonlinear ordinary differential equation, governing the motion of the 
pendulum on the vertical plane. The general solution for this equation is 
fairly arduous, requiring the use of elliptic functions. It may be shown that 
the solution is periodic with period r, depending on the initial amplitude 
00 of the motion, so that 

T = j (1 — sin^ d/3, 
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where 




(3 = sin 



sin 0/2 

k 



For small oscillations, however, the differential equation may be linearized. 
By making the approximation sin 6 m 6, then we obtain 

0 + ^0 = 0 , 

r 



whose general solution is harmonic, so that 



6{t) = Acos(ujot + (p), 



where 



Wo = 



is the natural frequency of the pendulum and the amplitude A and the 
phase ip will depend on the initial conditions. 




For instance, if the pendulum is left at rest with an angular displacement 
of 00, the result is = 0 and A = 6o- In short, leaving the pendulum with 
null velocity in relation to the earth and angular displacements 0o and 0q, 
the latter small, the motion expected by equation of motion, taking the 
earth as an inertial reference frame, consists of 

4>{t) = 4>o, 9{t) = 9o cos LJot, 

that is, a slight harmonic motion on a vertical plane in an invariant orien- 
tation. Figure 2.5 illustrates the result of the numerical integration of the 
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nonlinearized differential equation, 6+ ^sin0 = 0, for r = 1 m, showing 
the periodic behavior (but not harmonic) of the solution, for the initial con- 
ditions 6q = -k/A rad and 0(0) = 0. The figure shows 6{t) (continuous line) 
for the first 16 seconds, compared with the harmonic solution (broken line) 
for the same initial conditions. Observe the delay in the nonlinearized 
equation solution in relation to that of the linearized equation. Experi- 
ments conducted with very long pendulums with substantial mass, such as 
that performed by Foucault, demonstrate, however, that the vertical plane 
rotates slowly, that is, 0, the difference between the expected and 

the observed behavior being a consequence of ignoring the earth’s rotation 
motion around its axis, as will be seen below. So, now taking TZ as an 
inertial reference frame, the acceleration of P in this reference frame shall 
be calculated, that is. 



TZ p T p , n G 

a = a -K a - 



V, ,T , 






P/Gx 






P/G_ 



2'"a;^x^v^. 



Some simplifying considerations are given here. The average radius of the 
earth is i? 6.37 x 10® m and uj^R « 0.0339 m/s^, that is, around 0.35% of 
the gravitational acceleration, which means that the double cross product 
in the above expression may be ignored. Assuming that the earth’s angular 
velocity is constant in the reference frame TZ, then = 0. As, lastly, 
^a®^ = 0, only the contribution of the acceleration of Coriolis needs to be 
added to the pendulum’s acceleration in relation to the earth: 

2 a; X V = 2wn x ( v -|- -|- u x p ^^) 

= 2u>(— cos 0 sin xjjhi + sin ((isin 'iph 2 + cos V’ba) 

X r{9 cos 6h\ + (j) sin 0b2 -|- 6 sin 0ba) 

= 2rw [(0 sin xp sin 0 — 0 cos 0) sin 0 bi 
-|- (cos 0 cos 0 -|- sin 0 cos 0 sin 0) 0 b 2 
— (0 cos 0 sin 0-1-0 sin 0 cos 0) sin 0 ba] . 

Combining the corresponding terms and substituting them in Eq. (2.2), 
the system of equations governing the pendulum’s motion, now assuming 
TZ as an inertial reference frame, is 

0COS0— (0^-|-0 ) sin 0-l-2wsin 0(0sin 0 sin 0— 0COS 0) = sin0, (f) 

mr 

0 sin 6+‘2<j)9 cos 0 -|- 2o;0(cos 0 cos 0 -|- sin 0 cos 0 sin 0) = 0 (g) 

... 2 ■ ■ F g 

^sin 0-\-0^ cos 0—2ijj sin ^(<^cos 0sin ^+^sin <pcos 6) = cos 0 . (h) 

mr r 
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Note that Eqs. (f-h) are reduced to Eqs. (a-c) when w = 0. Now assuming 
small amplitudes for the variable 0{t), the system of equations above may 
be linearized. So, by approximating sin0 ps 6 and cosO ps 1, ignoring terms 
of second order in 0 and 6 and removing the force F by substituting (f) in 
(h), then (check) 

+ 20(0 + w cos V’) = 0, (i) 

0 + 0( - — 0^ — 2o;0 cos 0) = 0. (j) 

r 

Equations (i) and (j) are a couple of nonlinear ordinary differential equa- 
tions (although already linearized in 0) for the coordinates 0(t) and 4>(t), 
whose solution will be analyzed below. Essentially, the pendulum’s motion 
will be known if the motion of its projection P' on the horizontal plane is 
known. So let p be the position vector of P' with respect to O (see Pig. 2.4), 

p = rsin0bi r0bi. 



whose first and second time rates in the reference frame T are 



~^P = ■'’(cos 00bi -1- sin 00b2) 



r(0bi -I- 00b2), 



-^p = r [(0COS 0 — (0^ -|- 0^) sin 0)bi -|- (0sin0 -|- 200cos0)b2] , 

« r- [(0 - 0^0)bi -I- (00 -I- 200)b2] . 

It is easy to see, by substitution, that, if Eq. (i) and (j) are satisfied, then 
vector p satisfies 



^ cP ^ d 

— + 2u;cos V’ba x — p + o^oP = 0. 
dt^ dt 



(k) 



To verify, substitute p and its derivatives in Eq. (k) and combine the 
terms in the directions of bi and b2, comparing them with the expressions 
present in Eqs. (i) and (j), respectively. To recognize more easily how 
vector p behaves, it is convenient to introduce another reference frame A, 
which moves in relation to the earth at a constant simple angular velocity 
= — wcos0b3. So, using Eq. (3.3.6) to convert the time rates in the 
reference frame T to derivatives in the reference frame A, we then obtain 






dt 

dF 



P = 



^d 

dt 



P 



X p, 



d f ^d 



P = ^ ^P 



dt V dt 



X p 



X 



dt 









^ui'" X p 



X (^u;^ x 



P)- 
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Ignoring the double product involving and substituting it in Eq. (k), 
with a> = — ui = wcos V’bs, then we get 



A ^2 

^P + o.gp = 0, 



(1) 



Equation (1) has a known general solution, as follows: 



p(t) = Ai coswoiai + A2sinwo^a2, 



(m) 



where ai and a 2 are horizontal unit vectors, fixed in A, and Ai and A 2 are 
constants, all depending on the initial conditions. By leaving the pendu- 
lum at rest in relation to the earth, and with a slight separation 60 in an 
arbitrary direction (po (see Eig 2.6), then 



p(0) = Aiai = rOohi. 



Therefore, at the start of the movement. 



Ai = r 6 o; ai = bi. 

The velocity of the point in the earth is 

T p' T A 

= wo(— Ai sinwofai -1- A 2 coswo^ a2) 

— wcos-i/'bs X (Ai cos wof ai -1- A 2 sinwof a 2 ). 

The initial condition of rest in relation to the earth then implies 



woA2a2 — wcosV'Aibs x ai = 0; 
therefore, at the initial instant, 

A 2 = r — cos ; a 2 = b 2 . 

Wo 

The point P' then describes a trajectory on the horizontal plane described 

by 

P = rOo ( cos Wot ai -| cos ip sin uJota. 2 ] , 

V Wo / 

while the basis ai, a 2 , as rotates around the vertical axis in relation to the 
earth according to 0 = — w cos ip. 
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Figure 2.6 



The resulting trajectory is, therefore, an ellipse with center at O and 
semi-axes rOo (the largest) and rOo cos 'if>(u>/uJo) (the smallest), rotating 
in a clockwise direction if the experiment is conducted in the northern 
hemisphere (cos ip > 0) and in a counterclockwise direction in the south- 
ern hemisphere. It is important to note that the eccentricity of the ellipse 
is very large, with the ratio between its semi-axes (the smallest over the 
largest) given hy k = {uj /u>o) cosip, the smallest semi-axis being hard to see 
with the naked eye. Near the equator, the term in the direction a .2 van- 
ishes and describes a straight trajectory fixed on T, as expected when 
the earth’s rotation motion was ignored; in fact, close to the equator, 
and are essentially parallel and the contribution of the acceleration 

of Coriolis vanishes. Although IZ does not coincide with the astronomic 
reference frame, careful experiments have demonstrated a behavior very 
close to that predicted in the above analysis. This example illustrates how 
small the error induced by the earth’s motion is. For a small pendulum, 
with a length of say, 1 m, at a latitude of 30°, then 



, oj , 7.3 X 10“' 

k = — cos Ip = 

Wo y^9.8/l 



cos ^ « 2.02 X 10“°, 



that is, the smallest axis of the ellipse would be 20 millionths of the largest, 
while the rotation rate of the axes in relation to the spectator on the earth 
would be, in module, of the order of 

UJ cosip = 7.3 X 10“° X cos — 6.3 x 10“° rad/s. 

6 

See the corresponding animation. 
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Equation (2.3) comes from Eq. (2.2), through decomposition 
on a suitable basis. The correct choice of basis may, in most cases, 
considerably facilitate the resolution of the equation system. There is 
no general rule to follow when selecting the coordinated directions, and it 
depends a lot on the experience in solving problems. As a rule of thumb, 
however, it is normally more effective to adopt an orthonormal basis 
that, somehow, accompanies the motion of the particle in the inertial 
reference frame. They are usually fixed in an intermediary reference 
frame, explicit in the context or not. The following example illustrates 
the use of the intrinsic basis (see Section 3.7) in setting up the equations 
of motion. 

Example 2.3 Consider the motion of a small sphere P, with mass 
m, smoothly sliding over a rigid wire in the shape of a helix with radius 
r and constant pitch a (see Fig. 2.7). Let Po be P’s starting point; O a 
fixed point on the axis of the helix at the same elevation of Pq; Q a mobile 
point on the axis of the helix with, at each instant, the same elevation of P 
(that is, the straight lines passing through Pq and O and through P and Q 
are horizontal). The coordinate 0(t), an angle between the aforementioned 
straight lines, fully describes the motion of P on the wire. It is convenient, 
in this case, to choose the basis ni, ri 2 , ns, as illustrated, with ni horizontal, 
pointing to the axis of the helix, and n 2 tangent to the curve at point P. 
This is, of course, a mere inversion of the intrinsic basis for describing the 
motion of P on the helix, ni being the principal normal, n 2 the tangent 
unit vector, and ns opposite the binormal vector. (See Examples 7.1, 
7.2, 7.4, and 7.6 in Section 3.7.) As discussed earlier, the displacement 
along the helix is made by s{t) = b(j>{t), where h = (r^ + (a/ 27 r)^)^A^ and 
its curvature, constant, is k = r /\? . The acceleration of P may then be 
expressed by 

a = s /tni + sn 2 
= r0^ni + 60n2. 

The effect of the wire’s contact, represented by two force components, Fi 
and Fs (Fj does not appear since the friction is ignored) and its weight, 
acts on P. The resultant of the force system, expressed on the chosen basis, 
is then 

R = Fini + mg sin 9n2 + (F 3 — mgcos 0 )ri 3 , 
where 0 is the slope of the curve, with sin0 = a/27r6, cosO = r/b. The 
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equations of motion for P are then 

mrcj)^ = Fi, 

mb(p = mg^, 

2nb 

T 

0 = F 3 - mg-. 

b 

These expressions enhance the convenience of the chosen coordinated di- 
rections. In fact, the equations are uncoupled, which facilitates the solu- 
tion. The third is an algebraic equation, which immediately determines 
F 3 = mg{r/b). The second equation provides (f> = {gaj2Trb^), and, directly 
integrated, results in 






where the constants A and B are determined by the initial conditions. 
Assuming that the sphere is left from rest in the position 0(0) = 0, then 
A = B = Q and P’s motion is described by 



0(t) 



ga ,2 

47t6^ 



Finally, the first equation of motion determines the component Fi\ 



-2 mrg^a^ 2 
Fi = mr0 = -r-^t . 



Air'^b'^ 




4-2 Newton’s Second Law 



235 



When the motion of a particle P in an inertial reference frame 
TZ is reproduced identically in a given constant interval of time r, the 
motion is said to be periodic. For instance, the pendular motions dis- 
cussed in Example 2.2 (with a short period, in the case of the earth 
being considered inertial and a long period, assuming TZ as an inertial 
reference frame) are periodic. In some cases, the periodic solution is 
satisfied only for some particular initial conditions. 

Example 2.4 Consider a small sphere P, with mass m, hanging from 
a string, with length r, at a point Q fixed in an inertial reference frame TZ 
(see Fig. 2.8). 




The sphere is taken from the vertical position and given an initial velocity 
of module v, horizontal, in the direction shown. It may be demonstrated 
that there is an actual value for v so that P stays in a uniform circular 
motion on the horizontal plane, as shown below. The orthonormal basis 
ni,n 2 ,ri 3 is fixed in TZ, while the basis bi,b 2 ,b 3 is fixed in a reference 
frame B containing the points P, Q, and O and that moves in 7?, at a 
simple angular velocity = 0ri3. The acceleration of P in i? is (check) 

= r0(cos 0bi + sin ffbs) + sin 9bi + cos 0 b 3 ). 

The acceleration of P in 7?, is then (check) 

a = a -|- a^-|- u> x( u> xp'^)-|- a xp'^-|-2 w x v 
= r(0 cos 6 — 6^ sin 6 — sin 0)bi 
-1- r((j) sin 9 + 2<j)9 cos 9)b2 
+ r(9 sin 9+9^ cos 0)b3. 
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The forces acting on P are its weight and the traction T exerted by the 
string, its resultant then being 

R= -T sin 0bi + (T cos 6 — mg)h 3 . 



The equations governing the motion of P are therefore 

dcosd — (6^ + = — —sin6, (a) 

mr 

^ sin 0 + 2(^0 cos 0 = 0, (b) 

6 sin 9 + 6^ cos 9 = cos 9 — (c) 

mr r 

As it should be, the above equations are the same as those obtained in 
Example 2.2 when considering the earth as an inertial reference frame. In 
this case, however, we do not look for a solution for small oscillations but 
rather a solution with a constant 9(t). Assuming, then, 9(t) = 9(t) = 0, 
the equations of motion are reduced to 




^ = 0 , 

^ ^ mg 

cos 9 



(d) 

(e) 

(f) 



Equation (e) may be directly integrated, leading to 



4>{t) = ^^'( 0 ) = 



<P{i) = 






r, 5 'r ‘ 

r sin 9 r sm 9 

So when substituting Eq. (f) in Eq. (d) and solving for v, then 

V = -\/ gr sin 9 tan 0, 



which therefore establishes the value of the initial velocity required to keep 
the motion at a prescribed constant angle 9. The motion is therefore 
periodic, with a period (check: You only need to calculate t for <p = 27t) 



r = 27 t 




9 



See the corresponding animation. 
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4.3 Plane Motion 

When the trajectory of a particle P is kept on a plane fixed in an inertial 
reference frame, it is said that P has a plane motion. This happens if 
and only if the component of the resultant of the force system acting on 
P, in the direction orthogonal to the plane, is null. In fact, if tt is a fixed 
plane in an inertial reference frame TZ, and ni, ri 2, 113 is an orthonormal 
basis fixed in TZ, with rii and ri 2 parallel to tt and 113 orthogonal to the 
plane (see Fig. 3.1), the condition for P’s trajectory to remain contained 
on the plane is that, at any instant, 

-113 = 0. (3.1) 




reduced to 

R 3 = 0. (3.2) 

Inversely, if Eq. (3.2) is always satisfied (and V 3 (t) = 0 for some t), then 
03 = 0 and the trajectory of the particle in TZ remains on the plane, 
satisfying Eq. (3.1). 

Example 3.1 Figure 3.2 reproduces the situation examined in Exam- 
ple 1.1 and subsequent examples, including a diagram of the forces acting 
on the cursor P. The cursor is kept on the plane of the table that, in turn, 
has a vertical simple angular velocity in TZ. Assuming, therefore, TZ as an 
inertial reference frame, P has plane motion. 
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Figure 3.2 



Assuming that the effect of friction between the table and cursor is neg- 
ligible, the forces on the cursor consist of a vertical component, N, and 
another, horizontal, H, orthogonal to the guide, exerted by the disk and 
the cursor’s weight, mg, as shown (the chosen direction for H is arbitrary, 
its true signal being determined, a posteriori, by solving the equations). 
To meet the condition of a plane motion, Eq. (3.2) must be satisfied, that 
is, 

N — mg = 0; therefore, N = mgiis. 

The resultant force on the plane of motion is then 

R = Hn2, 

and the equations of motion for P are (see Example 1.1) 

X — Lo^ X = 0, (a) 

2mujx = H. (b) 

So we have an ordinary differential equation for the variable x{t) and an 
algebraic equation for the component H . Equation (a) has a known general 
solution, so that 

x(t) = (c) 

where the constants A and B are determined by the initial conditions. The 
time rate of the variable x(t) is 



x{t) = w(Ae“* — Be “*). 



(d) 
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Let us then assume that P is left at rest on the disk in the position xq = r /A, 
when t = 0. Introducing these conditions in expressions (c) and (d), we 
then obtain 

x(0) = A + B 

— i(0) = A — = 0, 

UJ 

resulting in 




The motion of P in D is therefore described by 

Equation (b) provides the solution for the horizontal component H: 

TJ ( 4-\ n%TU) ! —ut\ 

= -e ). 

See the corresponding animation. 

In many situations, even when suitably choosing the coordi- 
nated directions, the nonlinearity makes it difficult for a complete solu- 
tion of the system of equations. Sometimes, however, when wishing to 
determine a force component, not as a function of time, but as a function 
of a spatial coordinate, it is not essential to know its time evolution. In 
the latter case, an option may be made to integrate the equations in the 
position variable, generally an easier task. 

Example 3.2 Consider a pendulum P, with mass m and length r (see 
Fig 3.3), whose support C can slide over a horizontal guide, fixed in an 
inertial reference frame TZ. The support moves with a constant prescribed 
acceleration a, in the indicated direction, and the pendulum is left in the 
horizontal position, at rest in relation to the support. We wish to determine 
the value of the traction T on the pendulum’s string, as a function of the 
angular position 0. 

We first must identify the force system acting on P, consisting in this case 
of its weight, mg, and the action of the string, Tri 2 , ignoring other minor 
effects. The resultant of the system is 



R = mg cos 9ni + (T — mg sin 0)n2. 
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The acceleration of P in the reference frame TZ may be obtained from the 
kinematic theorem for accelerations, Eq. (3.6.3), which, as the body C 
moves in the reference frame TZ, is reduced to 



■R. p cp.no 
a = a + a 



= rdiii + r 0 ^ri 2 + a(sin 0ni + cos 0 n 2 ) 
= {r6 + asin 0)ni + {r'O^ + acos 0 )ri 2 . 



As the pendulum’s trajectory and forces involved are parallel to the vertical 
plane of the figure, the motion is plane, being governed by two dynamic 
equations in the directions rii and 112: 



rO + asmO = gcosO, (a) 

■2 T 

rO + acosO = gsinfl. (b) 

TO 

It is important to note that in this system of equations, the traction T on 
the string and the actual position of the particle, described by the scalar 
function 0{f), are unknown. In the case of force T, this is an algebraic 
system of equations; more precisely, due to the fortunate choice of the 
coordinated directions, we only need Eq. (b) to determine T. From the 
point of view of determining the angular position 9, there is a second-order 
nonlinear ordinary differential equation. In fact, reorganizing Eq. (a), we 
get 

6 -\ — (asin 0 — geos 0) = 0, (c) 

which has a simple structure but is difficult to integrate in the time vari- 
able. It is worth mentioning that if a = 0, we return to the differential 
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equation for the simple pendulum, discussed in Example 2.2, whose har- 
monic solution, for small oscillations, is not suitable for this case, where 
the initial condition moves away 7t/2 rad from the vertical. As we wish 
to know T{6), the convenient alternative is to integrate Eq. (c) along the 
angular position, that is, 

J 6 d9 + - J {a sin 9 — g cos 9) d9 = C, 



where C is a constant to be determined. By then calculating the integrals, 
we obtain 

9^ = - (a cos 9 + g sin 9) + 2C. 
r 

The integration constant must be determined from the given initial condi- 
tion, 0(0) = 0, that is, 

0 = -a-1- 2C; therefore, C = 

r r 



Therefore, 

9^ = - (a(cos 0 — 1) -|- g sin 0) . 

Now substituting in Eq. (b) and solving for T, we reach the result 



T = m(jig sin 9 + a(3cos0 — 2)). 



On examining the example a little further, we may research the position 
in which the traction in the string is maximum. Differentiating the above 
equation with respect to 0, we obtain 



dT 

~d9 



3m.(g cos 9 — a sin 0) , 



and there will be maximum traction when 0 = tan~^(g/a). Also note that if 
the pendulum’s support is fixed in the inertial reference frame, maximum 
traction, T = Smg, will occur when 0 = tt/ 2. See the corresponding 
animation. 



The integration of the equations of motion along the trajec- 
tory, that is, along a spatial coordinate, is an extremely useful tool in 
problem-solving, mainly when wishing to extract information about a 
certain configuration, once an initial condition is known. In other words, 
integration along the position variable is generally easier than integration 
in the time variable. Of course, this procedure will only be satisfactory 
if we wish to know forces or velocities as a function of positions, and 
it is not essential to determine the position variable of the particle in 
function of time. Section 4.6 discusses this subject in further detail. 
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4.4 Angular Momentum 

Let P be a particle, with mass m, moving in an inertial reference frame 
7Z under the action of a system T of forces, whose resultant is R and 
whose resultant moment with respect to a point O, fixed in 7?., is 
(see Fig. 4.1). 




S/Q 

M 




Figure 4.1 



As the force system acting on a particle is always concurrent, 
the resultant moment may be expressed as (see Section 2.5) 



= p X R, 



(4.1) 



where p is the position vector of P with respect to O. The resultant of 
the force system and the time rate of the momentum of the particle are 
both vectors linked to P; the momentum, therefore, with respect to O 
of both members of Eq. (2.1) may be calculated, resulting in 

p X = p X R. (4.2) 

As, according to Eq. (1.12), p x Eq. (4.2) may be 

rewritten as 

= M^/°. (4.3) 

Equation (4.3) establishes that the time rate, in an inertial reference 
frame, of the angular momentum of a particle with respect to a point 
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fixed in the reference frame, in this same reference frame, is, at each 
instant, equal to the resultant moment with respect to the point of 
the system consisting of all forces acting on the particle. It should be 
mentioned that Eq. (4.3) is valid only for a point O fixed in an inertial 
reference frame; if Q is an arbitrary point moving in TZ, is the 

position vector with respect to Q of the particle P and we calculate 
the momentum with respect to Q of both members of Eq. (2.1); then 
pP/Q X X R. The second member is the resultant moment 

with respect to Q, while the first member, according to Eq. (1.9), 

will be equal to + '^v‘3 x resulting in 

'R'ilP/Q X (4.4) 

Equation (4.4), valid for a mobile point Q in the inertial reference frame, 
is, of course, more general than Eq. (4.3), being reduced to the same form 
as the latter if Q is fixed in TZ or moves at a velocity parallel to that of 
the particle. 

Equation (4.3) was obtained from Eq. (2.1) by cross multiplying 
with the position vector p; it is, therefore, an alternative form for the 
equation of motion of a particle although it does not generally bring 
any new information. Its use will mainly be evident when applied to 
systems of particles or when establishing the equations of motion for a 
rigid body, in which cases it will be an independent dynamic equation, 
as will be shown later. 

Example 4.1 Consider the small button B, with mass m, moving in 
a circular trajectory on the sloping plane, fixed by a string to point O 
(see Fig. 4 . 2 ). Adopting the basis 111,112,113 as shown, the forces acting 
on B consist of its weight, P = mgisiiKpsinOni + sin0cos0ii2 — cos <^113), 
the traction in the string, T = — Trii, the component of the contact with 
the plane normal to this one, F3 = F3113, and the parallel component, or 
friction, F2 = — F2112. The resultant moment of this system T with respect 
to point O is 



= r {mg cos <j) ~ F3)n2 + {mg sin <|icos 9 — F2)n3] . 
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Figure 4.2 



B’s acceleration in relation to the plane is 

= r(0ri2 — 

and the derivative of the angular momentum vector with respect to point 
O in the reference frame fixed on the plane (assumed inertial), according 
to Eq. (1.13), is 

7?.^B/o _ ^ mr(0ri2 — O^ni) = mr^Ons. 

Equation (4.3) then gives the following system of equations governing the 
button’s motion: 

0 = mg cos 4> — 
mrO = mg sin (p cos 0 — Eb . 

The first equation determines E 3 = mg cos cp. Assuming that the dynamic 
friction coefficient in the contact between the surfaces is known, g, then 
F 2 = gFs = gmg cos (p and the second equation gives 

9 — — (sin (p cos 6 — u cos (p) = 0, 
r 

an equation governing the motion of B. Note that by using Eq. (4.3) to sub- 
stitute Eq. (2.1) suppressed the unknown T, since the traction on the string 
does not cause momentum with respect to the point O. When wishing to 
determine it, it is necessary to resort to the component in the direction ni 
of Eq. (2.1). See the corresponding animation. 




Angular Momentum 



245 



Choosing a system of Cartesian axes {xi, X 2 , X 3 } with origin at 
point O, fixed in the inertial reference frame, the time rate in IZ of the 
angular momentum vector of P with respect to O, in IZ^ may be broken 
down in the direction of the axes, according to Eq. (1.16), resulting in 

n^p/x^ = T^iiP/o . j ^ 2 , 3. (4.5) 

It is worth mentioning that if the axes have a fixed direction in the 
inertial reference frame, then the scalar components of the time rate of 
the angular momentum vector are the time rates of the angular momenta 
with respect to the axes. The resultant moment with respect to the point 
O, decomposed in the same directions, results in 

= M.^/o j = 1 , 2 , 3. (4.6) 

So, when Eq. (4.3) is decomposed in the coordinated directions, then 

n^p/xi _ ^ 

n^p/x2 ^ j^p/x2^ (4.7) 

n^P/x3 _ 

consisting of an alternative form for the equations of motion, also called 
equations of motion of the seeond kind. In some applications, a combined 
use of components from Eqs. (2.3) and Eqs. (4.7) is a shortcut in solving 
the problem. 

Example 4.2 Consider the motion of a small sphere P, with mass m, 
rolling over the inside surface of a cylindrical shell with a vertical axis and 
radius r (see Fig. 4.3). The sphere is thrown horizontally with a velocity of 
module vo from point A, describing a curvilinear trajectory whose nature 
is to be determined. O is a point fixed on the vertical axis X 3 , at the same 
level as A; B is a general point in the sphere’s trajectory, whose position is 
given by the coordinates (f)(t) and z(t); Q is the point of the axis that, at 
each instant, has the same elevation z as the sphere; the angle 0 measures 
the slope of the trajectory; the orthonormal basis bi,b 2 ,b 3 accompanies 
the motion of P, with bi horizontal and tangent to the cylindrical surface, 
b 2 orthogonal to the surface, and b 3 vertical. This basis is, therefore, fixed 
in a reference frame B moving in the shell at a simple angular velocity 
u> = fhs . The time rates of the vectors of this basis in the reference frame 
fixed to the shell are 
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Figure 4.3 

bi = <iib2, b2 = — 0bi, h)3 = 0. 

The definition of the trajectory consists of establishing a working rela- 
tionship between the coordinates 2 ; and 0 and determining the slope 6 in 
function of one of the coordinates. The forces acting on the sphere are its 
weight, mghs, and the contact force, N = A'^b 2 . The position of P with 
respect to point O is described by the vector p = — rb 2 -|- zh^, and the 
sphere’s velocity and acceleration on the shell will be 

V = r0bi -1- i;b 3 , a = r0bi + rf) b2 -|- zhs. 

The component in the direction of X 3 of Eq. (2.3) will be (considering the 
shell as an inertial reference frame) 

mz = mg; therefore, z = g. (a) 

As the acting forces are coplanar with the axis X 3 , the resultant moment 
with respect to this axis is null and the component in this direction of 
Eq. (4.7) will be (note that the direction in question is fixed in the inertial 
reference frame) 

fjPM3 = 0 . 

The conclusion then is that remains constant during the motion. In 

a general position we will have 

jjP /^3 _ pT'Q X rnv^ • bs = mr^(f>. 

At point A, = mrvo and, the values being equal, then 
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Equation (a) may then be expressed as 



d(jP \ r J dcjp 



therefore, taking 0 = 0 on point A, we have the intended working relation- 
ship 



_ ,2 

^ 2vl"^ ■ 

The slope of the trajectory may then be taken from the equation tan 0 = 
dz/rd(j) (see Fig. 4.3), resulting in 



e = tan“^ • 



See the corresponding animation. 



4.5 Work and Potentials 

Consider P to be a point moving according to a trajectory, described by 
the curve A, in a reference frame TZ (see Fig. 5.1). 




The position vector of P with respect to a point O, fixed in TZ, is a 
vector function of the time variable, p(t). Also consider Pi and P 2 as 
two points of the trajectory, fixed in TZ, whose positions with respect to 
O are given as pi and p 2 , respectively. If u is a vector linked to P, it is 
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called action of u between the points Pi and P 2 , in the reference frame 
7?., the scalar defined as 

rP2 

/ u • ^dp. (5.1) 

J Pi 

Note that the action of u depends on the motion of the point 
to which it is bound, resulting from its scalar product with the local 
displacement of the point, between two positions. 

If F is a force linked to a point P moving in a reference frame 
TZ (see Fig. 5.1), the action of F between two points in the trajectory 
of P is called the work of F between the points in the reference frame, 
defined therefore as 

rP2 

F ^dp. (5.2) 

J Pi 

The work of a force is scalar and may give a positive, negative, or null 
result, whose physical dimension is [ML^T“^]. 




Figure 5.2 



If a simple system of forces iF, with resultant R, acts on a point 
P (see Fig. 5.2), the resultant work is defined as the sum of the works 
of the component forces, that is, 

m 

'^r,^2 (5.3) 
i=i 

where Fj, j = 1,2, . . . ,m, are the forces comprising the system F. 
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The resultant work of a simple system on a point is equal to 
the work of a force equal to the resultant of the system applied to the 
point. In fact, substituting Eq. (5.2) in Eq. (5.3), then 




Ti.'-i-R 

' 12 • 



Example 5.1 The cursor C can slide without friction along the hor- 
izontal guide fixed to the support S at the point O and is being pulled 
by a thread, passing through a mobile axis pulley, to which a constant 
module force F is applied (see Fig. 5.3). A force system acts on the cursor 
consisting of its weight, the guide’s reactions, and the thread’s action. The 
position of C with respect to O is given by the vector p = j/ri 2 and, as the 
basis ni,n 2 ,n 3 is fixed on 5, = dyn. 2 . 




The force exerted by the thread may be expressed by 



F = E(sin 9ni — cos 8112 }, 
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where 

ay ■ a ^ 

cos 0 = — , , sm 0 = — . 

^Ja? + y'^ 

The work of this force between points A and O, in the reference frame S', 
is 

''rIo= [ F-^dp = -F [ = F(y^a^ + b^-a) . 

Ja Jb + j/2 V J 

The weight of the cursor is P = —mgns, with no component in the direction 
of the cursor’s displacement at S. The work of the weight between points 
A and O, in the reference frame S, will, therefore, be null. Ignoring the 
friction, the force exerted by the guide on the cursor is N = A^iiii + 
and the scalar product N -dp vanishes. The conclusion is that the resulting 
work between points A and O, at S, is reduced to the work of the force 
exerted by the thread, calculated above. 

If P is a point moving in a reference frame TZ, its velocity in TZ 
is = ^dp/dt; therefore, ^dp = dt, and the work of a force F 
applied to the point between two positions Pi and P2, in the reference 
frame TZ, may be expressed alternatively as 

(5.5) 

Jtl 



A P- 




Note that the integration now is done in the time, the limits t\ and t 2 
being the instants of the passage of P through the points Pi and P 2 , 
respectively (see Fig. 5.4). 
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Example 5.2 The disk D rotates at a simple angular velocity of constant 
module to in the support S, with its center O fixed to S (see Fig. 5.5). A 
constant force F {F and 6 remain invariants in time) is applied to the pin 
P, fixed to D. We wish to determine the work of F between the positions 
(1) and (2), in the reference frame S. The velocity of point P in S' may be 
obtained from 

s p s o , s ,D p/o 

V = V + w X p ' 

= 0 + wna X r(sin 0 ni — cos <^112) 

= wr(cos 0ni + sin 0ri2) . 




The force F, expressed on the chosen basis, is 

F = F(cos 9n2 + sin 6113 ) . 
The desired work is then, according to Eq. (5.5), 

S-T-P / 1:' S' P . , 

7i2 = / F ■ w dt 

Jti 



rt2 



Fujr cos 6 sin (p dt 






= FujrcosO 
= 2Frcos9. 



sin Lot dt 



Figure 5.5 



See the corresponding animation. 
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The work of a force F applied, either to a particle moving in a 
reference frame TZ, as in Example 5.1, or to a point of a body moving in 
TZ, as in Example 5.2, depends, as the indicated notation suggests, on the 
choice of reference frame. In fact, as the velocity of the application point 
of the force depends on the reference frame, the result of the integration 
present in Eq. (5.5) will depend on the reference frame involved. 

Example 5.3 Consider the system analyzed in the preceding example, 
but with the support S moving at a simple angular velocity of a constant 
module fl in the basis TZ (see Fig. 5.6). The velocity of P in 7?, is 

= 0 + (— f 2 ri 2 + wna) x r(sin 0ni — cos <^ri 2 ) 

= r{u! cos 0ni + u sin (^ri 2 + sin ipns). 




ft2 



F • ^v^ dt 



The work of the force F between points (1) and (2) (note that they are 
exactly the same as in the previous example), in the reference frame TZ, is 
then 

TZ^F _ 

Ii2 - 

Jti 
rt2 

= / Fr(u;cos 0 sin 0 + H sin 0 sin <^) dt 

Jti 

= Fr(a; cos d + H sin d) / sin(wt) dt 



= 2Fr(cos d + — sin 9), 

UJ 
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different, therefore, from the work found in the preceding example. See 
the corresponding animation. 

The work of a force F applied to a point P depends, as shown in 
Eqs. (5.2) and (5.5), on the motion of P in the reference frame in question 
and, of course, on the end points Pi and P2, fixed in the reference 
frame. When, however, F is such that its work between points Pi and 
P2 does not depend on the trajectory of P between those points, the 
force is said to be conservative. Hence, if F is attached to different 
points P, P', P", . • • ) rnoving in different trajectories all passing through 
the end points Pi and P 2 (see Fig. 5.7), then F will be conservative if 




fP2 pP2 

F-^dp= / F-^dp = / F-^dp 

Jpi Jpi 



(5.6) 




Example 5.4 Let us consider a particle P, with mass m, sliding along 
a curvilinear guide between points A: (0, 0, c) and B: (a, b, 0) (see Fig. 5.8). 
The guide’s geometry may be described by 

( x = Xx{z), 

\y = ^viz) 

satisfying 



Xx{c) = Xy(c) = 0, Aa:(0) = a, Ay(0) = b. 
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Figure 5.8 

Therefore, when moving over the guide, the position of P varies as 

dp = (X'^,Ay,l)dz, 

where X' is the derivative of A with respect to the its argument (z). The 
weight force, acting on the particle, is P = mg{0,0, —1) and its work 
between the points A and B will be 



- 

/ AB — 



P • dp = —mg I dz = mgc. 



Observe that the result of the work of the weight does not depend on the 
functions Xx{z) and Xy{z), that is, on the guide’s format, therefore, on the 
trajectory described between points A and B, showing then that this is a 
conservative force. 

If F is a conservative force, then there is a scalar field ‘h(p), 
called the potential function of F, whose gradient is equal to the opposite 
of the force, that is, 



Vd> = -F 



if F is conservative. 



(5.7) 



In fact, if the work of F does not depend on the trajectory, then there 
is a function ‘h(p) so that 



Un-F 



T = 

• 1 o 



PP2 PP2 

/ F-^dp= -d$ = ^(pi)-$(p2), 

Jpi Jpi 



(5.8) 
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that is, the work of F depends only on the values of the function at 
the two ends of the integration. So, Eq. (5.7) results from the identity 
d<l>(p) = V^(p) • dp. Note that the negative sign adopted is arbitrary, 
and resulting from it is the work of the force equal to the first amount less 
the final of the potential function, as Eq. (5.8) indicates; the reason for 
this choice will be shown as natural in the following section. It is worth 
noting that the argument can be inverted: If there is a potential function 
<h(p) whose gradient satisfies Eq. (5.7), then the work of F between two 
points Pi and P 2 will be equal to ‘h(pi) — ‘h(p 2 ), independent of the 
application point’s trajectory; therefore, the force is conservative. 

Every potential function ‘h(p) has the same physical dimension 
as the work of a force, that is, [ML^T“^], also the same as the kinetic 
energy of a particle. 

Example 5.5 Consider the cursor C, with mass m, moving without 
friction between the ends A and B of a curvilinear guide, under the action of 
its own weight, of the force exerted by the guide and a linear elastic spring 
of a constant k and natural length a (see Fig. 5.9). Ignoring the friction, 
the force exerted by the guide is always orthogonal to the displacement 
and its work between the points A and B is null. 




As the weight force, —mgns, is conservative (see preceding example), it 
assumes a potential function d>g(p) so that, according to Eq. (5.7), 



V<I>g(p) = mgns, 
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that is, 



therefore, 

where is an arbitrary constant establishing a reference level for the po- 
tential function. Its value is generally not important since only differences 
in potentials are used to calculate the work of the force. The work of the 
weight between A and B is, therefore, 

TTb = - ^g(B) = mg[x3{A) - xsiB)) = Amga. 

If p is the module of the vector p, position of C with respect to O, the 
force exerted on C by the spring, in a general position, is 

Fk = -k^^p. 

P 

If this force assumes a potential function <hfc(p), it shall, according to 
Eq. (5.7), satisfy 

V$fc(p) = fc^^p. 

P 

It is easy to check that the function 

1 2 

^fc(p) = i^Kp-a) +<f)2, 

where 02 is a constant, satisfies the condition (check). The work between 
points A and B of the spring’s force may then be calculated as 

= <I.fc(A) - ^k{B) = \k{Aaf -\ka^ = 

When a particle P moves in a reference frame IZ under the 
action of a system of forces J- comprising a subsystem consisting 
of nonconservative forces, and another subsystem Tc, consisting exclu- 
sively of conservative forces, the resultant work between two points may 
be split in two parts, that is, 

' 12 ' 12 ' ' l 2 



dl>a 



dl>a 



dxi dx2 



= 0 , 



dX3 



= mg^ 



<hg(p) = mgx3 + 01, 



( 5 . 9 ) 
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Each of the forces F^, i = 1,2,... ,m, belonging to the subsystem 4Fc, 
has a potential function ^i(p), naturally satisfying Eq. (5.7). The poten- 
tial energy of P in 7^ may then be defined as the sum of these potential 
functions, that is, 

m 

J^<h,(p). (5.10) 

1=1 

Once the potential energy of P has been defined, the resultant work of 
the conservative subsystem may be defined as the change in the potential 
energy of particle between both positions, that is, 

nj-Ta ^ _ ^$^(P2). (5.11) 

In fact, as = ‘hi(pi) — $^(p 2 ), i = 1,2, . . . ,m, totaling the works 

in the subsystem IFc and using Eq. (5.10), Eq. (5.11) is reached imme- 
diately. 

Example 5.6 Returning to the preceding example (see Fig. 5.9), now 
take the cursor C sliding with friction along the guide. Of the three forces 
acting on C (weight, spring, and guide), two of them form a conservative 
subsystem (weight and spring), while the force exerted by the guide will 
be a nonconservative subsystem. The potential energy of the cursor may 
be expressed then by (see Example 5.5) 

■^$^(p) = $g(p) $fc(p) = mgxs + ^k{p - af + 4>i + 02 - 

The resultant work of the conservative forces between the positions A and 
B will then be 

= '^$^(pa) - '^$^(pb) = Amga+ 



4.6 Work and Energy 

If P is a particle with mass m moving in an inertial reference frame TZ 
according to a trajectory A, under the action of a simple force system 
iF, with resultant R (see Pig. 6.1), the resultant work performed by the 
system on the particle between two points Pi and P 2 of its trajectory is 
equal to the change in the kinetic energy of P in TZ, between these points, 
that is, to the difference between the kinetic energy of the particle at 
the instant when it passes through P 2 and when it passes through Pi. 
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In fact, dot-multiplying both members of the dynamic equation 
for P, Eq. (2.2), by ^dp, p being the position vector of P with respect 
to a point O fixed in TZ^ then 

• ^dp = R • ^dp (6.1) 

and, integrating between the positions Pi and P 2 , 

/■P2 /*P2 

/ m^a^-^dp= / R-^dp. (6.2) 

dpi dpi 

The left side of the equation above may be identified, accord- 
ing to Eq. (1.22), as the difference ^K^(p 2 ) — ^K^(pi) (note that the 
constant of an integration C disappears in the integral defined between 
the ends pi and P 2 ); the right side, according to Eq. (5.4), consists of 
the resultant work of the force system, between those points, ■ The 
result therefore is that 

^K^{p2)-^K^{pi)=^V^. (6.3) 

We must not forget that the relationship between the change of the 
kinetic energy and resultant work, expressed by Eq. (6.3), will only be 
satisfied if TZ is an inertial reference frame. 

Example 6.1 Figure 6.2 reproduces the configuration examined in 
Example 5.1. Assuming that S is an inertial reference frame and that the 
cursor leaves from end A at null velocity in S, we wish to determine its 
velocity when it collides with the support at O. 
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The work resulting from the system of every force that acts on the cursor 
was determined in Example 5.1, as ^Tao = ~ ®)> where = a? + . 

As the initial kinetic energy is null, Eq. (6.3) is thereby reduced to 

^mv^(0) = F(l — a); 

thus, the desired velocity is 



v(0) = 



2F{1 - a) 



Equation (6.3), relating the resultant work on a particle with 
the change of its kinetic energy in an inertial reference frame, is an ex- 
tremely convenient alternative for the equation of motion when wishing 
to find a velocity as a function of a position, like in the above example, 
or even a component of force applied to the particle, also as a func- 
tion of its position in the trajectory. Another important advantage from 
using Eq. (6.3) lies in the fact that components of forces — generally 
unknown — that do not carry out work are automatically eliminated, 
such as those given in Examples 5.1 and 5.5. 

Example 6.2 Eigure 6.3 reproduces the system studied in Example 2.1. 
As seen there, the equation governing the motion of the sphere along the 
pipe, 6 + (w^ sin 6 — cos 0 = 0, is hard to integrate in the time variable. 
We may, however, extract valuable information about the behavior of this 
system, using Eq. (6.3). Assuming that the sphere is left with a null velocity 
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relative to the pipe in the top position (0 = 0), the resulting work up to a 
general position will be (see Example 2 . 1 ) 

Aq-T _ Aq-Fl . Aq-Fs . Aq~P / X 

'oe — 'oe “T /os “r /os- 




The work carried out by the component Fi is 



Aq-Fl 

/os 



= 0 , 



(b) 



since the velocity of P in A is = r(0ri2 + u> cos 0 na), orthogonal, there- 
fore, to the direction of the component Fi. The work done by component 
F3 is (see Eq. (e), in Example 2 . 1 ) 



Aq-Fs _ 
'Oft — 



ft(e) 



F3 • dt 



/ 2cos0sin0d0 



2 2 • 2 a 
— mr LO sm 0. 



(c) 



As the work of the weight is a conservative force, it may be expressed 
directly as (see Example 5 . 4 ) 

^Ti^ = mgrs\n 6 . (d) 

The kinetic energy in the initial configuration is 



At^P 






-L 2 2 
-mr Lu 



(e) 
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and, in a general position, is as follows: 

^K^{6) = ^mr^ {9^ + uj^ cos^ 9) . 



(f) 



So, substituting Eqs. (a-f) in Eq. (6.3), then we get 



• ^ 2 2-2^ f 2 /^2 I 2 2 f 22 

mgr Sin 9 — mr oj sin 9 = -mr {9 + uj cos 9) — -mr ui ; 



therefore, 

02 = - w^sin 0 ^ sin0, 

the result being equivalent to what would be obtained by integrating 
Eq. (d) in the variable 9, in Example 2.1. Another interesting point is 
that it is possible for the sphere to stop naturally in the lower position of 
the pipe. In fact, for this to happen. 



9\tt/2) = 0, 



for which it is only necessary that 



LO = 




What happens in this particular case is that the resultant work is 



2 2 

To^ = —mr UJ 



. 2 TT , . 7T 

sm — + mgr sm — 



—mr{ruj^ — g) 



—mgr, 



negative, therefore, and equal, in module, to the value of the initial kinetic 
energy, for this value of u. Consequently, according to Eq. (6.3), the final 
kinetic energy will be null. 

When, in the case of the force system acting on a particle P, 
moving in an inertial reference frame TZ, conservative and nonconserva- 
tive forces compete, only the work performed by the latter needs to be 
computed by integration along the trajectory, since the potential forces 
associated with the conservative forces are known. So, if ^-^(p) is the 
potential energy of the particle, as defined in Eq. (5.10), the substitution 
of Eq. (5.11) in Eq. (6.3) leads to 



^K^{P2) +^<^^{P2) . (6.4) 
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We may then define the mechanical energy of the particle P in the ref- 
erence frame TZ as the algebraic sum of its kinetic energy in TZ and its 
potential energy in the same reference frame, that is, 

^ (6.5) 

The substitution of Eq. (6.5) in Eq. (6.4) then establishes the following 
form for the balance of energy of a particle P moving in an inertial 
reference frame: 



^E^{P2) - ( 6 . 6 ) 

that is, the resultant work of the nonconservative forces between two 
points in an inertial reference frame TZ is equal to the change of the 
mechanical energy of the particle in this reference frame (final energy 
minus initial energy). 

The attentive reader must have perceived the reason in which 
the potential functions are defined as those whose gradient is equal to 
minus the corresponding force vector, as expressed in Eq. (5.7). In fact, 
when the resultant work of the conservative forces passes to the other 
member of the energy balance, Eq. (6.4), it was possible to add the 
kinetic energy and potential energy of the particle, resulting in Eq. (6.6). 

Example 6.3 The cursor C, with mass m, slides along the vertical guide, 
under the action of its weight and a spring of elastic constant k and natural 
length a, as shown (see Fig. 6.4), being left at rest with 6 = 0. We wish 
to determine its velocity v when it passes through the position 6 = tt/ 4. 
The forces acting on the cursor consist of its weight, mg; the force exerted 
by the spring, F/c = k{l — a)n, where I = aj cos 9 and n = — (cos^ni -1- 
sin 0ri2); the horizontal component of the guide’s action, H; and the friction 
component, V = gn, where g is the coefficient of dynamic friction between 
the guide and cursor. As there is no motion in the horizontal direction, the 
component of the dynamic equation in the directon ni is 77 — 7T cos 6 = 0; 
therefore, 



V = — /i77ri2 = —gFk cos 0ri2 = —g,ka{\ — cos 6 )n. 2 - 
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The force H does not work and the forces F k and mg are conservative, with 
known potential functions. Only the work of the friction force, therefore, 
should be calculated: 



q-v _ 
/of — 



Vdp 






J. — 

—fika^ [tan 9 — In (tan 6 H ^)] ^ 

—^ka^ (l — ln(l + "\/ 2 )) . 



The initial mechanical energy, adopting a null value for the constant of the 
gravitational potential function, will be 



E'^(0) =X'^(0) + $'^(0) = 0. 



The mechanical energy in the required position will be 
E^ (ttIA) = (TrjA) +<h‘^(7r/4) = — mga + ^ka^{'j2 — 1)^. 

So, by substituting these results in Eq. (6.6), the desired velocity is (check) 



V = 



^a[2g-^ ((V2 - 1)2 + 2^(1 - ln(V2 + 1))) . 



See the corresponding animation. 
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4.7 Impulse and Impact 

When a force F acts on a point P moving in a reference frame TZ for 
a certain time interval (^ 1 ,^ 2 ); it is called impulse the vector resulting 
from the integration of the force along this interval, that is, 

f\dt. (7.1) 

Jti 

The impulse of a force linked to a point P will therefore depend on 
how the former varies with time and the actual integration interval; it 
will not, however, explicitly depend on the motion of the point in the 
referential, as occurs with the work of a force. If, for example, P is 
a point fixed in TZ, the work performed by any force linked to P will 
be null, although the impulse of this force can be different from zero, 
in a given interval. The impulse of a force is a vector quantity with 
dimension [MLT“^]. 

Example 7.1 Figure 7.1 reproduces the system studied in Example 2.4, 
where a small sphere P, with mass m, moves hanging by a string with 
length r, describing a circular trajectory on the horizontal plane, with 9 
constant and velocity of module also constant v = \/gr sin 0 tan 0. The 
coordinate (p varies linearly, according to 4>{f) = vt/{rs\n6). The time 
interval in which the sphere describes, say, a semicircle will be equal to 
half the period of motion, that is, 

T rcosd 

'"=2='V^^ 

The work done by the weight force in this interval is null because the 
weight is always orthogonal to the trajectory; the impulse of the weight 
force, however, is different from zero, that is, 

Ioto = / —mgn 3 dt= gr cos 9 113 . 

Jo 

The force exerted by the string on the sphere is 

T = T(— sin 9hi + cos ^ba) 

= T(— sin 9 cos 0ni — sin 9 sin 4>n.2 + cos ^na) , 
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with a module T = mg/ cos6 (see Example 2.4). The work performed on 
P by the traction on the string is, therefore, null since this force, like the 
weight, is also orthogonal to the trajectory. The resulting impulse of the 
force exerted by the string on the sphere, in this same time interval, is 



f^tQ 



*-0to 



mg 



Tdt 
rto 



(— sin 0 cos ((nil — sin 0 sin <(>112 + cos Onz) dt 



'0 



= TO gr cos 0 ^—2 tan 9 



ri2 + 7T ri3 



Looking at the above result, it is found that the component of the impulse 
of the force T in the direction of ni vanishes. This occurs because the 
component of the force in this direction is exactly its opposite during each 
half of the period in question (see Fig. 7.1), which does not happen with 
the other two components of force. Note also that the string exerts a force 
— T on the fixed point Q, opposite to that exerted on P. Hence the result 
is that the impulse of this force acting on Q in the interval (0,to) is also 
opposite to the impulse calculated above. The conclusion, therefore, is that 
the impulse on the fixed point Q, in this interval, is different from zero; 
the work of — T on Q will, nevertheless, be null. See the corresponding 
animation. 

If P is a particle moving arbitrarily in a reference frame TZ 
under the action of a force system of resultant R, it is called the 
resultant impulse, in a given time interval (ti,t 2 ), to the vector sum of 
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the impulses of each of the forces component of J- in that interval, that 
is, 

n n „t 2 

lf2-Elf2=E/ (7-2) 

i=l i=l 

where the F^, i = l,2,...,n, are the forces forming iF. Once the system 
F can be reduced to a force equal to its resultant applied to P, the 
resultant impulse in a given interval will be equal to the impulse of the 
resultant force in that interval. In fact, 

^ pt2 pt2 ^ f‘t2 

lf2 = E/ / Rdt = lf2. (7.3) 

i=l -^*1 -^*1 i=l -^*1 

Example 7.2 Returning to the previous example, the resultant of the 
force system acting on the sphere P is (see Fig. 7.1) 

R = — T sin^bi + (T cos0 — mg)h 3 = —T sin^bi, 

and its impulse, in the interval (0,to), is simply the vector sum of the 
impulses due to the weight force and the string’s traction, individually, 
that is, 

Ioto = Ioto = Ioto + Imq = -2mtan6>Y^5r- cos6»ri2. 

Note that the vertical component of the impulse due to the string was 
annulled by the impulse due to the sphere’s weight. Do you think that this 
would happen for any chosen time interval? 

If a particle P moves in an inertial reference frame TZ under 
the action of a force system F, with resultant R, the change of the 
momentum vector of P in TZ, in a given interval is equal to the 

resultant impulse in this interval, that is, 

^G^(t2)-^G^(ti)=lf2. (7.4) 

In fact, integrating in time the equation of motion of the particle, 
Eq. (2.1), we have 

pt2 pt2 

/ ^G,Pdt= / Kelt, 

Jti Jti 

which immediately leads to Eq. (7.4). 



(7.5) 
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Example 7.3 Returning once again to Example 7.1 (see Fig. 7.1), the 
momentum vector of P in 77 at the instant t = 0 is ^G^(O) = mvn .2 and 
at the instant t = to is ^G^(to) = —mvn 2 - The change of its momentum 
(after minus before) is — 2 muri 2 = — 2 mtan 6 ^/grcos 6 n 2 , equal, therefore, 
to the resultant impulse in this interval, as determined in Example 7.2. 

When a force of relatively great intensity acts on a particle P 
during a relatively short time interval, it is said that there is an impact 
or collision. A force with relatively great intensity is understood to be 
that which, during the time interval in which it acts, has an average 
module of a much higher value than any of the other forces acting on 
P; a time interval is understood to be relatively short when it is quite 
small, compared with the time duration of the motion under study. 

Example 7.4 The cursor C slides along the sloping straight guide, under 
the action of its weight, P, of the force exerted by the linear spring, Ffc, and 
the force exerted by the guide, the latter conveniently decomposed in Fa, 
friction force, and N, component orthogonal to the motion (see Fig. 7.2). 




Figure 7.2 

At a certain instant, the cursor reaches point B, colliding with the end of 
the guide. After the impact, the cursor resumes its motion along the guide, 
in the opposite direction. Just to give an idea of the scope involving the 
phenomenon, let us imagine the cursor as a steel cylinder with a diameter 
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of 2.5 cm, length 10 cm, and mass 1.5 kg. The duration of the impact 
between the cursor and stopper is almost exactly equal to the propagation 
time, there and back, of the wave of compression occurring inside the 
cursor, after the contact with the end. As this wave propagates in the 
steel at a velocity of, approximately, 5000 m/s, the total duration of the 
impact will not be more than 4 x 10“® s, that is, 40 /is, while a complete 
cycle of the cursor’s motion along the guide occurs in a few seconds. On 
the other hand, the forces involved before and after the impact are of the 
order of its weight (14.7 N). Imagining the cursor approaching the guide 
end at a velocity of, say, 1 m/s, and leaving it, let us assume, with half this 
velocity, the overall change of its momentum (and, therefore, the impulse 
undergone), during the collision, will have been 2.25 Ns. Now, a force of 
impact Fj, to cause this impulse in a time interval of 40 /is, must have 
an average value of 56,250 N, much greater than the other forces involved. 
See the corresponding animation. 

Impact forces are generally unknown functions of time, which 
makes it impossible to directly determine their impulse. If the velocity 
of the particle suffering the impact immediately before and after the 
phenomenon is known, the impulse may be determined indirectly. In 
fact, if during the impact a force F / has a much higher intensity than the 
others, the impulse of the impact force will, with a good approximation, 
be equal to the resulting impulse that, in turn, satisfies Eq. (7.4), that 
is, 

ifi ~ If 2 = "^-(v(* 2 ) - v(ti)). (7.6) 

Example 7.5 Returning to Example 7.4 (see Fig. 7.2), let us assume 
that the dynamic friction coefficient is fj, = 0.2, that the spring has elastic 
constant k and a natural length a, and that the cursor is left at rest in the 
position X = a/2. It was also noted that, after the impact with the stopper, 
the cursor returns, reaching the position a: = 3a/4 with null velocity. As 
there is no motion in the orthogonal direction to the guide, N = P cos 6 = 
and, as it is sliding. Fa = ^lN = -^mg. So, making a balance of 
energy between the instant to, when x = a/2, and the instant ti, when 
X = a, immediately before the impact, as in Eq. (6.6), then 
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where 



and 



E(ti) = E{to) = + ^mga, 



r-a/2 ^ 

^Toi" = / -Fa dx = - — mga; 



therefore, 



= 2 



, „ 5y/3 — 1 ka 

a ( 2^4 g+ — 

5 m 



From the instant t 2 , immediately after the collision, until the instant ts, 
when the cursor is again at null velocity, the balance of energy expressed 
by Eq. (6.6) is as follows: 



^3 ^ 1 r. 2 1 2., . 1 

mqa-\ ka mv [t 2 ) = — — mqa, 

8 32 2 ^ ’ 40 

resulting in 

v{t2) = ^ 

During the short interval (ti, ^ 2 ) in which the collision occurs, the module 
of the impact force is much greater, as seen in the preceding example, 
than that of the other forces involved and their impulse is, for all practical 
purposes, equal to the resultant impulse. The impulse of the impact force 
is then, according to Eq. (7.6), 



1 + 5^3 



1 ka 
4 ra 



^12 = m[v{t2) - v(ti)) 



m 

~2 



1 + 5^3 1 ka 

E 9 + T — 

5 4 m 



1 i 



. 573-1 

2 z g- 



ka 

m 



See the corresponding animation. 
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When a particle P undergoes an impact force in contact with 
a surface, it is called the restitution coefficient to the ratio between the 
modules of the components orthogonal to the surface, at the point of 
contact, of the velocities of P immediately after and before the impact, 
relative to the surface. Thus, if n is the orthogonal unit vector outside 
the surface S at the point of contact with P (see Fig. 7.3), uicos6*i = 
— '^v^(ti) • n is the module of the orthogonal component to S of the 
velocity of P in 5 before the impact, called the velocity of approach, and 
V 2 COS 02 = '^v^(t2) • n is the orthogonal component after impact, called 
the velocity of separation, then the restitution coefficient, e, is defined 
as 




When a particle P collides orthogonally with a surface S, the 
impact is said to be normal. In this case, knowing the velocity of P in 
S immediately before the impact and the restitution coefficient, we may 
obtain the impulse by the expression (note that 9i = 02 = 0) 

ifi = "i(v(t 2 ) - v(ti)) 

= m(u2 + ui)n (7.8) 

= mvi{l + e)n. 

The phenomenon of impact is fairly complex, requiring for a 
more detailed study considerations involving the stresses and strains 
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present in the regions of contact, as well as the propagation of com- 
pressive waves in the bodies involved. From the point of view of the 
model of particle and rigid body, therefore, an overall coefficient, e, is 
adopted, as in the case of the Coulomb friction phenomenon, to express 
the effect of the impact. The restitution coefficient, however, depends 
on both the materials and the geometry of the bodies in question; it also 
depends on the velocity of the collision. The result, then, is that tables 
of restitution coefficients cannot be used as often as tables for friction 
coefficients, which, in practice, restricts their use. 

Example 7.6 Returning once more to Example 7.4, now consider that 
the spring has an elastic constant k = 8\/3mg/a. The impact between the 
cursor and stopper is normal and the restitution coefficient is, according 
to Eq. (7.7), 

^ v{t2) 

v{ti) 

The impulse of the impact, according to Eq. (7.8), is 

lf 2 = mv(ti)(l -I- e) n 
= 3.218 




See the corresponding animation. 

When the impact is not normal, it is convenient to decompose 
the impact force F/ in a normal component and another of friction 
(see Fig. 7.4). The impulse due to the impact will, therefore, have a 
component orthogonal to the surface of contact and another tangent to 
this, due to the component of friction. When the friction component is 
very small compared with the normal component, then smooth impact 
occurs; in this case the impulse is a vector parallel to the normal n. 



Example 7.7 The small ball B is thrown, moving freely on a vertical 
plane, until it collides with the horizontal floor, then bouncing on the same 
original vertical plane, as illustrated (see Fig. 7.5). If vi, V 2 , Oi, and O 2 
measure the modules and directions, respectively, of the velocity vectors 
immediately before and after impact, the impulse exerted by the floor will 
be 



I 



Fi 

12 




+ I 



Fa 

12 J 
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where 



Ii2 = (Gf — Gf ) • n2 n2 = m{v2 cos O2 + vi cos 0i)n2 

and 

Ilf = (gI* — Gf ) • ni ni = m(v2 sin 62 — vi sin 0i)ni. 




Note that the normal impulse component is always positive, 
toward the outside normal; the friction component, however, will be 
null if the impact is smooth, giving, in this case, the equation 



V2 sin 62 = Vi sin 6*1 . 



(7.9) 
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It is also worth noting that the phenomenon of impact, even when 
smooth, involves nonconservative work, resulting, according to Eq. ( 6 . 6 ), 
in dissipation of the mechanical energy of the particle. In fact, even 
though Eq. (7.9) is met, that is, that = 0, the following condition 
must be satisfied: 

U 2 cos 6*2 < cos 6 * 1 , (7.10) 

which is equivalent to 

e<l. (7.11) 

Equality, in the above equations, expresses a limit condition — never 
effectively satisfied in practice — called elastic collision. In elastic colli- 
sion, there would be no absorption in the deformation process inherent 
to the phenomenon of impact. Effectively, elastic collision is assumed 
when this absorption (a dissipative phenomenon) is very small. In fact, 
as in the instants immediately before and after impact, the position of 
the particle is essentially the same, the change in its mechanical energy 
will be exclusively due to the change in its kinetic energy, with the result 
that the work performed by the impact force, F/, will be, according to 
Eq. ( 6 . 6 ), 

(7.12) 

When the collision is normal, 6i = 62 = and the work of the impact 
force may be expressed as 

-1). (7.13) 

Only elastic collision, therefore, keeps the mechanical energy constant; 
if the contrary holds, the work of the impact force will be negative. 

Example 7.8 Returning once again to Example 7.4 (see Fig. 7.2), the 
cursor’s change in mechanical energy, E^{t 2 ) — due to the impact 

with the stopper, may be measured by the work of the force of impact that, 
according to Eq. (7.13), is 

E^{t2) - = imu^(ti)(e^ - 1) 

= —l.HAmga. 
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Figure 7.6 



If a force F acts on a point P moving in a reference frame TZ for 
a certain time interval (ti, t 2 ) and its moment with respect to a point O, 
fixed in TZ (see Fig. 7.6), is a vector function of time, is called the 

angular impulse, the vector resulting from the integration of the moment 
during this interval, that is, 

ifr ^ dt= [\xFdt. (7.14) 

Jti Jti 

The angular impulse of a force bound to a point P with respect 
to another fixed point O is a vector of dimension [ML^T“^], depending 
on how the force (and, consequently, its moment) varies with time. 

If P is a particle moving in a reference frame TZ under the action 
of a simple system of forces T, of resultant R, it is called the resultant 
angular impulse with respect to a given point O, in a certain time interval 
(^ 1 ,^ 2 )) to the vector sum of the angular impulses with respect to O of 
each of the forces forming iF in that interval, that is. 




(7.15) 



where = p x F^, i = 1, 2, . . . , n, are the moments, with respect to 
O, of the forces forming IF. It is easy to see, then, that the resultant 
angular impulse is equal to the angular impulse of the resultant moment 
vector of the system, that is. 
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If a particle P moves in an inertial reference frame TZ, under 
the action of a simple system of forces of resultant R, the change in 
TZ of the angular momentum of P with respect to a point O, fixed in TZ, 
in a given time interval (^ 1 ,^ 2 ); is equal to the resultant angular impulse 
acting on P, in this interval, that is, 

= if/^. (7.17) 

In fact, when Eq. (4.3) is integrated in time, then 

f " n-^p/o r 

Jt-i Jti 

leading immediately to Eq. (7.17). 

Example 7.9 Let us go back again to Example 7.1 (see Fig. 7.7), 
where a small sphere P, with mass m, moves in a circular trajectory on 
the horizontal plane, at a velocity of a constant module v = ^/gr sin 0 tan 0. 
The system of forces T acting on P consists, as already seen, of the traction 
of the string, T, and its weight, P = mg. The resultant moment of this 
system with respect to the fixed point Q is 

M ^/0 = 

= 0 + r-(sin 6h\ — cos ^ba) x (— mgjba 
= mgr sm 0 h 2 . 
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The string’s traction, passing through Q, does not contribute to the resul- 
tant moment. The resultant angular impulse in the interval (0, to), that is, 
along a semicircle in the trajectory, is, according to Eqs. (7.14) and (7.16), 

= f dt 

Jo 

mgr sin 6{— sin 0ni -1- cos (pn 2 ) dt 
= — 2murcos0rii. 

The angular momentum of P with respect to point Q in the inertial refer- 
ence frame TZ is 

TZj^p/Q _ — cos0bs) X mvh 2 = mvr{cos9hi + sin^bs). 

At the first instant, t = 0, this vector, expressed on the fixed basis in TZ, is 

7^h^/' 3(0) = mur(cos0ni -|- sin^na) 

and, after turning halfway around, then 

Kh^/<3(^o) = mvr{— cos 8ni -l-sinflna). 

The change of the angular momentum vector in this interval is then 

Kh^/‘3(^o) — ^H^'^'^(O) = —2mvr cos6m, 

equal, therefore, to the resultant angular impulse in the period, as estab- 
lished by Eq. (7.17). See the corresponding animation. 

4.8 Conservation Principles 

The equations governing the motion of a particle in an inertial refer- 
ence frame, studied in the previous sections, are of two kinds. The first 
kind establishes the equality between the time rate of a vector property 
of the particle and an acting vector, that may be called the generation 
term. Equations (2.1) and (4.3) fit into this category: The resultant 
force is the term of generation of momentum of the particle, present in 
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the first equation; the resultant moment is the term of generation of an- 
gular momentum of the particle, present in the second. A second class 
of equations — always arising from the integration of an equation of the 
first kind — establishes the equality between the change in a property 
(vector or scalar) between two configurations of the particle and a cer- 
tain action exerted on it. Equations (6.3), (6.6), (7.4), and (7.17) belong 
to this category. In fact, Eqs. (6.3) and (6.6) establish that the change in 
the energy (kinetic or mechanical) of the particle between two positions 
in its trajectory is equal to the resultant work (total or nonconserva- 
tive, respectively) done between these positions; Eqs. (7.4) and (7.17) 
prescribe that the change of the momentum (or angular momentum) of 
the particle between two instants of its motion is equal to the resultant 
impulse (or angular impulse) exerted between these instants. 

This section is devoted to the study of what are called conser- 
vation principles, equations derived from the aforementioned when the 
terms of generation or their integrals vanish. In every equation in this 
section, t\ and t 2 represent two arbitrary instants. 

When a particle P, with mass m, moves in an inertial reference 
frame IZ under the action of a null force system, its momentum vector 
is conserved in this reference frame. This result, known as the principle 
of conservation of momentum, comes from Eq. (2.1). In fact, if .T is a 
null system, its resultant R is also null, following that = 0 and, 

therefore, 

^G^(ti) =^G^(t2) if R = 0. (8.1) 

When a particle is subject to a null force system, it is said to be in 
equilibrium. The momentum of a particle in equilibrium, therefore, sat- 
isfies Eq. (8.1). Substituting Eq. (1.5) in Eq. (8.1), then the alternative 
expression for stating the condition of equilibrium is 

^v^(ti) = ^v^(t2) if R = 0, (8.2) 

an equation that expresses the fact that a particle submitted to a null 
force system moves at a constant velocity in an inertial reference frame, 
as established by Newton ’s Erst law. 

Example 8.1 The small block P, with mass m, is confined to move on the 
rail fixed to the sloping plane, as illustrated (see Fig. 8.1), with a coefficient 
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of dynamic friction /r = When adopting the basis 111,112,113 in the 

indicated directions, the force exerted by the rail on the block will have 
three components, Fi, F2, and F3, the scalar component of friction being 
F\ = yu-sj Ff + Ff (assuming that the block is sliding). The resultant force 
on P is then 



R = {mg smO cos (f — Fi)ni + (F2 - 
= (^mg - Fi)ni + (F2 - ^ 



— mg sin 0 sin <^)n2 + (i^a — mg cos ^)na 
mg) 112 + {F3 —mg)n3. 




As the cursor is confined to move over the rail, its acceleration is = arii, 
and the equations of motion for the directions 112 and 113 are reduced to 



F2 = ~^mg, 



F3 = 



The friction component is then 





3 V 2 

-^rng = —mg. 



The resultant force is therefore null, and the block slides over the rail at a 
constant velocity, conserving its momentum. 
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A particular case of the condition of equilibrium is rest, that is, 
the situation in which the velocity of the particle in the inertial reference 
frame is null. In this case, Eq. (8.2) may be expressed as 

R = 0 if ^v^(t) = 0, for every t, (8.3) 

that is, a useful equation for determining possibly unknown components 
in the system of forces (note that R = 0 is an equation satisfied in 
any case of equilibrium, not being restricted to the condition of rest). 
With the adoption of an orthonormal basis 111 , 112 , 113 , fixed in TZ, the 
condition of equilibrium may be expressed by the scalar equations: 

= 0 ; 

i?2 = 0; (8.4) 

i?3 = 0, 

where Rj, j = 1,2,3, are the scalar components of the resultant force 
on the chosen basis. 

Example 8.2 A small block B, with mass m, is at rest, supported 
on the top of a table and under the action of a linear elastic spring with 
a constant k and natural length a, as illustrated (see Fig. 8.2). We wish 
to determine the force exerted by the table top on B. The system T of 
forces acting on the block consists of its weight, — 7713112 ; the action of the 
spring, T = kdia. = 4fca(— -s/3ni + 112 ); and the force exerted by the table, 
conveniently resolved into Fi, friction force, and F 2 , orthogonal to the top. 
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As the block is at rest (which implies that the friction coefficient is enough 
to guarantee the equilibrium), the resultant must be null, leading to the 
equations 

Fi+Ti = 0, 

F 2 + T 2 — mg = 0, 



which result in 



1? 

— — — kd 



F 2 = mg — ^ka. 

The force exerted by the table top is then 

F = - (-\/3fcani + {2mg — ka)u 2 ^ . 

If, for example, the constant of the spring is A: = mgj2a, we have 

Fi = ~^mg, 

3 

F 2 = -mg, 

and the coefficient of dry friction present shall satisfy the condition 

■> 

If, on the other hand, the friction coefficient is 

M = 1, 

the elastic constant of the spring may not be greater than 

^ ^ 2mg 

(1 + -\/ 3 )® 

to guarantee the equilibrium (check) . 

When a particle P, with mass m, moves in an inertial refer- 
ence frame TZ under the action of a force system T so that its resultant 
moment with respect to a point O, fixed in IZ, is null, its angular mo- 
mentum vector with respect to this point is conserved. This result, 
called the principle of conservation of angular momentum, derives from 
Eq. (4.3). In fact, if = 0, then = 0 and 

^H^/^(ti) = ^H^/^(t2) if = 0. 



(8.5) 
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Example 8.3 A small sphere P, with mass m, moves over a smooth, 
fixed circular platform, under the action of a thread, passing through a 
small opening in the center O of the platform (see Fig. 8 . 3 ). The sphere 
initially moves with a velocity of constant module v in a circumference of 
radius ro, under a traction of module To = mv'^ jro, exerted by the thread. 
Suddenly, a new force of module T > To is applied to the thread. In 
this condition, both the velocity of the sphere and the radius r will vary. 
We wish to determine how the tangential component of velocity, V2, will 
vary with r. On adopting the mobile basis 111,112,113, where 113, being 
vertical, is fixed in the inertial reference frame, the equation of motion in 
this direction is reduced to N = mgiis, that is, the force exerted by the 
platform on the sphere is the opposite of its weight (there is no friction) . 

rij 



,1. 

Figure 8.3 

As the other force acting on P passes through O, it is concluded that the 
resultant moment of the force system acting on the sphere with respect 
to point O is null, thereby satisfying Eq. ( 8 . 5 ). The position vector with 
respect to point O, at a general instant, is p = rni, and the velocity vector 
at this same instant, in the inertial reference frame, is 

= rni + rOn.2. 

The angular momentum vector of P with respect to O, in this reference 
frame, is then 

= p X = rni x rn(rni + r6n2) = mr^Ons. 
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By making it equal to the initial angular momentum, then 



mr^’O = mrov; 



therefore, the tangential component of the velocity is 



h ' 0 

V2 = rv = — V. 

r 

See the corresponding animation. 

If a particle P moves in an inertial reference frame TZ under the 
action of a force system iF so that its resultant moment with respect to an 
axis E, fixed in TZ, is null, its angular momentum vector with respect to 
this axis is conserved. This condition, which may be called the principle 
of conservation of the angular momentum with respect to an axis, comes 
from Eq. (4.7) or, equivalently, results from the decomposition, on an 
arbitrary basis, fixed in an inertial reference frame, of Eq. (8.5). Thus, 
if Xj is an axis fixed in an inertial reference frame TZ, so that = 0, 

then = 0 and 

=^H^/^^{t2) if (8.6) 

Example 8.4 A steel ball B, with mass m, is thrown horizontally with 
speed Vo inside a hemispherical bowl with radius r and vertical symmetry 
axis Z (see Fig. 8.4). 




Figure 8.4 
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The ball describes a trajectory on the spherical surface that may be 
parametrized by the z-coordinate, measured along the vertical axis, from 
point O, the center of the hemisphere. The acting forces are the weight of 
the ball, P, and the force on the smooth contact, N, both coplanar with 
the Z-axis. It then happens that the resultant moment with respect to this 
axis is null, therefore conserving the angular momentum of P with respect 
to Z, that is. 

We have, in the initial condition, 

= mrvo. 



and, in a general condition, 

X mv • ri3 

= r(cos 0ni — sin 0ns) x m(viri 2 + V 2 n 2 + Vsna) • ns 
= mrv 2 cos 0. 



Therefore, 

T 

V2 = Vo/cOS Cj) = , Vo, 

Vr^ — z^ 

that is, the principle of conservation gives us the component of the ball’s 
velocity, in the direction of the tangent horizontal to the bowl. See the 
corresponding animation. 

When a particle P, with mass m, moves in an inertial reference 
frame 7Z under the action of a force system iF so that the resultant work 
exerted between two positions Pi and P 2 of its trajectory is null, its 
kinetic energy is conserved. This principle of conservation of the kinetic 
energy derives immediately from Eq. (6.3). Thus, if pi and p 2 are the 
position vectors with respect to a point O, fixed in TZ, of the points Pi 
and P 2 , respectively, then, from Eq. (6.3) we have 



^iP^(pi)=^iP^(p2) 



if = 



(8.7) 
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Example 8.5 The cursor C slides, without friction, over the fixed wire 
A, in the form of an Archimedes spiral on the horizontal plane, described 
by r{6) = ro0/27r, as illustrated in Fig. 8.5. The cursor passes through the 
point Po {0 = 2tt) with speed vo- The orthonormal basis bi, b 2 , ba is fixed 
in a reference frame B moving at a simple angular velocity u) = wba in A 
{B may be interpreted as the vertical plane containing the axis and the 
center of the cursor), with bi radial and ba vertical. We wish to determine 
how this angular velocity oj varies with 6. The intrinsic basis ni,ri 2 ,na 
also being adopted, where ni is the tangent unit vector, ri 2 is the principal 
normal, and na = ba is the binormal unit vector (see Section 3.7), the 
velocity of C in A may be simply expressed as = uni and its kinetic 
energy in a general position of the trajectory will be 

Aj^C f 2 
K = -mv . 

2 




Figure 8.5 



The forces acting on C comprise its weight, — mgna, and the components 
F 2 and Fa exerted by A. There is, therefore, no component of force in 
the direction of motion, following that the resultant work is null between 
any two positions of the trajectory and, according to Eq. (8.7), the kinetic 
energy of C is conserved, that is. 
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At any point of the trajectory, therefore, the cursor’s velocity will have a 
module vo- But the cursor’s velocity vector at a general point is 

and its module will be (assuming w > 0) 






6>2. 



As, in consequence of the principle of conservation of the kinetic energy, 
the result was v = vo, then the desired equation is 



w(6») = 



2nvo 

roVT+~^ 



When a particle P, with mass m, moves in an inertial reference 
frame TZ, under the action of a force system iF, so that the resultant work 
of the nonconservative forces done between two positions Pi and P 2 of 
its trajectory is null, its mechanical energy is conserved. This is called 
the principle of conservation of mechanical energy^ being a consequence 
of Eq. (6.6). In fact, if the resultant work of the nonconservative forces 
vanishes, then 



"^E^(pi) ="^E^(P2), if (8.8) 

Example 8.6 Returning to Example 8.4 (see Fig. 8.4), we find that 
there is no resultant work of nonconservative forces. Actually, the force 
N does no work at all since it is always orthogonal to the ball’s velocity 
vector and the force P is conservative. According to Eq. (8.8), therefore, 
the mechanical energy of the sphere is conserved, that is. 



E^{z)=E^{Qf 



therefore. 



I 2 I “2 I 

-mv — mgz = -mvo + 0, 



an equation that, solved for v, gives 



v(z) = y/v'^ + 2gz. 
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Note that, when using the principle of conservation of mechanical energy, 
it was easy to find the velocity of the sphere at a general point in its 
trajectory, as a function of the variable z, which parametrizes it. It should 
be mentioned that the principle of conservation of the momentum with 
respect to the vertical axis provides a component of the velocity vector, 
while the principle of conservation of mechanical energy informs us which 
is the module of this same vector. Full determination of the velocity vector, 
therefore, demands further information. In fact, the kinematic constraint 
imposed on the ball (there is no velocity component in the radial direction) 
may be expressed as v • = 0 , that is, 

(wini + V2112 + r’sns) • r(cos 0 ni — sin = 0 . 



Therefore, 



Vl 



z 




which is the third equation required to determine the components of the 
velocity vector. See the corresponding animation. 

This section has shown, with examples, how the use of the con- 
servation principles can make it easy to solve a number of problems 
involving the general motion of a particle. The reader should, never- 
theless, be very careful when using them. First, there must be clear 
evidence of the existence of a term of generation (a resultant force or 
resultant moment) or an integral of one of these terms (a work, say) 
that vanishes along the motion being studied. Second, it must not be 
forgotten that the equations expressing the conservation principles are 
only applicable when the motion is described in an inertial reference 
frame; otherwise the results obtained will be inconsistent. Last, what 
information is usually taken concerns the state of motion of the particle, 
that is, velocities as a function of the position; when it is necessary to 
know the position of the particle as a function of time, it will always 
require resorting to the equations of motion. 
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Exercise Series #6 (Sections 4.1 to 4.8) 

P6.1 A particle moves over the plane {x,y}, along the ellipsoid (x^ja^) + 
{y^ jb^) = 1, so that its acceleration is always parallel to the y-axis. Knowing 
that it passes through the position (0, b) at a velocity v, determine which force 
is required to maintain this trajectory. 

P6.2 A particle rises a plane sloping at 30°, with a coefficient of dynamic 
friction fj, = 0.1. If, at a certain moment, its velocity is 15 m/s, what is the 
distance covered and the time taken until it stops? 

P6.3 A particle moves on a plane under the action of a force of attraction, 
which originates from a fixed point O and whose module depends exclusively 
on the distance r between the particle and the point. What are the module 
of this force and the trajectory described by the particle, knowing that its 
velocity varies according to v = ajr, where a is a constant? 

P6.4 The average radius of the earth’s equator is approximately 6377 km. 
How much should the angular velocity of the earth increase so that a body on 
its surface, at the equator, does not seem to have any weight? 

P6.5 An airplane takes off from an airfield in a straight line, so that the 
acceleration of Coriolis on it is entirely null. Where is this airfield, and in 
which direction is the runway? 

P6.6 A body on a sloping plane at 30° with the horizontal is left at rest. 
What is its velocity after covering a distance of 2 m, knowing that the friction 
coefficient is 0.1? 

P6.7 A light spring is at rest, compressed at by a constant force F. If 
the direction of the force is suddenly inverted, the spring will be stretched to 
a maximum deformation 52 - What is the 62 /5i ratio? 

P6.8 A body is thrown vertically upward from the earth’s surface at a veloc- 
ity of 0.5 km/s. Calculate the maximum height reached by the body. Consider 
the earth’s radius at the throwing point equal to 6375 km, ignore the aerody- 
namic forces, and approximate the gravity field to an action equivalent to two 
particles attracted to each other, located at the center of the body and of the 
earth. 
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P6.9 The bar B rotates at a simple angular velocity, with a constant module 
oj, in relation to the inertial reference frame A, as illustrated. The cursor C, 
with mass m, can slide without friction over the horizontal stretch of the bar B, 
beginning from rest in B with r essentially null. Calculate the module of the 
force exerted by the bar as a function of the position r. Is there conservation 
of the angular momentum of C with respect to the xa-axis? 




Figure P6.9 

P6.10 A small sphere moves over a hemispherical surface with a radius r, 
beginning from the top with a horizontal velocity of module v. Determine 
the angular position 9 where the sphere leaves the surface. What should the 
minimum value of v be so that the sphere leaves the surface, right from the 
start of its motion? What is the angle 6m when the sphere leaves the surface, 
whatever the first condition may be? 




Figure P6.10 
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P6.ll The conical rotor B turns around vertical axis z, fixed in an inertial 
reference frame, at a simple angular velocity of module uj(t), as shown. A small 
sphere P, with mass m, is left from rest at point Q, sliding without friction 
along the straight guide. Assuming constant angular velocity w = 2y^ g/a, 
determine the position x of the sphere at instant t = Calculate, at 

this instant, the module of the force exerted by the guide in the direction ri 2 . 




P6.12 Consider the cursor P, sliding without friction over the straight guide, 
fixed on the disk D that, in turn, rotates at a simple angular velocity of module 
w in the inertial reference frame P, as described in Example 3.1. Starting from 
the initial conditions established in that example, determine the instant t when 
the cursor leaves the guide, knowing that the disk rotates at a constant rate 
of 12 rpm. 




Figure P6.12 
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P6.13 A small sphere, with mass m, attached to the end of a light nonstretch 
string, is left at rest in position (a) . Calculate the traction T on the string as 
a function of the angular position 6. 




P6.14 Consider the system shown in the figure below, consisting of a cursor 
P, with mass m, sliding without friction along the straight guide B, which 
rotates around the wire A, at a simple angular velocity 0 = oj, constant. 
The wire, in turn, moves in the laboratory L, inertial, also at a constant 
simple angular velocity <p = oj. Given the initial conditions 0(0) = r(0) = 0, 
determine, as a function of r and 9, the force exerted by the guide on the 
cursor. 




Figure P6.14 
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P6.15 A pendulum P, with length r, swings slightly on a vertical plane, with 
its suspension point, Q, describing a harmonic straight horizontal motion, with 
a small amplitude, around another point O, described by a = aosinpt, where 
p is a frequency. The set is at rest when t = 0. Determine the function 9(t) 
described by the pendulum. 




Figure P6.15 



P6.16 A small sphere is left at rest in position (1). The light, flexible string 
rolls around in the fixed drum as the sphere moves. What is the smallest ratio 
between the length a of the string and the radius r of the drum so that the 
string continues stretched when it reaches position (2)? 




Figure P6.16 
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P6.17 A buoy is thrown in free fall, reaching the surface of the water and 
plunging to the depth 6a, as shown, returning from this point to the surface. 
Calculate the work of the pull as the buoy plunges to the point shown in the 
figure. The density of the water is p. 



2a 



6a 



2a 

a 



Figure P6.17 



P6.18 A small sphere, with mass m, is attached to the end of a light non- 
stretch string and is left at rest in position (a). Calculate its velocity in 
position (b). 
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P6.19 A small sphere can move freely inside a symmetric pipe, which is 
turning at a constant module angular velocity uj around the vertical axis of 
symmetry y. What shape must the pipe have so that, whatever the initial 
position in which the sphere is left from rest in the pipe, it stays in the same 
position? 




Figure P6.19 



P6.20 A small sphere P, with mass m, is thrown at a horizontal initial 
velocity vq inside a conical surface with a height a and radius of the base R, 
describing, from there, a trajectory on the surface, as illustrated. If b measures 
the distance between the initial and current levels of the sphere, determine the 
vertical component of the sphere’s velocity, as a function of the coordinate b. 




Figure P6.20 
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P6.21 The pendulum P is left from rest in position (1). When it moves 
through position (2) , the impact of the string (light and flexible) occurs with 
the fixed cylinder C, with a radius r. Determine the velocity of P and the 
traction T on the string, when it reaches position (3). 



a 




Figure P6.21 



P6.22 The small block P, with mass m, rests on a smooth horizontal plane 
connected to the fixed pin O, by means of a light linear spring, with elastic 
constant k and natural length ro- At the initial instant, the spring’s natural 
length is ro and the block has a velocity of module u, on the plane, in the 
indicated direction. After a time interval, the spring will have another length 
r and the block another velocity v, with components vi and V 2 , as illustrated 
in the figure below. Calculate n as a function of r and of the initial conditions. 




Figure P6.22 
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P6.23 A small ball lands obliquely at a velocity v on a fixed horizontal plane 
and bounces at a velocity v' = vjA and at an angle 0 = 30° with respect to the 
normal to the plane. Find the angle 6 of landing if the restitution coefficient 
with the plane is e = 1/v^. 



P6.24 A small ball lands obliquely at a velocity v on a fixed horizontal plane 
and bounces at a velocity v' = vj\/2. Find the angles of landing and bouncing 
if the restitution coefficient is e = l/-\/3 and the impact is smooth. 



P6.25 A simple device for testing restitution coefficients consists of a bar, 
turning freely on O, which is left at rest in the horizontal position, with a 
sample of the material to be tested fixed at a distance x from the pivot. After 
the impact, always in the vertical position, the angle d that the bar reaches 
before causing a new impact is measured. What is the restitution coefficient? 
What should the distance x be in order to minimize the forces on the swivel, 
assuming that the test body is much lighter than the test bar? 



0 




Figure P6.25 
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P6.26 The small sphere P can slide freely on bar B and both are at rest 
in the inertial reference frame A when a vertical angular acceleration with 
constant module a is applied to B, as shown. So, the initial conditions are: 
w(0) = 0, a;(0) = 0, and ±(0) = 0. Find the horizontal force component 
applied by B on P, at t = 0. 




P6.27 Going back to the previous exercise, consider now that a = 0 and 
that the bar rotates at a prescribed angular velocity with constant module fl. 
Find the initial horizontal force component applied by i? on P for this new 
situation. 

P6.28 For the situation described above, calculate which must be the pre- 
scribed value for fl in order to the sphere arrive to a; = r/2 with null velocity. 

P6.29 Once more concerning to exercise 6.27, verify if the principle of con- 
servation of mechanical energy applies during the motion of P. If the answer 
is no, compute the change of this energy. What is the explanation for that? 
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Chapter 5 



The general principles of dynamics are discussed in Chapter 4, and the 
model of particle adopted in its introduction. Fundamental properties 
have been defined, such as momentum, angular momentum, and kinetic 
energy of a particle, and the general laws governing the change of such 
properties have been formulated; Newton’s second law and the balance 
of mechanical energy are examples of those general laws governing the 
motion of particles. 

This chapter generalizes the concepts and laws discussed in 
Chapter 4, for discrete and continuous systems of particles. For simplic- 
ity’s sake, the word body will be adopted in reference to a continuous 
system and the word system in reference to a discrete system of par- 
ticles, that is, a certain numerable set of particles. Here we will see, 
therefore, how to calculate the momentum, angular momentum, and ki- 
netic energy of a system or body, the equations governing the time rate 
of these quantities, and their laws of conservation. As discussed below, 
the mass center of a system or body plays a leading role in the formu- 
lation of these equations and several results are greatly simplified when 
referred to the mass center. Should the reader wish to learn further 
about the concept of mass center — discussed informally in Section 1.4 
— it is recommended to read Section 6.1 before proceeding to study this 
chapter. 

Section 5.1 discusses the dynamic properties of systems and 
bodies. Definitions are given for momentum, angular momentum with 
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respect to a point, angular momentum with respect to an axis and kinetic 
energy of a system or body, as well as some important relations between 
those properties and the mass center motion. Section 5.2 discusses force 
systems applied on systems and bodies, using Newton’s third law to 
eliminate the forces of interaction between the elements of the system 
or body itself. In Sections 5.3 and 5.4, Newton’s second law is general- 
ized for systems and bodies, respectively, leading to the equations that 
govern the motion of the mass center. Although these are the most gen- 
eral and important equations in dynamics, they are not enough to fully 
establish the motion of an arbitrary system. The relationship between 
the resultant moment of a force system applied on a system or body and 
the time rate of its angular momentum vector is also discussed. This 
result, useful, for instance, when analyzing fluid-driven rotary machin- 
ery, will prove fundamental for analyzing the motion of the rigid body, 
as will be seen in Chapter 7. Section 5.5 discusses the more general 
concept of work done by an arbitrary force system and the potential 
functions present when at least one portion of the system is conserva- 
tive. In Section 5.6, then, the generalized law of work and kinetic energy 
for a system or body is established. It also describes the potential and 
mechanical energies of systems or bodies, and an analysis made of its 
overall balance. Section 5.7 discusses the general conservation principles 
for systems and bodies. Some examples illustrate the simplicity of the 
methods whenever one or more of these principles is applicable. Last, 
Section 5.8 gives a simple and very brief introduction to the general 
approach for handling problems involving the flow of fluids. 

5.1 Dynamic Properties 

Consider a discrete system S, consisting of N particles P^, with mass 
rrii, moving in a reference frame TZ with a velocity of v^, i = 1,2, . . . , N , 
(see Fig. 1.1). If is the position vector with respect to a point O, fixed 
in TZ, of the particle Pi and m is the total mass of the system, then the 
position p*, with respect to the same point, of the mass center S* of the 
system is (see Section 1.4) 
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P 



* 



1 

m 



N 

^ W-iPi. 
i=l 



( 1 . 1 ) 



The velocity in IZ of the mass center, adopting the reduced notation for 
differentiation in TZ, is 



* 7^ S ’ * 

V = = p 



1 

m 



N 

i=l 



(1.2) 




The vector Gi = is, by definition, the momentum of the 

particle in the reference frame 7Z. The set of momentum vectors of 
the particles of S forms, therefore, a simple system Q of vectors Gi, 
bound to the particles Pi. The resultant of this system is referred to 
as the momentum of the system of partieles in the reference frame TZ, 
being therefore given by 

N N 

^Gi = ^miVi. (1.3) 

i=l i=l 

In other words, the momentum in a given reference frame TZ oi a dis- 
crete system of particles S is the sum of the momentum vectors of its 
components, in the same reference frame. 
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Given a system S moving in a reference frame TZ, the momen- 
tum of the mass eenter of S is referred to as the momentum vector of 
a (fictitious) particle with mass m equal to the mass of the system and 
that moves in TZ as its mass center, being, therefore, 

(1.4) 

Since from Eq. (1.2), mv* = the result of the defi- 

nitions, Eqs. (1.3) and (1.4), is that 

^G^ = G*, (1.5) 

that is, the momentum of a discrete system of particles in a given ref- 
erence frame is equal to the momentum of its mass center, in the same 
reference frame. 

Example 1.1 Seven swallows, each with approximately the same mass 
m, fly in formation, as shown in Fig. 1.2. 




Five of them accompany the leader, Ai, gliding with a horizontal velocity 
V, while Ay starts to leave the group with a velocity of the same module 
in the indicated direction. The position of the mass center of the band B 
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with respect to point Q is, according to Eq. (1.1), 

p* = — [2dnim + d(ni + ri2)m + d(ni — ri2)m + 2dri2m 
7m 

1 2 

— 2dri2m + d(rii — ri3)m — d—^nsm] 

V 3 V 3 

= ^(5ni - V^ns). 

The velocity of the mass center can be obtained from Eq. (1.2), which is 
reduced, with all masses equal, to 




i=l 



The momentum vector of the band B is then, according to Eqs. (1.4) 
and (1.5), 




The resultant moment with respect to a point O of the system 
of momentum vectors in a reference frame 7?., of a system of parti- 
cles S is called the angular momentum of the system of partieles with 
respeet to the point in the reference frame TZ. It is therefore expressed 
as (see Fig. 1.1) 

N N 

n-^s/o ^ ^ p, ^ ^ p, ^ rniWi. (1.6) 

i=l i=l 

Of course, as the angular momentum with respect to point O, in 7?., of 
the particle is = pi x Gi, the angular momentum vector of a 
system of particles with respect to a point, in a given reference frame, 
is equal to the sum of the angular momentum vectors with respect to 
the point, in the same reference frame, of the particles component of the 
system. 

The resultant moment with respect to an axis E passing 
through O and parallel to a unit vector n (see Fig. 1.1) of the vec- 
tor system G is referred to as the angular momentum of the system of 
partieles with respeet to the axis., in the reference frame TZ. Its expres- 
sion, therefore, according to Eq. (2.3.3), will be the simple projection in 
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the direction n of the angular momentum vector with respect to point 
O, that is, 



n^s/E ^n^s/o 



(1.7) 



Example 1.2 Returning to the previous example (see Fig. 1.2), the 
angular momentum vector with respect to point Q of the band of swallows, 
in the reference frame where the velocities were measured, is, according to 
Eq. (1.6), 



H 



B/Q _ 



Ep 



I X rUiVi 



= mvd^2ni x rii + (ni + 112) x rii + (ni — 112) x rii + 2ri2 x rii 

o . 1 N 2 ,V3 1 

- 2 ri 2 X m + (m - ^ns) x m - —ns x (^ni - -ns)J 

1 + V3 



V3 



-mvd n 2 . 



The angular momentum vector of the set with respect to the xs-axis is, 
according to Eq. (1.7), 



rBA3 ^ rB/Q . ns ns = 0. 



As the reader can see, the angular momentum is null with respect to any 
other axis passing through Q and orthogonal to n 2 . Also note that, even if 
the swallow A^ is not leaving the formation, the angular momentum of the 
system with respect to point Q would be nonnull (check). In other words, 
even when a system is, as a whole, translating, its angular momentum with 
respect to an arbitrary point may be different from zero. 

When the momentum and angular momentum vectors with re- 
spect to a point O in a system S of particles in a given reference frame IZ 
are known, it is easy to establish their angular momentum vector with 
respect to any other point Q in the same reference frame. In fact, the 
moments transport theorem, Eq. (2.3.4), derived in Section 2.3, estab- 

Inch "i” h Q "i” 

+ pO/Q ^ yz^s^ ( 18 ^ 

where is the position vector of O with respect to Q (see Fig. 1.3). 
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Likewise, the angular momentum vector of a system of particles 
S with respect to two parallel axes E and E' are related, according to 
Eq. (2.3.5), by (see Fig. 1.3) 

n^s/E' ^ n^s/E pO/Q ^ KqS . ^ ^ 9^ 

where n is a unit vector parallel to the axes. 

Example 1.3 Figure 1.4 shows part of a mechanism consisting of the 
base B oi a thrust bearing that rotates around the vertical axis z in relation 
to the support A, with a simple angular velocity of constant module w. 
Twelve small identical balls, with mass m each and kept equidistant by a 
spacer (not shown), roll on the circular track with a velocity of constant 
module v, as indicated, in relation to the base. When considering the set of 
balls as a system S of particles Pi, i = 1,2,..., 12, the momentum vector 
of S' in i? is, as Eq. (1.3) indicates, 

12 

Br^s \ " B Pi p. 

G = > TO V * = 0, 

i=l 

null, therefore, given the symmetry of the system. The angular momentum 
vector of S with respect to point Q, in the reference frame B, according to 
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Eq. (1.6), is 

12 

SjjS/Q _ pj X TO'^v'^* = 12mvrn3. 
i=l 




Figure 1.4 

The system Q of momentum vectors in the reference frame B consists, 
therefore, of a couple. The angular momentum of S with respect to any 
point in the reference frame B is then the same (the couple moment). 
Particularly, the angular momentum vector of S with respect to point O, 
in B, is, according to Eq. (1.8), 

BrS/o ^ BrS/q ^ I2mr;rn3. 

The angular momentum vector of S with respect to the xa-axis in the same 
reference frame is, as Eq. (1.7) states, 

SjjS7a:3 _ BjjS/Q . jjg jjg _ I2rm;rn3, 

also being equal to the angular momentum vector with respect to the z- 
axis, in B. The momentum vector in reference frame A can be calculated 
using the kinematic theorem to relate velocities in the two reference frames. 
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that is, 

12 

\ ^ A Pi 

G = > m V * 

i=l 

12 

E /B Pi , A Q , A B \ 

( V “ + + LO X Pi) 

i=l 

12 

= m{0 + 2 wrn 2 + 0) 

i=l 

= 24mujm2. 



The angular momentum vector of this system with respect to point Q, in 
the reference frame A, is 






S/Q 






^ Pi 
X m V 



12 

E ^/B Pi , A Q , A B \ 

Pi X V * + + U) X Pi) 

i=l 

12 

= 12 mi;rn 3 + 0 + m E Pj X X p^) 

i=l 

12 12 



= I 2 mvrn 3 + m Pi wna — m pi • wns pi 

i=l i=l 

= \2mr{v + rw)ri 3 . 

The angular momentum with respect to point O, in A, is, according to 
Eq. (1.8), 



A.^S/0 ^ AjjS/Q pQ/O ^ AqS 

= 12mr(i; + ra;)n3 + 2rni x 24 ma>rri 2 
= 12 mr(i; + 5 wr) 113. 

See the corresponding animation. 

If 5 is a system consisting of N particles Pi, with mass m-i, 
moving in a given reference frame IZ with velocities Vi, f = l,2,...,A^ 
(see Fig. 1.5), the kinetic energy of the system, in TZ, is defined as the 
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algebraic sum of the kinetic energies of the constituting particles, that 
is, 

N N 

i=l ^ i=l 




If S* is the mass center of S, the kinetic energy of the mass 
center of the system, in a given reference frame TZ, is defined as the 
kinetic energy of a particle (fictitious) with the mass equal to the mass 
of the system and velocity equal to the velocity of the mass center of S, 
V* = , that is, 

^ • V*. (1.11) 

If Yi is the position vector of the particle with respect to S* 
(see Fig. 1.5), its time rate in 7^, f^, is the velocity of relative to S* in 
TZ. The kinetic energy of S' in 7?. may then be resolved in two terms, as 
follows: the kinetic energy of the mass center, as defined in Eq. (1.11); 
and a kinetic energy around the mass center^ defined as 

^ i=l 



( 1 . 12 ) 
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In fact, as = v* + r^, then, 

1 ^ 

^ 2 ^ + i-i) • (v* + Vi) 

^ i=l 

1 iV ^ iV 

= - ^ miV* • V* + - ^ niiVi • i-i + V* 
^ i=l ^ i=l 

= i^K^* + nj^s/s* _ 



N 

■ ^ rriiTi 
i=l 



(1.13) 



Note that the last term in the second line above is null, since it contains 
the time rate of every instant t (for more details, see 

Section 6.1). 



Example 1.4 Returning to the preceding example (see Fig. 1.4), the 
kinetic energy of the system S in the reference frame B, according to 
Eq. (1.10), is 



^K^=- 






B Pi B Pa (-> 2 

V • V = bmv . 



The kinetic energy of the mass center of the system (the point Q) in the 
reference frame A, according to Eq. (1.11), is 

A t^Q Q ^ Q 0/1 2 2 

= -(12m) v^ • v^ = 24mw r . 

The time rate in A of the position vector of Pi with respect to the mass 
center Q is equal to 

^ d A R R P- A R 

Pi = -77P^ = -ttP* + ^ X P^ = V * + U) X p,. 

dt dt 

Its squared value is 

' ■ 2 I /A, B \2 I c\B Pa /A, B \ / i \2 

Pi • Pi = u + ( w X Pi) +2 V * • ( w X Pi) = (u + wr) . 



The kinetic energy around the mass center in the reference frame A is then, 
according to Eq. (1.12), 

12 

Aj^S/Q _ _ ^ ^ 

i=l 

The kinetic energy of the system in the reference frame A is, therefore, 
according to Eq. (1.13), equal to 

= &m{v^ + 2vwr + 5wV^). 



See the corresponding animation. 
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Let us now consider a body C, with mass m, moving in a 
reference frame TZ (see Fig. 1.6). Let P be a general point in the body, 
whose position with respect to a point O, fixed in TZ, is given by the 
vector p = and whose velocity in 7^ is v = = p. The position 

of the mass center C* of C with respect to point O is given by the vector 
(see Section 1.4) 



P 



* 




(1.14) 




be 



The velocity in the reference frame TZ of point C* will therefore 

1 



V* = 



= p* = — / V dm. 



m 



'c 



(1.15) 



A mass element of C has momentum in TZ given by dG = v dm, 
and the set of these vectors consists of a simple distributed system of 
bound vectors G, whose resultant is referred to as the momentum of the 
body C, in the reference frame TZ, that is, 



/ dG= [ vdm. (1.16) 

Jc Jc 

The momentum of the mass eenter of a body C* in a reference 
frame TZ is defined as the momentum of a particle (fictitious) with mass 
equal to that of the body, moving in TZ like C*, that is. 



G 



mv . 



(1.17) 
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It immediately results from Eqs. (1.15-1.17) that 

'^G^ = G*. (1.18) 

Note that the momentum vector of a body must necessarily depend on 
the reference frame in relation to which the velocities are being mea- 
sured, as indicated in the adopted notation. (The reduced notation, 
V, V*, G*, etc., must not be used whenever more than one reference 
frame is involved.) 

Example 1.5 The body C, consisting of a rigid homogeneous rod with 
mass m and length r, is hinged at one end by the peg Q, fixed to the arm 
B that, in turn, moves with a simple angular velocity of constant module 
n, around the vertical axis xz, in relation to the support A (see Fig. 1.7). 
The motion of C in is described by the angle 0(t). The coordinated axes 
{xi, X 2 , X 3 } are fixed in B and the orthonormal basis bi,b 2 ,b 3 is parallel 
to the axes, as shown. The position of point C*, mass center of C, with 
respect to the origin O is then given as 

T T 

p* = rbi -1- - sin 6 h 2 — - cos 0ba. 




Figure 1.7 
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The angular velocity of C in is = 9hi and the velocity of point C* 
in the reference frame B is 

= 0 ^(cos 0 b 2 + sinflba). 

The momentum vector of the body C in the reference frame B is then, 
according to Eqs. (1.17-1.18), 

= m^(cos 0 b 2 + sin 0bs)0. 

The velocity of the mass center of the body in the reference frame A may 
be obtained from 

AC* B C* , A Q , A B C* IQ 

V = V + V + <jJ X p ' 

• T T 

= 0 -(cos 0 b 2 + sinflba) + flrb 2 + fibs x -(sin 0 b 2 — cosflba) 

= “^2 + (^^ + -0cos6)rh2 + 9- sin^bs. 

The momentum of the body in the support A is then 

— flsinflbi + (2fl + 0cos0)b2 + ^sin^ba] . 

As expected, the computed momentum vectors will coincide if = 0. See 
the corresponding animation. 

If C is a body moving in a reference frame IZ and dG = v dm 
is the momentum in TZ of an element of C (see Fig. 1.6), the resultant 
moment with respect to an arbitrary point O of the distributed system 
G of bound vectors dG is called the angular momentum of the body C 
with respeet to the point O, in the reference frame 7^, that is, 

n^c/o ^ f pxdG= [ pxvdm. (1.19) 

Jc Jc 

The resultant moment with respect to an axis E, containing 
the point O and parallel to a given unit vector n (see Fig. 1.6), of the 
distributed system Q is called the angular momentum of the body C 
with respeet to the axis E, in the reference frame TZ. Its expression is, 
according to Eq. (2.3.3), 






(1.20) 
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Example 1.6 Returning to the previous example, let us now find the 
angular momentum of the rod C with respect to the peg Q, in the reference 
frame A (see Fig. 1.7). Taking the variable y along the rod, from point 
Q, and making dm = {mjr) dy as mass element associated to the general 
point P, whose velocity in A is 



A P B P , A Q , A B P/Q 

V = V = V + V + io X p ' 

= —yD. sin 0bi + {yO cos 6 + flr)b 2 + y6 sin 0ba, 



the angular momentum vector is, according to Eq. (1.19), 

-4jjC/q — f p -V dm 

Jc 

y(sm 9h2 — cos 0ba) 

X (— yfl sin 0bi + {yO cos 0 + flr)b 2 + y6 sin flba) dy 
= -mr^ ^(-fl cos 0 + 0)bi + fl cos 0sin 0 h 2 + sin^ 0ba 

The angular momentum of the rod with respect to the xi-axis, in the 
reference frame A, is, according to Eq. (1.20), 

ArCAi =^H*^/Q.bibi = (^^11 cos 0 + bi. 

The angular momentum vector of the rod C with respect to the vertical 
axis z, also passing through Q, in the same reference frame, is then 

A.^c/z ^ A^c/Q . b3 bs = sin^ 6»b3. 

3 

The reader should be aware of the fact that the angular momentum vector 
of the rod with respect to a given point is not equal to the angular mo- 
mentum vector of the mass center with respect to the point. In fact, the 
angular momentum with respect to Q, in A, of a particle (fictitious) with 
mass m moving as C* would be 

H = p ' X m V 

= -mr^ ((2H cos 9 + 0)bi -1- Q cos 0sin 9h2 + H sin^ ^ba) , 
differing, therefore, from , 





312 



5. Dynamics of Systems 



As in discrete systems, knowing the momentum vector of a 
body and its angular momentum vector with respect to a point O, in 
a given reference frame, it is easy to find its angular momentum with 
respect to any other point Q, in the same reference frame, resorting to 
the moments transport theorem, Eq. (2.3.4), resulting in 

'R.jjC/Q _ _|_ pO/Q ^ (1-21) 

where jg position vector of O with respect to Q (see Fig. 1.8). 




As a consequence of the above result, the angular momentum 
vectors of a body C with respect to two parallel axes E and E' are 
related, according to Eq. (2.3.5), by (see Fig. 1.8) 

TZjj^c/E' ^ n-^c/E pO/Q ^ TZqC . ^ (^^ 22) 

where n is a unit vector parallel to the axes. 

Example 1.7 Returning again to Example 1.5 (see Fig. 1.7), the angular 
momentum of rod C with respect to point O, in the reference frame A, may 
be expressed, as in Eq. (1.21), by 

A-^CIO ^ A-^C/Q pQ/O ^ AqC 

= -mr^ [(-flcos0 + 0)bi + flcos0sin0b2 + flsin^ 0bs 
3 2 

+ rbi X -mr [ — flsinflbi + (2fl + 0cos0)b2 + ^sin^ba] 

= mr^ ( - cos 0 + -0^ bi + (-fl cos 0 — -O) sin 0 b 2 
+ (n(l + i sin^ 0) + i0cos6») ba . 

O ^ . 
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The angular momentum of the rod with respect to the xs-axis is, according 
to Eq. (1.20), 

• b 3 b 3 = (ll(l + \ sin^ 8) + ^8 cos 8) bg. 

On the other hand, the same vector may be obtained by using Eq. (1.22). 
In fact, 

A.^c/x^ = + pO/o X • bs b 3 

= -mr^Q sin^ 0b3 + rbi 

O 

X 1^ — flsinflbi + (211 + 0cos0)b2 + 0sin0b3j • b 3 b 3 
= mr^(H(l + i sin^ 8) + ^8cos8^ b3. 

See the corresponding animation. 

Examples 1.5 to 1.7 illustrate the calculation of the momen- 
tum and angular momentum vectors of a rigid body. Especially when 
establishing angular momenta, an easier and more practical formaliza- 
tion, preventing, in general, the integration along the body, is discussed 
in Chapters 6 and 7. Eor other continuous systems that do not consist 
of rigid bodies, it is necessary, when establishing angular momentum 
vectors, to integrate the moments of the momenta, as established in 
Eq. (1.19). 

Example 1.8 The uniform rope C, with mass m and length a, has its 
end Q fixed to the drum T and is partially stretched while being wound 
up around the drum (see Eig. 1.9). The motion is governed by the angle 
8(t) with 0(0) = 0 and 8(t) = oj, constant. The basis 111 , 112,113 is fixed to 
the straight stretch of the rope, as shown. 

Now let P be a general point of the rope, s far from point Q, along it. Its 
position vector with respect to point O, center of the drum, at an arbitrary 
instant is p = (s — r8)ni — m 2 , and its velocity in relation to T, at the 
same instant, is 

v = p = (s — r8) uj 112 . 

The momentum vector of the rope in the reference frame T may then be 
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Figure 1.9 



calculated, according to Eq. (1.16), as 






f 



V dm 



= / (s — rd)u>n. 2 — ds 

Jre « 

muj , 2 

= -i^ya-r9) n2. 



The angular momentum of the rope with respect to point O in the reference 
frame T may be obtained from Eq. (1.19) and is equal to 



TjjC/O 



/■> 



X V dm 



((s — rO)ni — m2) X (s — rO) to n .2 — ds 



Jre 

pa 

mcj . .2 , 

= / is — r&) dsns 

« Jre 

muj , ..3 

= rO) Tns. 

Sa 



Note that the momentum and angular momentum vectors vanish when 
rO = a, as expected. See the corresponding animation. 

If C is a body with mass m moving in a reference frame IZ^ the 
kinetic energy of the body is defined in TZ by integrating in the body the 
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kinetic energy of its elements, that is, 

^ [ dK = / -wdm, (1.23) 

Jc Jc 2 

where v is the velocity in 7^ of a generic point P of the body (see Fig. 1.6). 

The kinetic energy of the mass center of the body, in a given 
reference frame TZ, is defined as the kinetic energy of a (fictitious) particle 
whose mass is equal to the mass of the body and which moves like its 
mass center C*, that is, 

^ Irnv* • V*, (1.24) 

where v* is the velocity of the mass center of the body in the reference 
frame TZ. 

Also, the kinetic energy of the body around its mass center, in 
a given reference frame TZ, is defined as the scalar 

Tij^c/c ^ f (1-25) 

Jc 2 

where r is the time rate in TZ of the position vector of a generic point P of 
C with respect to its mass center, that is, is the velocity of P relative to 
C* in TZ (see Fig. 1.6). In a similar way to discrete systems of particles, 
the kinetic energy of a body, in a given reference frame TZ, is equal to 
the sum of the kinetic energy of its mass center with its kinetic energy 
around the mass center, in the same reference frame. In fact, from the 
kinematic relationship v = v* + f , then 



= f ^(v* + r) • (v* + f) dm 

Jc 2 



'c 

= / -^^*■^^*dm+ / -i ■ i dm + / 'v* ■ i dm 

Jc ^ Jc ^ Jc 

= V* • V* [ dm + f -r-rdm + v*- f r dm 



(1.26) 



'c 



'c 



'c 






Note that the third term in the third line is null, since it contains the 
time rate of the vector f^rdm, null for any instant t (see Section 6.1 
for further details). 
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Example 1.9 Returning to the previous example (see Fig. 1.9), the 
kinetic energy of the rope C in the reference frame T may, according to 
Eq. (1.23), be calculated by 



= - 



y: 



V • V dm 



2a 



(s — r6)^ ds 



6a 



-(a — r9)^ . 



The initial kinetic energy {9 = 0) is, therefore, ^mafuP and the final kinetic 
energy is null. See the corresponding animation. 



Example 1.10 Returning again to Example 1.5 (see Eig. 1.7), the 
kinetic energy of the mass center of the rod C in the reference frame B is, 
according to Eq. (1.24), 



Bj^C* 1 B c* 

K = -TO V 



B C* i 2^2 

V = -mr 9 . 



The position with respect to point C* of a general point P of C is given by 
the vector r = (jj — |)(sin 9h2 — cos 0ba), and its time rate in the reference 
frame B is 

r = 0 (cos 9h2 + sin^ba). 

The kinetic energy of the rod around its mass center in the reference frame 
B is, therefore, according to Eq. (1.25), 






JC 

m9^ 



— r • r dm 
2 



(y- dy 



1 2A2 

= — mr 9 . 
24 



The kinetic energy of the rod in the reference frame B is, according to 
Eq. (1.26), the sum of the previous ones, that is, 

Bj^C Bj^C* , Bj^C/C* 1 2^2 

K = K + K ' = -mr 9 . 

6 

Note that the kinetic energy of the rod was calculated here in the refer- 
ence frame B. The reader is recommended, as an exercise, to compute 
the kinetic energy in the reference frame A, where the angular velocity 
intervenes. 
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5.2 Force Systems 

The systems of forces — a simplified name adopted for systems of vec- 
tors consisting of forces, sliding or bound, and torques — were studied 
in Chapter 2. As discussed therein, those systems may or may not be 
simple, concentrated (discrete), distributed (continuous), or even con- 
sisting of some forces concentrated and others distributed. If such a 
force system is applied to a mechanical system — whether it is a simple 
particle, a discrete system of particles, a deformable body, a rigid body, 
or a mechanism consisting of different elements — it is important to 
know how to reduce it to a suitable point; the reduction, consisting in 
general of a resultant force and a resultant torque, is one of the prior 
requisites necessary for setting up the equations that govern the motion 
of the mechanical system, as will be seen in the following sections. This 
section analyzes in a little more detail the forces and torques applied 
to a mechanical system, paying special attention to the simplifications 
resulting from the elimination of the so-called internal forces. 

Let us first consider a discrete system S, comprising N particles 
Pi, of mass rrii, which moves in TZ with velocity v^, i = 1,2, . . . , N 
(see Fig. 2.1). Let us assume that the forces Fij, j = 1, 2, . . . , m, applied 
by particles outside the system S, and the forces fik, k = 1,2, . . . , N, 
applied by the other N — 1 particles belonging to S, act on (of course, 
fii = 0, since Pi does not apply force on itself). 

The set of forces applied to Pi by particles outside the system 
— hereinafter simply called external forees — is a simple concurrent 
subsystem whose resultant is 

m 

F, = Y,F^J. ( 2 . 1 ) 

i=i 

The set of forces applied to Pi by particles inside the system — 
hereinafter simply called internal forees — is another simple concurrent 
subsystem whose resultant is 

N 

fi = 

k=l 



(2.2) 
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The resultant force, therefore, applied on the particle is 

Ri = Fi + fi , 



(2.3) 



and the resultant of the system T comprising all forces applied on the 
system of particles S is 

N N 

R = ^R, = ^(F, + f,) =F + f, (2.4) 

i=l i=l 



being understood that 



N 



F^^F. 

i=l 

is the resultant of the external forees applied to the system and 



(2.5) 



N 



i=l 



(2.6) 



is the resultant of the internal forees applied to the system. It is worth 
mentioning that, when dealing with a discrete system of particles, only 
forces are applied and the system T is necessarily a simple system. 

Now, for each pair of particles and Pfc of S' there are two 
forces, fik and fki (see Fig. 2.1), that, following Newton’s third law, 
Eq. (1.3.4), are opposites, that is. 



ffci = -fi 



ik ? 



i = l,2,...,A^, A; = 1,2,...,A^. (2.7) 
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The result then of Eqs. (2.2), (2.6), and (2.7) is that 

N N 

^ = J2Y.^^k = 0, (2.8) 

i=l k=l 

which means that the sum of all the internal forces applied to the system 
is null, whatever the case, and, therefore, that, from Eq. (2.4), 

R = F, (2.9) 

that is, the resultant of all forces acting on a discrete system S of par- 
ticles is equal to the resultant of the system of external forces acting on 
it. 



Example 2.1 Three small balls, each with the same mass m, stay 
on a smooth, horizontal flat surface, interconnected by two threads and a 
linear spring with an elastic constant k and natural length 6/2, with the 
configuration shown (see Fig. 2.2). 




The system S, consisting of the three balls, is at rest on the surface when 
the horizontal force Fi is applied to ball A. The force system T acting on 
S consists of forces Fi, ti, t 2 , ta, t4, £ 2 , fa. Pa, Ps, Pc, Na, Nb, and Nc, 
as shown in the figure, where t^, j = 1, ... ,4, are the forces applied by 
the ropes, £2 and £a are the forces applied by the spring. Pa, Pb, and Pc 
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are the weights of the balls, and Na,Nb, and Nc are the normal forces 
applied by the smooth surface. Equation (2.7) guarantees that 

ts = — ti, t4 = — 12, {2 = —fa, 

and the resultant of the forces inside the system is 

f = ti + t2 + ts + t4 + £2 + fa = 0, 

therefore null, as established by Eq. (2.8). The resultant of the external 
forces is 

F = Fi + Na + Nb + Nc — Smgns. 

Returning to the internal forces applied to the system S of 
particles, let us consider the two particles Pi and Pfc, and the two forces 
fik and ffci, of interaction between the former (see Fig. 2.3). Now by 
computing the moment with respect to an arbitrary point O of these 
forces, then 



= p, X fife = -p, X ffci = (2.10) 

that is, just as the forces of interaction between two particles of the 
system are opposite, their moments with respect to an arbitrary point 
are also opposite. 




Figure 2.3 
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It seems convenient, therefore, to fully decompose the force 
system T acting on S in two subsystems: the system of external forces, 
^e, and the system of internal forces, Ti. Its resultants are defined 
by Eqs. (2.5) and (2.6), respectively, its vector sum being equal to the 
resultant of the overall system T ^ as shown in Eq. (2.4). The resultant 
moment with respect to point O of the system Ti is 

N N 

^ ^ = 0 , ( 2 . 11 ) 

i=l k=l 

therefore null, as a consequence of Eq. (2.10). 

It can then be said, from Eqs. (2.8) and (2.11), that the system 
Ti., which comprises all the forces of interaction between the particles of 
5, is a null system. Consequently, the resultant moment with respect 
to any point O of the system T is equal to the resultant moment with 
respect to O of the system of external forces, .T),, that is, 

N 

M^/o = ^ p. X Fi. (2.12) 

i=l 

Example 2.2 Going back to the previous example (see Fig. 2.2), the 
resultant moment with respect to point A of the system of internal forces 
is 

y^Ti/A ^ jyjta/A _j_ jyjtg/A ^{ 2 /A _j_ ^H/A 

= 0 + 0 + 0 + 0— -kabiis + -kabns 
= 0 . 

The resultant moment, with respect to the same point, of the system of 
external forces is 

y^rJA ^ ]y[Fi/A _|_ ]y[PcM 

_l_ ]V[NV^ _l_ ]y[NB/^ _l_ ]y[Nc/^ 

= ^(-^C - A'b)!!! + a{Nc + Nb — 2 mg)ri 2 . 

The resultant moment of the overall force system acting on the three balls 
with respect to the point A is therefore 

^ -^FJA ^ + a{Nc + Nb- 2mg)m. 
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Let us now consider C as a continuous body, with mass m, 
moving in a reference frame TZ under the action of a distributed simple 
force system T (see Fig. 2.4). Let P be a point of the body, that means 
an infinitesimal mass element, with mass dm, whose velocity in TZ is 
V. The (infinitesimal) force dF, resultant of the actions performed by 
particles or bodies outside C, and df, resultant of the actions performed 
by all other elements of C, act on P. The (infinitesimal) force resultant 
on P is, therefore, 

dTi = dF + df. (2.13) 

Everything discussed in this section regarding discrete systems 
has, of course, its counterpart for continuous systems, substituting the 
sums by corresponding integrals. Thus, the resultant of the system Ti 
of internal forces is, as a consequence of the third law, null, that is, 

f= [ df = 0, (2.14) 

Jc 

and the resultant moment will be null, with respect to an arbitrary point 
O in this same system, that is. 



M^»/o = f p X df = 0. 

Jc 



(2.15) 







Figure 2.4 
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The system Ti is therefore a null system. Consequently, the 
resultant of the overall force system IF, acting on C, is equal to the 
resultant of the system of external forces, iFe, 

R= f dK= [ dF = F, (2.16) 

Jc Jc 

and the resultant moment with respect to an arbitrary point O of the 
system T will, in turn, be equal to the resultant moment with respect 
to O of the system that is, 

= / pxdR= / pxdF = (2.17) 

Jc Jc 

Occasionally the system of external forces acting on a body, 
although being a simple system, simultaneously comprises concentrated 
forces, Fi, i = 1, 2, . . . , iV, and distributed forces, dF; in the latter case, 
the calculus of both the resultant and resultant moment with respect to 
a given point of the system requires the integration of the distributed 
forces and the summation of concentrated forces, that is. 



and 



iV 

F = '^Fi+ / clF 

i=l 



(2.18) 



N 

M^e/O ^ ^ yfFJO ^ / p X dF. 
i=l 



(2.19) 



Example 2.3 A homogeneous cable C is hung by its ends at fixed 
points A and B, while a pulley, holding a certain load, rolls over the cable 
(see Fig. 2.5). The external forces acting on C consist of the concentrated 
forces and Fb, applied to its ends; the weight force, distributed uni- 
formly along the cable, dP = pg ds, where p is the mass per unit of length, 
ds an element of length, and g the gravitational acceleration; and the dis- 
tributed force dF, present in the region touching the pulley (other effects, 
such as those resulting from friction or inertia of the pulley, are not being 
considered). 
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dF 



Figure 2.5 



At each instant, therefore, the resultant of the aforementioned force system 
is 



rP2 

F = Fa + Fb + mg + / dF, 
J Pi 



where m is the total mass of the cable and Pi and P 2 are the end contact 
points of the latter with the pulley, at that instant. The internal forces 
present between the fibers of the cable, although consisting of a reasonably 
complex force system, comprise a null system, as guaranteed by Eqs. (2.14) 
and (2.15). The resultant moment with regard, say, to point O, the center 
of the pulley, of the acting external forces is 



= PA X Fa + PB X Fi 



_ r 



(•P2 



where p is the position vector with respect to O of a generic point of the 
cable. 

If C* is a rigid body, the system of external forces acting on 
C is not necessarily a simple system. Let it then be assumed that, in the 
most general case, a system !Ff. acts on C, consisting of N concentrated 
forces F^; a distribution of forces dF, applied to all or part of the body; 
and a set of M torques Fj (do not forget that torques are free vectors). 
The resultant of this system is (see Fig. 2.6) 



N 

= Vf„ 



i=l 



+ 



dF, 



(2.20) 



'c 
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Figure 2.6 



where C is the region of C to which is applied the distributed subsystem 
{C may even coincide with C). 

The resultant moment of this system with respect to an arbi- 
trary given point O is 

N M .. 

M^e/o = ^ p . X Fi + V T,- + / p X dF, (2.21) 

i=i j=i ■ 

where p is the position vector with respect to point O of a generic point 
of C. 

Example 2.4 Figure 2.7 reproduces the system studied in Example 1.5. 
The system of external forces applied to the rod C consists of a gravita- 
tional force distributed along the rod, dV = —^gdyhs; a concentrated 
force applied to the end Q, conveniently broken down into Fi, F 2 , and 
F 3 ; and a torque due to the coupling on the same point, consisting of the 
components T 2 and T 3 (see Appendix B). The resultant of this system is, 
according to Eq. (2.20), 



pr 

F = Fi-|-F 2-|-F3-1- / dP 

Jo 

= Fibi -I- F2b2 -f (F 3 - rng)h3, 
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X3 





and its resultant moment with respect to point Q is, according to Eq. (2.21), 

pr 

]y[Xe/Q ^ / pP/Q X dP + T2 + T3 

Jo 

= - -mgr sin dbi + T 2 b 2 + Tabs. 

When dealing with a rigid body, the system of internal forces, 
may also not be simple, including torques applied reciprocally be- 
tween its components. If, however, is the torque that the part 
of a rigid body C applies on another part Cj of the same body, then the 
torque Tkj applied by it on the former is opposite to it, that is, 

Tfcj = — Tjfc, (2.22) 

guaranteeing that the system Ti is null in any case. 

The basic aim of the treatment given in this section to the 
systems of forces acting on the systems of particles or bodies in general 
was to prepare for the establishment of the equations of motion, the 
subject of the next two sections. Recognize the fact that the system of 
internal forces acting on any discrete or continuous system (or body) 
will allow us to disconsider these forces when analyzing the dynamic 
equations, as will be shown. When, however, wishing to determine a 
component of force or torque inside the system or body, this can always 
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be made explicit, cutting the body itself into parts, in order to make the 
desired component outside the part. The following example illustrates 
the procedure. 

Example 2.5 Returning to the previous example, suppose now that 
it is of interest to know the forces and torques present in the mass center 
of the rod C. In this case, it is sufficient to divide the rod in two parts, 
now considering two bodies, Ci and C 2 , on which new systems of external 
forces act, as shown in Fig. 2.8. 




Figure 2.8 



Its weight, ^mg, acts on the lower half of the rod (C 2 ) and is applied to the 
respective mass center, and the pair {F*, T*}, which is the reduction to the 
central point of the cut section (coinciding, therefore, with the original mass 
center of the rod) resulting from the action of Ci on C 2 . The following 
forces act on the top half of the rod (Ci): its weight, ^mg, applied to 
the respective mass center; the force components Fi, F2, and F3 and 
torque components T2 and T3, from the link on the point Q; and the pair 
{— F*, — T*}, resulting from the action of C 2 on Ci, reduced to the center 
of the cut section. Of course, the systems of forces mutually applied by 
the parts are necessarily opposite, fulfilling Eqs. (2.14), (2.15), and (2.22). 
(The effective determination of these components of force and torque is 
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only possible after establishing the equations of motion, discussed in the 
following sections.) 

5.3 Equations of Motion 

For a clearer explanation, this section will discuss discrete systems only; 
the equations of motion for bodies will be presented in the next section. 

Let Pi, with mass nii, be a typical particle of a discrete system 
S, whose motion in an inertial reference frame 7Z is described by pi (t) , its 
position vector with respect to a given point O fixed in TZ (see Fig. 3.1). 
Its velocity in 7^ is = pi, its momentum in 7^ is = rriiVi, 

and its acceleration in 7Z is = v^. 





Figure 3.1 



If Ri = Fi + fi is the resultant of the system consisting of 
all forces acting on P^, where is the resultant of the external forces 
applied to P^ and f is the resultant of the internal forces on the particle 
(see Section 5.2), then, as a result of Newton’s second law, Eq. (4.2.1), 
we have 

Gi = Ri, (3-1) 

or, from Eq. (4.2.2), 

rmai = Ri. (3.2) 



It is never too late to remember that the above equations are only valid 
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if the momentum vector, its time rate, and the acceleration vector are 
being computed in an inertial reference frame. 

Differentiating Eq. (1.3) with respect to time in TZ, then 
Gi = On the other hand, we have Ri = F from 

Eqs. (2.4) and (2.9). When adding Eq. (3.1), over the whole system S, 
it will then be 

= F. (3.3) 

Equation (3.3) establishes, therefore, the equality between the time rate, 
in an inertial reference frame TZ, of the momentum vector in 7^ of a 
discrete system of particles S and the resultant of the external force 
system acting on S. 

Now remembering that the momentum of a system is identical 
to the momentum of its mass center, as Eq. (1.5) indicates, Eq. (3.3) 
may be written in another way, such as 

G* = F. (3.4) 

Differentiating Eq. (1.2) now with respect to time, then 
ma* = adding Eq. (3.2) over the whole system S, it 

gives 

ma* = F, (3.5) 

where m is the mass for the system and a* the acceleration, in the 
inertial reference frame TZ, of the mass center of S (see Fig. 3.1). 

Equation (3.3) [or (3.4) or (3.5)] is known as the first equation 
of motion of the system or the equation of motion of the mass eenter of 
the system. 

When an arbitrary system of Cartesian coordinates {xi,X 2 ,X‘i} 
is chosen, Eq. (3.3) may be written in components, resulting in a set of 
three scalar equations, so that 



Gf = Fi, 

Gf = F2, (3.6) 

Gf = Eg, 



where and Fj, j = 1,2,3, are the scalar components, respectively, 
in the chosen directions of the time rate in the reference frame TZ of the 
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momentum vector of the system and (external) resultant force vector. 
Alternatively, breaking down Eq. (3.5) in the same directions, then 

mal = Fi, 

mal = F2, (3.7) 

mal = Fs, 

where a*, j = 1,2,3, are the scalar components of the acceleration of the 
mass center of the system in the inertial reference frame. Equations (3.7) 
are known as equations of motion of the first type. 

As discussed in Section 3.10, a system consisting solely of n 
particles has, as there are no kinematic constraints, I = 3n degrees of 
freedom. When a set of p kinematic constraints intervenes, the number 
of degrees of freedom of the system is reduced to I = 3n — p. If the 
system is holonomic, it will then be necessary to have r = I coordinates 
■ ■ ■ ,qr{t) for its full description. As there are, now, three 
mutually independent equations of motion, only systems with r = I <3 
may have their motion totally determined by Eqs. (3.6) or (3.7). 

Example 3.1 Let us consider a system S, consisting of three small balls, 
with the same mass m each, supported on a smooth, horizontal plane fixed 
to an inertial reference frame, joined by two light rigid rods, with length r 
(see Fig. 3.2). The Cartesian axes {x,y,z}, with z vertical, and the basis 
ni,n 2 ,n 3 , with vectors parallel to the axes, are fixed in the plane. The 
system is initially at rest, with Pi coinciding with the origin O, when a 
constant force Fi = Fni is applied to it, as shown. Assuming that the 
three balls always move on the plane, there are three kinematic constraints 
to be considered: 

v^^ • ri3 = 0; • ri3 = 0; v^^ • n3 = 0. 

The rods connecting Pi to P 2 and P 3 ensure constant distances between 
the respective pairs, which means that the component in the direction of 
the rod of the relative velocity between the particles is null, that is, 

^P./Pi . pP2/Pi ^ 0^ ^Pa/Pi . pPa/Pi ^ 0 , 

The holonomic system has, therefore, Z = 3n — p = 3x3 — 5 = 4 degrees 
of freedom. By then adopting the coordinates x{t) and y{t), which define 
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the position of Pi with respect to O, and 9(t) and 4>{f), which measure the 
angles formed between the rods and axis x, to describe the configuration 
of the system at a general instant, the position vectors with respect to O 
of the three particles are 



pi = xni + yri 2 , 

P 2 = Pi — r(cos Oni + sin 0n2) , 

P 3 = Pi + cos 0ni + sin 0ri2). 

The position with respect to O of the system’s mass center is, therefore, 

p* = XTiii + yn .2 — ^ ((cos 9 + cos 4>)n.i + (sin 9 — sin 0 ) 112 ) • 

The acceleration of the mass center may then be obtained by differentiating 
the position vector twice with respect to the time, resulting in 

a* = ini + yn .2 + ^ ((^ sin 9 + 9^ cos 9 + 0sin 0 + 0^ cos 0)ni 
+ (0COS 0 — 0^ sin (j) — 9 cos 9 + 9^ sin 9)\i2^ . 



z 




The resultant of the system of external forces acting on the system is 



F = Fm + (TVi + N 2 + Nz — 3mg)n3, 
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where Nj, j = 1, 2, 3, are forces (normal forces, since the plane is smooth) 
applied by the surface. When substituting in Eqs. (3.7), then a set of three 
equations of motion is obtained: 




y + ^(^cos((> — (j)^ s\n(j) — 0COS 6 + 6^ sin0) = 0; (b) 

O 



0 = + A ^2 + — irng. (c) 

This example points to the fact that Newton’s second law, suitable for 
describing the motion of a single particle (see Section 4.2), is generally 
insufficient to fully describe the motion of a system, only establishing the 
motion of its mass center. In fact, Eqs. (a) and (b) above are a coupled pair 
of differential equations for the functions x(t), y(t), 0 {f), and <t>{f), while 
Eq. (c) is an algebraic equation for the unknown N\ , N2 , and N3 . Of course, 
if the reader writes the equations of motion in the vertical direction, for 
each ball, he or she will conclude, assuming that there is no motion in that 
direction and that the masses are equal, that Ni = N 2 = N 3 = mg; but 
this information cannot be extracted from Eqs. (3.7), used in the solution 
of the system as a whole. On the other hand, Eqs. (a) and (b) may be 
simply written as 

(d) 

(e) 



Pi = 



3m’ 



P*2 = 0, 



whose direct integration provides the motion of the mass center of the 
system on the plane from the prescribed initial conditions: 

x(0) = y(0) = 0; 0(0) = 0 q; 0(0) = 0o; i(0) = f/(0) = 0(0) = 0(0) = 0, 

resulting in (check) 




Before finishing the example, it is worth noting that if the ball Pi is sub- 
mitted not to the force Fi = Fni but to an arbitrary force F with three 
nonnull components (motion may occur outside the plane), the kinematic 
constraints would be reduced, consequently increasing the number of de- 
grees of freedom of the system. 
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Let Q be a point moving arbitrarily in an inertial reference 
frame TZ and a typical particle of a system S that also moves in TZ 
(see Fig. 3.3). The resultant moment with respect to Q of the force 
system acting on P^, including the external and internal forces, = 
pPi/Q X is related to the time rate of the angular momentum vector 
of the particle with respect to Q and with its momentum in TZ, according 
to Eq. (4.4.4), by 

n-^Pi/Q + xGi = Mf . (3.8) 

Equation (3.8) is valid for every particle Pi of S. So, adding 
for the N particles of the system, then 

N N N 

■R-^P^/Q n^Q X ^ Gi = ^ (3.9) 

2 = 1 2 = 1 2 = 1 




The angular momentum vector of the system S with respect to 
Q inTZ is, by definition, n-^Pi/Q therefore, its time 

rate in TZ is 



N 



n^s/Q ^ ( 3 . 10 ) 

i=l 

On the other hand, Eq. (2.12) guarantees that 



N 

i=l 



(3.11) 
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Substituting Eqs. (1.3), (3.10), and (3.11) in Eq. (3.9), then 

n-^s/Q n^Q ^ UqS ^ ( 3 . 12 ) 

Equation (3.12), called the second equation of motion for the 
system of particles S', establishes that the time rate in an inertial ref- 
erence frame TZ of the angular momentum vector of a system S with 
respect to an arbitrary point Q, added vectorially with the cross prod- 
uct between the velocity of Q in 7^ and the momentum in TZ of the 
system, is equal to the resultant moment with respect to point O of the 
external forces acting on the system. 

Two particular cases of Eq. (3.12) are of special interest: when 
the chosen point Q coincides with the mass center of the system and 
when the point Q is fixed in the reference frame TZ. In both cases, the 
term x vanishes, simplifying the second equation of motion. 




Particularly, then, if S* is the mass center of the system 
(see Eig. 3.4), the substitution of Q by S* in Eq. (3.12) leads to 

. (3.13) 

In fact, substituting Q by S* then, from Eq. (1.4), x = 

V* X mv* = 0, therefore resulting in Eq. (3.13). 

Equation (3.13), also called the equation of motion around the 
mass center, is a very interesting alternative for Eq. (3.12), given its 
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simplicity. When a system of Cartesian axes {x^, X 2 , Xg} is chosen, with 
origin in S* (see Fig. 3.4), the equation of motion around the mass center 
will result in a system of three scalar equations, as follows: 

i/f = Mf- 

= (3.14) 

Hi = 

where Hj = and ^ j = 1,2,3. Equations (3.14) 

are known as equations of motion of the seeond type. 

Example 3.2 Two small bodies, with the same mass m each and inter- 
connected by a thread with length 2r, are at rest on a smooth, horizontal 
flat surface in the configuration shown in Fig. 3.5a. 





In the instant t = 0, a horizontal force of constant module H , parallel to 
axis y is then applied. Figure 3.5b illustrates a general configuration of the 
system, described by the coordinates x*(t), y*(t), and 0(t), where x*,y* 
are the coordinates of their mass center P and 9 is the angle shown. In fact, 
assuming that the system always moves on the plane (fixed in an inertial 
reference frame), maintaining the thread straight, then n = 2 and p = 3, 
and the system will have I = Sn — p = 3 degrees of freedom. The resultant 
of the acting external forces is 



F = Hu 2 + {Na + Nb — 2mg)ri3, 
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where Na and Nb are the forces applied by the smooth plane. The position 
of the mass center of the system with respect to the origin of the system of 
coordinates is described by the vector p* = x*ni+y*ri2 and its acceleration 
in the inertial reference frame is a* = i*ni + y*ri2. The first equation of 
motion, in components, is then 

2mx* = 0, (a) 

2my* = H, (b) 

0 = Na + Nb — 2mg. (c) 

The resultant moment with respect to the mass center of the acting external 
forces is 



= c{Na — A^B)(sin0ni +cos0ri2) — Hr cosOn^. 

The angular momentum vector of the system with respect to its mass center 
is (check) 

= -2mr^0ri3 

and its time rate in the reference frame is 

= — 2mr^0ri3. 



The second equation of motion of the system may be expressed then by 



Q = {Na — NB)rsm9, (d) 

0 = {Na — Nb)t cos 6, (e) 

2mr^ 9 = Hr cos 6. (f) 



Equations (a) and (b) may be directly integrated and, using the initial 
conditions x*(0) = r; y*(0) = 0; i*(0) = y*(0) = 0, we find the motion of 
point P: 



x*(t) = r; 



* f ■i.\ J.2 

“ <*> = SS* ■ 



Equations (c) and (d) [or (e)] determine the forces of contact on the plane: 



Na = Nb = mg. 



Last, Eq. (f) may be written as 
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a nonlinear equation, similar to that of the simple pendulum, and whose 
integration requires two initial conditions: 0(0) = 0(0) = 0 (see Exam- 
ple 4.2.2, for discussion of the solution of the simple pendulum). Note that 
this example illustrates a simple situation, forming a system with only three 
degrees of freedom and involving as unknowns three coordinates {x* , y* , 0) 
and two components of force {Na, Nb), that may, therefore, be obtained 
from Eqs. (3.7) and (3.14). See the corresponding animation. 

Going back to the general system S, in which is a typical 
particle, let us now consider O to be a point fixed in the inertial reference 
frame TZ (see Fig. 3.4). Substituting then the moving point Q by the 
fixed point O in Eq. (3.12), then we have, since = 0, 

^H-s/o ^ (3.15) 

Equation (3.15) is one more alternative form to the second equation 
of motion of a system of particles, providing the same advantage of 
compactness found in Eq. (3.13). 

When choosing an arbitrary system of Cartesian axes with ori- 
gin at the point O (see Eig. 3.4), Eq. (3.15) resolves into three scalar 
equations as follows: 

iff = Mf*=; 

iif = Mf^ (3.16) 

Hi = 

where, now, H? = and j = 1, 2, 3. 

Note that Eqs. (3.14) and (3.16) have an identical form, given 
the simplification introducted in the notation. The choice between 
adopting one or the other, or even a composition of them, will depend 
on the specific convenience for the system under study; nevertheless, 
only three mutually independent scalar equations will, in any case, be 
available to solve the problem. 

Equations (3.6) [or (3.7)] and (3.14) [or (3.16)] express, in prac- 
tice, a set of six scalar equations, generally independent of each other, 
which govern the motion of a system. Consequently, only a system with 
up to six degrees of freedom will be fully determined by these equations, 
and if the applied system of external forces is known. A system S, for 
example, consisting of two particles moving under the action of known 
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forces without kinematic constraints will have I = 3n — p = 6 and can 
be determined; a system consisting of, say, three particles, with two 
kinematic constraints, will have I = 3n — p = 7 and so is undetermined. 

If, in particular, a system S moves on a plane tt, fixed in an 
inertial reference frame, two equations of motion of the first type, in 
directions parallel to the plane, and a single equation of motion of the 
second type, in the direction normal to the plane, will be available for de- 
termining the coordinates that describe the system; the three remaining 
equations can, however, provide information on unknown force compo- 
nents. 

Example 3.3 Two small bodies A and B, with masses mA and ms, 
respectively, slide over a smooth, horizontal flat surface, interconnected by 
a thread with negligible mass that passes through a peg P, fixed on the 
plane, as shown (see Fig. 3.6). 




The system moves freely on the plane with the thread stretched. Assuming 
that the friction between the latter and the peg prevents the thread from 
sliding, the system will then have only two degrees of freedom; the coor- 
dinates 6{t) and (fit) describe their configuration adequately. The applied 
external forces consist of Fp, applied by the peg, conveniently broken down 
into Fini and F 2 n 2 ; the weights of the bodies, — and — rriB^ria; and 
the forces of contact on the surface, Abins and Nsns- The external resul- 
tant force will therefore be 

F = Fim -I- F2ri2 -I- [Na + Nb — {mA + ms)g)n3. 
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The momentum vector of the system in the reference frame fixed on the 
surface is 

+ G® 

= mAa 9 {s\n Oni — cos 0ri2) + TOB&0(sin 0 ni + cos (^112). 

Differentiating with respect to time and substituting in Eq. (3.6), one has 
the three components of the first equation of motion for the system: 

mAa(9 sin 6 + 8^ cos 8) + mBb{4> sin (j> + cos 0) = Fi; (a) 

m,Aa{— 8 cos 8 + 8^ sin 8) + tob&( 0 cos (j) — sin 0) = F2; (b) 

Na + Nb - {nfiA + rnB)g = 8i- (c) 

Note that, in this set of equations, the coordinates 8(t) and 0(f) and the 
components of force Fi, F2, Na, and Nb are unknown. Equations (a-c) are, 
therefore, not enough to establish the motion of the system. The resultant 
moment of the system of applied external forces with respect to point P 
(fixed) is 



_ ruAg) (— sin 0ni + cos 810.2) 

+ b{NB — nfiBg) (sin0ni + cos 0ri2). 

The angular momentum vector of the system with respect to point P is 

rS/p ^ R^P rB/p ^ _ rnBb^ip)^^.. 

Differentiating with respect to time and substituting in Eq. (3.15), then 
the three components of the second equation of motion for the system are 

0 = —{Na — mAg)asin 8 + {Nb — mBg)bsin 0, (d) 

0 = {Na — mAg)a cos 8 + {Nb — m.Bg)b cos 0, (e) 

mAa^'S — mBb^if = 0. (f) 

Observe now carefully the set of Eqs. (a-f). Although the number of un- 
knowns (six) is equal to the number of equations, the solution is not neces- 
sarily guaranteed. In fact, as Na = niAg and Nb = rnsg (which can 
be easily checked by using Newton’s second law in the direction 113 for A 
and B separately), Eqs. (c), (d), and (e) are identically null. There then 
remain Eqs. (a) and (b) (first type, in directions parallel to the plane of 
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motion) and Eq. (f) (second type, in direction orthogonal to the plane), 
insufficient, in principle, to fully determine 4 >(t), 0 (t), Fi, and E2. Investi- 
gating the available equations a little further, it can be seen that a possible 
solution for Eq. (f) is given by 

6 {t) = LOAt + Oo, 4 >{t) = Lost + 4 >o, 

where to a, oob, ^o, and 0o are constants depending on the initial conditions 
of the motion. Note that this solution prescribes a uniform circular motion 
on the plane for both bodies. The components of force applied by the peg 
can then be established from Eqs. (a) and (b), resulting in 

Fi = mAaojA cos 6 + mBboj% cos <p, 

F2 = mAaujA sin 0 — mBbtOs sin cj). 



Example 3.4 Consider the double pendulum consisting of two small 
identical bodies A and B, with mass m each, hanging from threads with the 
same length r, as shown (see Eig. 3 . 7 ). Assuming the earth as an inertial 
reference frame and abandoning the system from rest on a vertical plane, 
with arbitrary 0(0) = 0o and 0(0) = 0o, the set will move, remaining on 
the plane. The system, therefore, has two degrees of freedom, described by 
the coordinates 0 {t) and 4 >(t). The applied external forces are the weights 
and the traction in the top thread, passing through O. The reduction of 
this force system to point O is given by its resultant, 

F = ( 2 mg — T cos 0 )ni — T sin 0ri2, 
and its resultant moment with respect to O, 

_ — 77),g7'(2 sin 0 -1- sin 0)113. 

The momentum vector of the system, in a general position, is 

= G^ + 

= mr(^ — ( 20 sin 0 - 1 - 0 sin 0 )ni - 1 - ( 20 cos 0 -|- 0cos0)ii2). 
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Figure 3.7 



Differentiating with respect to time and substituting in Eq. (3.6) results in 
two components for the first equation of motion: 

■ 9 " -9 T 2o 

^sin 0 + 0 COS0 + 2(0 sin 0 + 0 cos 0) = cos 0 ; (a) 

mr r 

0 cos <t> — (f)^ sin 0 + 2(0 cos 0 — 0^ sin 0) = sin 0. (b) 

mr 

Note that the equation in the direction of 113 is identically null. Now 
calculating the angular momentum vector of the system with respect to 
point O, then 

hS/o _ jj+o _l_ 

= mr^ [(2 + cos(0 — 0))0 + (1 + cos(0 — 0))0] ns. 
Differentiating with respect to time and substituting in Eq. (3.16), then 
(2 + cos(0 — 0))0 

+ (1 + cos(0 — 0))0 — sin(0 — 0)(0^ — 0^) = —-(2 sin 0 + sin 0). ^ ^ 

When removing T from Eqs. (a) and (b) and joining Eq. (c), this gives 
a nonlinear system with two coupled differential equations for the coor- 
dinates 0(t) and 0(f). This system is strongly nonlinear and extremely 
sensitive to the initial conditions. Indeed, for small oscillations, the equa- 
tions may be linearized (as in the case of the simple pendulum, studied in 
Chapter 4), resulting in periodic behavior. However, when given arbitrary 
initial conditions, the behavior of the solution is hard to forecast. This 
behavior is called chaotic motion. See the corresponding animation. 
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5.4 Continuous Systems 

In Section 5.3 the equations of motion are established for discrete sys- 
tems of particles. As noted in Section 5.1, the relations established for 
discrete systems always have a counterpart for continuous systems, it be- 
ing only necessary for this to substitute the masses rrii, of the constituent 
particles, by the mass dm = pdV, of an infinitesimal mass element, and 
the sums for the n particles of the discrete system by integrals in the 
body. The equations present in this section may all be derived by iden- 
tical procedures to those used for the derivation of their counterpart for 
discrete systems and, for this reason, are left to the reader. 

Let us then consider a body C, with mass m, moving arbitrarily 
in an inertial reference frame TZ. The reader should note carefully that, 
when the term body is used, we are referring without distinction to a 
rigid body, a deformable solid, or a fluid portion in motion. Also let O 
be a point fixed in 7^, Q a point moving arbitrarily in TZ, and C* the 
mass center of C (see Fig. 4.1). 




Let be the system of external forces acting on C, whose 
resultant is F and whose resultant moments with respect to the points 
C*, O, and Q are and , respectively. The first 

equation of motion for the body C is then given by 



= F 



(4.1) 
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that is, the time rate, in an inertial reference frame TZ, of the momentum 
vector in 7?. of a body C is, at each instant, equal to the resultant of 
the system of applied external forces. An interesting alternative form 
of expressing this result is to consider a particle (fictitious) with mass 
equal to the mass m of the body and with movement identical to that 
of its mass center, resulting in 



G* = F, (4.2) 

or, also, the acceleration in TZ of the mass center being a*, 

msL* = F. (4.3) 

Arbitrating a system of Cartesian axes to break down the vec- 
tors, Eq. (4.1) assumes the form of three scalar equations: 

G? = Fv, 

= F2-, (4.4) 

= Fs. 

Alternatively, by resolving Eq. (4.3) into the same directions, 
this gives the set of three scalar equations, called equations of motion of 
the first type for a body, as follows: 

ma\ = Fi; 

mal = F 2 ; (4.5) 

ma^ = F3. 

Now taking moment with respect to point Q, mobile, the second 
equation of motion for a body C moving in an inertial reference frame 
TZ assumes the general form 

TZ-^c/Q ^ tzqC ^ ( 4 . 6 ) 

Just as happens to discrete systems, the general form for the 
second equation of motion involves two terms on the left side of the 
equation: one consisting of the time rate in the inertial reference frame of 
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the angular momentum of the body with respect to the point; the other 
consisting of the cross product of the velocity of the point in the reference 
frame by the momentum vector of the body, in the same reference frame. 
Also here, two simplified forms are useful for the second equation of 
motion of a body, as happens when the adopted point Q is the mass 
center itself of the system (and, in this case, v* is parallel to , 
canceling out the second term), or when Q is fixed in TZ (in this case, 
canceling out 

For the mass center, then, the second equation of motion is 
reduced to 

n-^c/c* ^ ^ 

On the other hand, if the force system is reduced to a point O 
fixed in the inertial reference frame, the second equation of motion will 
assume the alternative form 

n-^c/o ^ ^ (4.8) 

Finally, the decomposition in three mutually orthogonal direc- 
tions, from either Eq. (4.7) or Eq. (4.8), leads to three scalar equations, 
consisting on the equations of motion of the second kind for a body, so 
that: 

= Mf"; 

= (4.9) 

where , j = 1,2,3, are the scalar components of the time rate of 
the angular momentum vector of the body with respect to the mass 
center or to the chosen fixed point and j = 1, 2, 3, are the scalar 

components of the resultant moment with respect to the coordinated 
axes, with origin in the mass center or in the fixed point, respectively. 
Note that the decomposition of Eq. (4.7) or Eq. (4.8) provides three 
mutually independent equations. 

As an illustration, a possible alternative is given below for the 
demonstration, step by step, say, of Eq. (4.8). Other equations above 
may be derived by adopting a similar procedure. 

TZa 

n-^c/o _ ^n-^c/o 

dt 
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f 

= —— / p X V am 



dt 



ic 



= / V X V dm + / p X a dm 



'c 



'c 



= / p X dH 

Jc 

= M.^do _ 



[from Eq. (1.19)] 

[der. of the prod.] 

[second law] 
[from Eq. (2.17)] 



The reader will have no difficulty in deriving the other results in this 
section, following the same steps taken to obtain the valid relations for 
discrete systems. 

Let the reader’s attention now turn to the general form that the 
equations of motion take for discrete or continuous systems. Eor both 
kinds of systems, there are two types of equations: one equation that 
governs the motion of its mass center (Eq. (3.3) for discrete systems and 
Eq. (4.1) for continuous systems); and an equation governing the motion 
of the system around its mass center (Eq. (3.13) for discrete systems 
and Eq. (4.7) for continuous systems). This pair of equations has a 
special characteristic: On one side of the equations are the time rates, 
in an inertial reference frame, of the resultant and resultant moment of 
a system of momentum vectors, this pair consisting of a reduction to 
the mass center of the system Q of momentum vectors; on the other side 
are the resultant and the resultant moment of the system Te of external 
forces, this latter pair consisting of a reduction in the mass center of the 
force system. The first equation of motion, therefore, equals the time 
rate of the resultant of the system of momentum vectors to the resultant 
of the system of external forces; the second equation of motion, in turn, 
equals the time rate of the resultant moment with respect to the mass 
center of the system of momentum vectors to the resultant moment with 
respect to the mass center of the system of applied external forces. Eor 
the equations of motion of the second type, it is worth remembering 
that there is always the alternative of reducing the systems to a point 
fixed in the inertial reference frame, resulting in Eq. (3.15) for discrete 
systems and in Eq. (4.8) for continuous systems. 

Example 4.1 A homogeneous rod B, with mass m and length 2a, 

moves on the vertical plane xy, having its end O hanging by a known 
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vertical force V, and the other end Q supported, by means of a roller, 
on a horizontal plane (see Fig. 4.2). The linear coordinate x{t) of point 
Q, and the angular coordinate 0(t), indicating the slope of the rod with 
respect to the vertical, are enough to describe the system (two degrees of 
freedom). Let us establish the equations of motion for the rod, in terms 
of the chosen coordinates and the unknown force N applied to the roller 
by the horizontal plane. The system of external forces acting on the rod 
consists of its weight, mg, applied to point C, mass center of the rod, the 
vertical force V, applied to O, and the vertical force N, applied to Q. The 
resultant of this system is, therefore, 

F = {V + N — mg)n. 2 , 




and its resultant moment with respect to C is 

= {N - F)asin6ln3. 

The velocity of the mass center is given by 

c Q , B C/Q 

V = + w X p 

= ini + 0ns X a{— sin 0ni + cos 0n2) 

= {x — aO cos — ad sin 9n.2 ■ 

By differentiating with respect to time, the acceleration of point C can be 
computed as 

a^ = 



(x — a(dcos 6 — 6^ sin 0))ni — a{0 sin 6 + 6^ cos 9) n2. 
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The position of a generic point P of the rod, distant r from the mass center, 
with respect to the latter, is given by 

p = r(— sin 6ni + cos 0 u 2 ), 



and its velocity is 

V = + ui^ X p 

= {x — a6 cos 6)ni — a0sin0ri2 + 0ri3 x r(— sinflni + cos0ri2) 

= (i — (a + r-) 0 cos 0 )ni — (a + r)0sin0ri2. 

An expression can then be established for the angular momentum vector 
of the rod with respect to its mass center, given by 

= / p X V dm 

J B 



= / r(— sin 0ni + COS 0ri2) 

J —a 

X ((i — (a + r)0 cos 6)ni — (a + r)0 sin 0112 ) ^ dr 

/ a 

(^{a + r)9 — X cos 0) r dr 113 

■a 



1 2n 

= —ma u ns. 
3 



Its time rate is then 



tjB/C ^ 2 ^ 

hi ‘ = -ma 6/ ns. 

3 



The equations of motion for the system are then, according to Eqs. (4.5) 
and (4.9), 



X — a(6 cos 0 — 9^ sin 9) = 0, (a) 

a(9 sin 9 + 9^ cos 9) = g — ^ ^ 

m 

q^3s^ 

ma 

which consist of a coupled system of equations for x{t), 9{t), and N(t). 
The elimination of N from Eqs. (b) and (c) leads to a nonlinear differential 
equation for 9(t), which shall require numerical integration. Once 9(t) is 
established, Eq. (a) can be solved for x{t) and Eq. (c) for N{t). Also 
note that, since it is a plane motion, only two components of the equation 
of motion of the mass center and a single component of the equation of 
motion around the mass center are of interest, in the case, the rest being 
identically null. See the corresponding animation. 
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Example 4.2 Consider an uncompressible fluid, with density p, that 
flows in a steady state with uniform velocity n in a piece of pipe consisting 
of a curve at 90°, on the horizontal plane, having one end rigidly flanged 
and the other coupled to an expansion joint (see Fig. 4.3a). We wish to 
determine the forces in the flange, assuming that the forces in the joint and 
the weight of the fluid are negligible compared to the other forces involved. 
It is convenient, in this case, to adopt the fluid contained in the curved 
stretch of pipe and the tubular curve itself as a study system, in order 
to internalize in the system the distributed forces of interaction between 
the inside wall of the pipe and the fluid. This methodological alternative 
will help to establish the forces on the flange, as required, without further 
difficulties, since the solid part of the system is a rigid body fixed in the 
inertial reference frame and therefore does not contribute to the momenta. 



It 




In order to establish the time rate of the momentum vector of the sys- 
tem, two subsequent instants will be considered (see Fig. 4.3b). First, a 
portion of fluid occupies the curve and an element of the joint, with mass 
dm = pA dr = pAv dt, where A is the cross section of the pipe. The mo- 
mentum vector of the body C (fluid plus pipeline) is then given by 

G{t) = Go -|- pAv'^ dt ri 2 , 

where Go is the momentum of the portion of fluid inside the curve (the 
pipeline itself is at rest, not contributing, therefore, to G). Shortly after- 
ward, the vector momentum of the system is (see Fig. 4.3b) 

G{t + dt) = Go — pAv^ dt ni. 
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The time rate of the momentum vector of the body is, therefore, 



^ G(t + dt) - G{t) ,2, 

G = — ^ ^ = -pAv^ (m + ns). 



Point O, the curvature center of the pipe, is fixed in the inertial reference 
frame, being convenient for calculating the angular momentum vector of 
the system. In fact, as the system is in steady state, v is constant and 
the angular momentum vector of the body C with respect to point O is 
constant in time. It results, then, that 



= 0 . 



By reducing to point P, in the middle of the flange, the forces applied to it, 
as it is a rigid link, consist of three force components, Fi , F2 , F3 and three 
torque components, Ti,T2,T3. The distributed forces due to pressure 
p in the fluid also may be considered uniform in the stretch considered. 
Then, by reducing the pressure in the outlet section to point P and the 
pressure distribution in the ingoing section to point Q, the local resultants 
are Fp = pAn.i and Fq = pAri 2 (see Fig. 4.3c), respectively. Then, 
reducing the system of all applied external forces to point O, the resultant 
is 

F = (Fi + pA)\ii + {F 2 + pA)\i 2 + F 3 ri 3 , 
and the resultant moment is 

= (Ti + /?F3)m + T2H2 + (T3 - i?Fi)n3. 

The equations of motion for this system are then, according to Eqs. (4.5) 
and (4.9), 

—pAv^ = Fi + pA, 

—pAv^ = F 2 + pA, 

0 = Fs, 

0 = Ti + RF 3 , 

0 = T 2 , 

0 = T 3 — RF\. 

By solving the algebraic system for the scalar components of force and 
torque applied to the flange, then 

F = ~{p+ pv^)A{m + ri 2 ), T = ~{p+ pv^)RAii 3 . 
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5.5 Work and Potentials 

Section 4.5 discussed the concept of the work performed by a force that 
acts on a point P moving in a given reference frame TZ. Equations (4.5.2) 
and (4.5.5) are two alternative ways to calculate the work done by the 
force between two positions or two instants. It was also shown that the 
resultant work of a simple concurrent system in a point is equal to the 
work done by a force equal to the resultant of the system applied on the 
point, as expressed in Eq. (4.5.4). These concepts are satisfactory for the 
study of the motion of a particle, on which a simple and concurrent force 
system always acts. When dealing with systems of particles or bodies, 
however, this approach is incomplete, since more general systems of 
forces may be present. This section is devoted to the generalization of 
the ideas relating to the work applied by a force system and its potential 
functions. 




Figure 5.1 



Consider, then, S, a general meehanieal system, consisting of p 
particles P^, with mass nii, i = 1,2, . . . ,p, and q bodies Cj, with mass 
rrij, j = l,2,...,q (see Eig. 5.1a). 

Let IF be the system of all forces acting on S, consisting of a 
subsystem of internal forces, Ti, and a subsystem of external forces, Te- 
Let us now be restricted here to the consideration of a simple system of 
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forces, that is, those in which there are no applied torques (see Section 
2.3). The study of the work performed by a torque is discussed in 
Chapter 7, which is devoted to the dynamics of the rigid body. Let 
us, then, assume that J- comprises K external concentrated forces Ffc, 
L internal concentrated forces f/, a field of external distributed forces 
dF, and a field of internal distributed forces df. The reduction of this 
force system to a general point O will consist, then, of a force equal to 
its resultant. 



R = F + f 

K .. L .. 

= J2^k+ dF + Y,fi+ di, 

k=l ds Js 



applied to O and a torque equal to its resultant moment with respect 
to O, 






K „ L „ 

^PfcXFfcT / pxdF + ^p;xfj+ / p X df, 

fc=i ds Js 



(5.2) 



where p are position vectors, with respect to O, of the corresponding 
points of an application of the forces (see Fig. 5.1b). 

As shown in Section 5.2, f = 0 and _ q_ reduction 

to O is then restricted to 



K 

R = F = VFfc+ / dF, 
fc=i ds 

K 

M^/o = M.^do = ^ X Ffc + / p X dF. 

fc=l d s 



(5.3) 



Although the system Ti does not contribute to the reduction 
to a point of the system of applied forces, it will generally contribute 
to the work done on the system S. In fact, the total work of J- in 
the reference frame IZ between two configurations S{ti) and S{t 2 ) of the 
system (see Fig. 5.2) will be the sum of the work done by each component 
of force, the decomposition being natural: 



'R.^^e _j_ 

'12 '12 ' '12 I 



(5.4) 
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that is, the resultant work of the force system IF, in a given reference 
frame TZ, between two arbitrary configurations of the system, can be 
broken down into the works performed by the subsystems Fe and Fi. 



S (t2) 




Figure 5.2 

The resultant work of the external forees on a system S between 
two arbitrary configurations, in a given reference frame TZ, is defined, 
naturally, as the algebraic sum of the works performed by their compo- 
nents, between these configurations, in the same reference frame, then 
being given by 

+ [ f^dF- ( 5 . 5 ) 

where p is the position vector with respect to a point O, fixed in TZ, 
of the point of application of the corresponding force (concentrated or 
distributed). Note that, for the sake of simplicity, the work of the dis- 
tributed forces was expressed as an integral throughout the system; of 
course, the portion of this integral in the region where there are no forces 
of this nature applied will be identically null. 

The resultant work of the internal forees, on a system S between 
two arbitrary configurations in a given reference frame TZ is defined, in 
turn, as the sum of the works, in TZ, of its components, being equal to 



( 5 . 6 ) 
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It is worth noting that if and Pj are any two particles com- 
ponents of S, then, although their mutual interaction consists of a pair 
of opposite forces, their local displacements, dpi and dpj, are, in gen- 
eral, independent or, at least, different (see Fig. 5.3a), and, therefore, 
the contribution of these forces for the resultant work of the internal 
forces is not necessarily null, that is, 

^Ti 2 ^ + '’^Ti 2 " / 0, in general. (5.7) 




An important exception to the inequality just described occurs 
when two particles of a system S move in a reference frame TZ in such a 
way that their relative distance remains invariant with time. In fact, if 
the distance between P^ and Pj stays fixed, their relative position vector, 
Pij = Pi — Pj, has a constant module and '^dpij = ^dpi — ^dpj is a 
vector necessarily orthogonal to pij (see Fig. 5.3b). The result, then, 
is that the joint contribution of the forces of interaction between the 
particles under consideration are 

n2 






7 '^ij _|_ 

12 “T / 12 



n 



‘■ij 



dPi + 



n 






dPi 



= / fij • { dpi - ’^dpi) 



(5.8) 



= / f, 



n 






dp 






= 0 

if Pi and P,- keep a constant distance. 
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Just as the contribution for the total work of a given force, 
component of the system iF, is null when the point on which it is applied 
is fixed in the reference frame or moves in it with a velocity orthogonal 
to the applied force, Eq. (5.8) guarantees that the joint contribution, for 
the resultant work, of the interacting forces between elements that keep 
a constant mutual distance is null. This result is especially important 
when analyzing the rigid body; in fact, the condition of rigidity will 
ensure that the contribution of the whole system of internal forces for 
the resultant work is null. 

When some of the forces, either internal or external, acting on 
the system are conservative (see Section 4.5), its contribution for the 
resultant work may be obtained directly by the change of its potential 
function, as established in Eq. (4.5.8). When there is a set of conser- 
vative forces, internal or external, this will consist of a subsystem iFc, 
which admits a potential energy, such as defined in Eq. (4.5.10), and the 
contribution of this subsystem for the resultant work will be equal to 
the change of this potential energy, as established in Eq. (4.5.11). 

Example 5.1 Consider the system S consisting of four small bodies 
with the same mass m each and connected by threads with length a each 
and a linear spring, with elastic constant k and natural length a. The 
system is at rest on a smooth, horizontal plane, in the configuration shown 
in Fig. 5.4a, when the horizontal force F, which remains constant in time, 
is applied to the body A. 




A catch, fixed on the plane, prevents the motion of body D and, after an 
interval of time, the system will be found in the configuration shown in 
Fig. 5.4b. Figure 5.4c shows all external and internal forces applied on the 
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system (the weights and the normal forces applied by the plane are not of 
interest, since there is no motion outside the plane). The unknown force 
H is applied by the catch on D. Given its symmetry, the system has only 
one degree of freedom. It is convenient, nevertheless, to describe it by the 
coordinates x(t), which measures the distance between D and A, and 0{t), 
which measures the angle shown. The infinitesimal displacements of the 
bodies are 

dp = dxni, 

dp^ = — add(sindni +cos 0 ri 2 ), 
dp^ = a d0(— sin dni + cos O 11 . 2 ), 
dp^ = 0. 

Since D is fixed, the work of H is null and the resultant work of the external 
forces will be obtained by calculating the work of the force F, that is. 



/ 12 — / 12 — 



p2 pay/3 

/ F dp'^= Fdx= {VS-V/ Fa. 

J 1 J aV2 



Assuming that the threads remain stretched, their contribution to the re- 
sultant work of the internal forces is null, as established by Eq. (5.8). 
Computing the work done by the forces applied by the spring on B and C, 
that is, the resultant work of the internal forces, we have 





'12 — 



= —2ka 



fk-n.2 ■ dp + J -fkn.2 ■ dp 

j'TT /6 

7t/4 

ka^. 



(2 sin 6—1) cos 6 dd 



3-2V2,_ 2 



It is interesting to note that the variation of the potential function of 
the spring between the two configurations under consideration is (see Sec- 
tion 4.5) 



<l>fc(6) - <hfc(a) = ifcdg - hsl = 0 - ^k(aV2 - a)^ = -^—^ka\ 

as would be expected. The total resultant work done over the system, in 
that interval, is, therefore. 



1 12 — ^ 



Z-'j2)F+ ^ ^^ ka 
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Example 5.2 The homogeneous rod B, with mass m and length 
a, is supported on the horizontal plane, revolving at its end O around 
a fixed vertical peg on the plane (see Fig. 5.5a). The orthonormal bases 
ni, ri 2 , ri 3 and bi, b 2 , bs are fixed, respectively, on the plane and rod, which 
is initially at rest, aligned with axis X 2 {0 = 0), when the constant force 
Fq = ^FQ(rii — 112 ) is applied to the end Q. Assuming that /i is the 
dynamic friction coefficient between the rod and the plane, then we wish 
to establish the resultant work from the original configuration until the 
instant when the rod is aligned with axis xi. As this is a rigid body, the 
internal forces do not contribute to the resultant work, as established in 
Eq. (5.8), that is, 

= 0 . 





(b) 



Figure 5.5 

The system of external forces, Fe, consists of Fq, concentrated, applied 
on Q; the weight P = —mgns if treated as a concentrated force applied to 
the mass center of the rod, or dP = —g dmns if treated as a distributed 
force along the whole rod; the normal distributed force, applied by the 
plane, dN = —dP; the concentrated force H, applied by the pivot on 
O; and, lastly, the friction force, also distributed, applied by the plane, 
dFa = —gdNhi (see Fig. 5.5b). The weight and the normal force do not 
work, as they are orthogonal to the direction of motion of the respective 
points of application. Nor does the force H work as it is applied on a fixed 
point in the reference frame. Taking r as an integration variable along the 
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rod, the resultant work is then, according to Eqs. (5.4) and (5.5), 



= / [FQ-dp^+ I dFa ■ dp 



tI 2 



F 7Tl 

— ^(ni — ri 2 ) • ad^bi + / — g drhi ■ r dOhi 

V2 Jo a 



^ Jo (^(cos6» + sin6>) - d6> 

= (y2FQ - a. 



Note that, from the result obtained, it is assumed that Fq > {ttI 4\/2) gmg; 
otherwise there is no movement. See the corresponding animation. 

If S is a general mechanical system, like that defined at the 
beginning of this section, and S* is its mass center, whose position with 
respect to a point O, fixed in the reference frame TZ, is given by the 
position vector p*, the local displacement of a point of S where a 
concentrated force is applied (or of a general point P of 5 where a 
distributed force dF is applied), in a reference frame TZ, it can be broken 
down, respectively, into 

'^dpk = '^dp* p'^dvk, '^dp = '^dp* + '^dr, (5.9) 



where (or r) is the position vector with respect to the mass center, 
as shown in Fig. 5.6. 

When substituting Eq. (5.9) in Eq. (5.5), then we obtain 



TZq-Te _ 
' 12 




dp* +'^ dr k 




= I F-^dp + 




^dvk + 




(5.10) 



The first term of Eq. (5.10) may be interpreted as the resultant 
work of the external forees on the mass eenter in the reference frame 
TZ, that is, it is the work done by the external resultant force, F, as if 
applied, in the interval, on the mass center given, therefore, by 
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The second term of Eq. (5.10) may, in turn, be interpreted as the resul- 
tant work of the external forees around the mass eenter in the reference 
frame TZ^ that is, it is the work done by the external forces, as if the 
motion of the system were to happen around the mass center, being then 
given by 




By then substituting Eqs. (5.11) and (5.12) in Eq. (5.10), we see that 
the resultant work applied by external forces is broken down as 






q-y-e _ ’Rq-F 

' ^‘2 f ^‘2 ' 



n 






(5.13) 



Similarly, the resultant work of the internal forees on the mass 
eenter in reference frame TZ may be defined as 

I = (5.14) 

this work always being null, since f = 0, in any case. There remains, 
however, the resultant work of the internal forees around the mass eenter^ 
in the reference frame TZ, that is. 
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and this may be different from zero, although the resultant of the internal 
forces vanishes. The result, then, is that 

TZq-Ti _ 'R.q-TijS* 

'l2 'l2 

In short, the resultant work on a system S between two arbi- 
trary configurations, in a given reference frame, will always be the sum 
of the resultant work of the external forces with the resultant work of 
the internal forces, as shown in Eq. (5.4). The resultant work of the 
external forces may be calculated by adding up the works of each of the 
acting external forces, each obtained by integrating along the trajectory 
the dot product of the force by the displacement of its point of action, 
as Eq. (5.5) expresses, or as the resultant work on the mass center plus 
the resultant work around the mass center, as shown in Eqs. (5.11-5.13), 
where the displacements now refer to that of the mass center itself and 
of the application points of the forces relative to the former. 

On the other hand, the resultant work of the internal forces 
may be calculated alternatively by Eq. (5.6), directly, or calculating 
the work of the internal forces around the mass center, as indicated by 
Eqs. (5.14-5.16). 

Example 5.3 Returning to Example 5.2 (see Fig. 5.5), the resultant 
work on rod B is now going to be established by using the decomposition 
of the mass center. As the forces P, dN, and H do not work, they do not 
need to be included in the calculation. The external resultant force, not 
including those that do not work, is then 

F = — p ((cosd -|- sind)bi -|- (sin 0 — cosd)b 2 ) -|- / — drbi. 

V 2 Jo ^ 

The infinitesimal displacements of the mass center and of a general point 
in relation to the mass center are, respectively, 

dp* = ^ dd bi , dr = ~ ■ 

The resultant work of the external forces on the mass center is then, ac- 



(5.16) 
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cording to Eq. (5.11), 



n-i-F _ 

1 12 — 



F . 



((cos 6 + sin 0)bi + (sin 9 — cos d)b 2 ) 



/j,mg 



dr bi 



^d9hi 



Fq 7T 

V2 4 



fimg a 



The resultant work of the external forces around the mass center is, in 
turn, according to Eq. (5.12), 



/ 12 




dF • dr 



((cos 0 + sin d)bi + (sin 0 — cos 0 )h 2 ^ ■ ^dO hi 



'o- pa 



jimg 



dr hi ■ (r ] dOh 



Fqa 

C2 ■ 



The resultant work of the external forces is, therefore, according to 
Eq. (5.13), 



Ttf-r-Te 
1 12 



f 12 ~F f 12 




a, 



as obtained in the previous example. As this is a rigid body, the resul- 
tant work of the internal forces will be null and Eqs. (5.14-5.16) will be 
identically null. 
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5.6 Work and Energy 

If 5 is a general mechanical system, as defined in Section 5.5, moving in 
an inertial reference frame TZ under the action of a force system the 
resultant work on S, in TZ, between two configurations of the system. Si 
and 5*2, will be equal to the change in its kinetic energy, in TZ, between 
these two states, that is, 

. (6.1) 

Equation (6.1), therefore, establishes the relationship between 
the resultant work and the change in the kinetic energy of a system, re- 
sembling the law expressed in Eq. (4.6.3) for a particle, and generalized 
now for a general mechanical system. The proof of the result follows, es- 
sentially, the same steps for deducing Eq. (4.6.3), adding and integrating 
now to the whole system. 

As a starting point, let us take the equation of motion valid for 
each one of the p particles of S, rriiai = R^, i = 1,2, ... ,p, where 
is the acceleration, in the inertial reference frame, of and is the 
resultant force applied to the particle [see Eq. (3.2)], and also to a general 
element of each one of the q bodies of S, dnijaj = dR^, j = 1,2, ... ,q, 
where is the acceleration, in the inertial reference frame, of an element 
of the body Cj and dHj is the resultant force applied to the element 
(see Eig. 6.1). 

Taking then the equations of motion above, dot-multiplying 
with the respective local displacements (^dp^ and ^dpj), integrating 
along the trajectory of each particle or element between the two config- 
urations considered, and, finally, adding for the whole system S, then 
we obtain 




(6.2) 
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Although the above equation may seem complex at first glance, 
it involves only concepts already studied. In fact, 




. 



dvi 




i=l 



2 

1 



Likewise, 




Therefore, the term on the left of Eq. (6.2) corresponds, according to 
Eqs. (1.10) and (1.23), to the difference between the kinetic energy of 
the system in the two configurations. On the other hand, according to 
Eqs. (5.5) and (5.6), 

P (-2 
i=l 

is the work done by all concentrated internal and external forces, applied 




5.6 Work and Energy 



363 



on the system in the interval, while 

± dR,.^dp, 

Jl 

is the work done by all distributed internal and external forces applied 
on the system, in the same interval. The term on the right of Eq. (6.2) 
is then the total resultant work of the force system acting on the system 
in the interval, thus concluding the proof of Eq. (6.1). 

Example 6.1 Figure 6.2 reproduces the system analyzed in Example 
5.2. Assuming that the rod B leaves from rest aligned to axis X 2 , we wish 
to compute the velocity of the point Q when crossing axis x\. If oj{0) is 
the module of the angular velocity of the rod in a general position 9, the 
kinetic energy of B is, according to Eq. (1.23), 




Figure 6.2 

The kinetic energy change between the positions 9 = 0 and 9 = tt/ 2 is then 

D 
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where LO2 = w ( 7 t / 2 ). From Eq. (6.1), then, we have the relationship to find 
the angular velocity in the configuration desired (see Example 5.2 for the 
computation of the resultant work). 




This example illustrates the facility of obtaining the solution from Eq. (6.1) 
whenever we wish to calculate a velocity. See the corresponding animation. 

When conservative forces are among the forces acting on a sys- 
tem, their contribution to the resultant work may be calculated by the 
change in its potential function, as stated in Eq. (4.5.8). Should there 
be more than one conservative force, their joint contribution for the 
resultant work may be calculated by the change in the sum of the corre- 
sponding potential functions — called the potential energy of the system 
— as stated in Eq. (4.5.11). Breaking down, then, the resultant work 
on the system between two configurations into a work done by the con- 
servative forces, including internal and external forces, and a work done 
by the nonconservative forces, also with external and internal forces, as 
expressed by Eq. (4.5.9), the work energy relationship, Eq. (6.1), may 
be stated alternatively by 

^K'^(2) -b^4>^(2) - ^if^(l) - ^4>'^(1) (6.3) 

When defining the mechanical energy of the system, in a reference frame 
TZ, like the algebraic sum, at each instant of its kinetic energy and po- 
tential energy in TZ, that is, 

= (6.4) 

the balance of energy of the system may also be given by 

^E^(2) - ^E^(l) = . (6.5) 

It is evident that Eq. (6.5) is valid only when TZ is an inertial reference 

frame. 
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Example 6.2 Going back to Example 5.1 (see Fig. 6.3), we now wish 
to establish the velocity of body A in configuration (b) , recalling that the 
system was in rest in configuration (a). The internal forces contributing to 
the resultant work between the two conservative configurations are those 
applied by the linear spring on the bodies B and C and whose change in 
the potential function, established in the aforementioned example, is 

/ X 3-2^2, 2 
<l>fc(6) - <hfe(a) = ^ ka . 

The only external force acting on the plane of motion is the constant and 
also conservative force F. The change in its potential function in the inter- 
val considered is 

^F{b) - $F(a) = -F[x{b) - x(a)) = -(Vs - V2) Fa. 





a 



b 



Figure 6.3 



The change in the potential energy of the system S is then 

= -((V3 - V2)F+^^^ka) a. 

The initial kinetic energy is null and the kinetic energy in configuration 
(b) is (check the kinematic relation between vb, vc, and va) 

^K%b) = ^ 



= + Vb + Vc) 



= ^mvA- 
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Then by substituting in Eq. (6.3) and solving for va, we would get 

1 

'3 



VA = 



2a 

3m 



3-V2)F+ (-- 



2 I ka 



Now going back to the equation of motion for the mass center 
of a system, Eq. (3.5), or for a body, Eq. (4.3), dot-multiplying both 
members by the local displacement of the mass center in the inertial 
reference frame, ^dp* , and integrating along the trajectory of the mass 
center of the system or body in the reference frame, we will have 

r2 r2 



ma 






dp^ = I F 



( 6 . 6 ) 



Ji Ji 

Again, it is easy to identify the term on the left, from the Eqs. (4.1.22) 
and (1.11), as the change between two configurations of the kinetic en- 
ergy of the mass center, (2) (1); the term on the right 

corresponds, according to Eq. (5.11), to the resultant work of the exter- 
nal forces over the mass center, in the inertial reference frame, it being 
therefore demonstrated that 

^A^*(2) - ^A^*(l) = (6.7) 



In short, Eq. (6.7) establishes that the change of the kinetic energy of 
the mass center of a system or body between any two configurations, in 
an inertial reference frame, is equal to the resultant work of the external 
forces on the mass center. 

Looking at Eqs. (6.1) and (6.7) together, it is natural to find 
that the terms of the latter consist, on both sides, of parts of the former. 
In fact, from Eq. (1.13), which establishes a decomposition for the kinetic 
energy of a system, and from Eqs. (5.4), (5.13), and (5.16), which give a 
decomposition for the overall resultant work applied on the system, and 
subtracting Eq. (6.7) from Eq. (6.1), the result is 

UrS/s* ^2) - (1) = _ ('g 



Equation (6.8), therefore, expresses the equality between the change 
of the kinetic energy of a system around its mass center, in an inertial 
reference frame, between two arbitrary configurations of the system, and 
the resultant work around the mass center, in the same reference frame 
and between the same configurations, the external and internal forces 
contributing to that. 
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5.7 Conservation Principles 

In the study we did on the dynamic behavior of systems and bodies, a 
set of equations governing their motion in an inertial reference frame was 
established; the equations of motion of the first and second kinds and 
the energy balances comprise the fundamental relationship that help to 
determine the time evolution of mechanical systems. 

In the same way as happens for a particle, canceling the gener- 
ation term of any of those equations, there is a principle of conservation, 
that is, the corresponding property is conserved. 

In this section we will examine the principles of conservation 
applicable to discrete systems of particles and continuous bodies. For 
the sake of simplicity, we will call S a general, discrete or continuous 
mechanical system, or even a combination of them. 

The principles of conservation prove to be extremely useful in 
problem-solving. Whenever one or more of these principles apply, us- 
ing them greatly simplifies the analysis of the mechanical system. The 
reader shall therefore always be alert to identify possible generation 
terms (resultant force, resultant moment, resultant moment with re- 
spect to axis, resultant work, nonconservative resultant work, etc.) that 
vanish in a given situation. 

The principles of conservation for systems are, essentially, the 
same as those studied for a particle. The major differences are precisely 
due to the fact that, in some cases, only external forces and torques, 
when null, will guarantee the corresponding principle of conservation, 
as will be seen below. 

If the external resultant force applied to a system S is null dur- 
ing a certain interval, the momentum vector of the system is conserved 
in an inertial reference frame TZ, that is, 

^G^ = Go if F = 0. (7.1) 

Equation (7.1) expresses, therefore, the momentum principle of conser- 
vation, where Go is a constant vector. It is easy to check that Eq. (7.1) 
derives immediately from Eq. (3.3) when F = 0. 
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Example 7.1 Two snooker balls, Bi and B2, with masses rrii and 
m2, roll with negligible friction over a table at the indicated velocities 
(see Fig. 7 . 1 ), colliding at the point O. We wish to determine their new 
velocities immediately after the impact. The collision, as we know, is an 
event of short duration (see Section 4 . 7 ) and only internal forces intervene 
in this interval. The external resultant force is, therefore, null and Eq. ( 7 . 1 ) 
is satisfied. The momentum of the system before the collision is 

^C^(l) = mivi + TO2V2 
and, after the impact, is 

7^ /-I S /o\ ^ I ^ 

G (2) = mivi + m2V2. 




Figure 7.1 



From the principle of conservation we then have 

miv'i cos 0[ + TO2V2 cos O2 = miVi cos 9 i + TO2V2 cos 62, (a) 

miv'i sin d'l — m2t>2 sin d'2 = —mivi sin 61 + m2V2 sin 62- (b) 

Note that this pair of equations is insufficient to determine the four un- 
knowns, as follows: v{; v'2', d'l, and 62 (the snooker game is not easy). If 
the impact is smooth, and there are no interacting forces in direction ni, 
the component of the momentum vector of each ball for itself is conserved 
in direction ni, which results in the following additional relations (this is 
not exactly what happens with snooker balls): 



miv'i cos = mivi cos 9 i; 
m 2 v '2 cos 02 = m2V2 cos 02- 



(c) 

(d) 
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Note that Eq. (a) is dependent on Eqs. (c) and (d) and that the set of three 
mutually independent equations (b-d) is also insufficient for a complete 
solution. Now, if the restitution coefficient, e, is known (which would be 
rare in the case of snooker balls), we will then have a fourth relation (see 
Section 4.7), 



v'l sin 6'i + v'2 sin 62 = e{vi sin 6\ + V2 sin 62), 

that will help determine the two desired velocities (four components) . See 
the corresponding animation. 

When the momentum of a system is conserved in an inertial 
reference frame, in a given interval, the velocity vector of the mass center 
of the system in the reference frame also remains constant, that is, 

V* = V* if F = 0. (7.2) 

Equation (7.2) results directly from Eqs. (1.4), (1.5), and (7.1), Vq being 
a constant vector. 

Example 7.2 Two identical homogeneous rods can turn freely around 
the common end O and are supported on a smooth, horizontal flat surface 
(see Eig. 7.2). Initially, the rods are set out orthogonally, with B2 at 
rest and B\ turning with an angular velocity ojo, as shown. We wish to 
establish the velocity of the mass center of the set at the instant when the 
rods overlap. 



Cdo 




Figure 7.2 
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The velocity of the mass center in the initial condition is, according to 
Eq. (1.2), 

V* = + V2) = ^ Qrwoni + 0^ = ^rwoni. 

Now, since the system of acting external forces is null (weights and normal 
counterbalance, since there is no motion outside the plane), the momentum 
of the system is conserved and, according to Eq. (7.2), the velocity of the 
mass center does not alter; the desired velocity is then that calculated 
above. (The reader may conjecture how the whole set will be moving 
at the moment under study; well, this is another story, involving other 
principles of conservation, and the problem will be left as an exercise. See 
the corresponding animation.) 

Equation (7.1) expresses a vectorial principle of conservation. 
When, nevertheless, a scalar component of the external resultant force 
in a fixed direction in the inertial reference frame is null in a given 
interval, the corresponding scalar component of the momentum vector 
of the system will be conserved in this reference frame, that is, 

t^G^ = Goj if Fj = 0. (7.3) 

Equation (7.3), which expresses the principle of conservation of the mo- 
mentum in a given direction^ is no less than the projection of Eq. (7.1) 
in the direction of the unit vector rij. 

Example 7.3 A pendulum P, with mass m and length r, is hung on a 
cursor C, with mass mo, which may slide without friction on a horizontal 
guide (see Eig. 7.3). The set is left, at rest (the guide is an inertial reference 
frame), in the position shown. We wish to calculate the velocities at the 
instant when the pendulum support passes through the vertical position. 
The acting external forces are the weight of the pendulum, the weight of 
the cursor, and the force (normal) applied by the guide on the latter. As all 
forces are vertical, the scalar component of the external resultant force on 
the system in the horizontal direction is null, the horizontal component of 
the momentum vector therefore being conserved. Since the initial condition 
is at rest and, in the final condition, both velocities are horizontal, Eq. (7.3) 
is simply expressed by 



move — mvp = 0. 
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C (mo) 




Figure 7.3 

The preceding relation is not enough to determine the two unknowns (note 
that there is no conservation of the momentum vector component in the 
vertical direction). We will return to this problem soon. See the corre- 
sponding animation. 

If the resultant moment, with respect to the mass center of a 
system S', of the acting external forces is null in a certain interval, the 
angular momentum vector of the system with respect to the mass center 
is conserved in an inertial reference frame 7^, that is, 

^ = 0. (7.4) 

Equation (7.4) expresses the principle of conservation of the angular 
momentum with respect to the mass center., where Hq is a constant 
vector. It is easy to see that Eq. (7.4) immediately results from Eq. (3.13) 
when the resultant moment of the external forces vanishes in a given 
interval. 

Example 7.4 A pencil L (not yet sharpened), with mass m, is thrown 
into space as shown in Fig. 7.4a. Initially, its mass center O has a velocity 
on the plane of the figure, with module no and slope 6q with the vertical, 
and its angular velocity, simple and of module wo, has a direction orthog- 
onal to the figure’s plane, as shown. What will the angular velocity ui of 
the pencil and the velocity v of its mass center be at the instant when the 
latter is horizontal (see Fig. 4.7b)? Assuming the aerodynamic forces as 
negligible, the only applied external force during the motion is its weight 
P = mgni. Therefore, the horizontal component of the momentum vector 
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of the pencil is conserved and, consequently, the horizontal component of 
the velocity of the point O, thereby resulting in that, according to Eq. (7.2), 

v'^ = Vo sin 00 ■ 




The external resultant torque with respect to O is, of course, null, thus 
conserving the angular momentum of the pencil with respect to its mass 
center, as stated in Eq. (7.4). At a general instant, this vector is as follows: 



tJrVO _ / p X vdm 



m 



sbi X (v + swb2) — ds 



m 



sdsbixv'^+w / s^dsba 



1 2 , 

= -mr u! 03 . 

O 



(Note that the term multiplying the velocity of the mass center vanishes 
automatically.) Equaling the final to the initial angular momentum, then 
we simply have 

U! = UJO- 



In conclusion, the conservation principles applicable to the system guaran- 
tee that the pencil continues revolving with a constant angular velocity and 
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with its center describing a trajectory (parabolic, but demonstrating this 
simple fact is up to the reader) on the vertical plane, so that the horizontal 
component of its velocity vector remains constant. 

If the resultant moment with respect to a point O, fixed in an 
inertial reference frame TZ, of the external forces acting on a mechanical 
system S is null in a certain interval, the angular momentum vector of 
the system with respect to O is conserved in TZ, that is, 

T^US/O ^ jjo ■£ M^e/o ^ (7 5^ 

Equation (7.5) expresses the principle of conservation of the angular mo- 
mentum with respect to a fixed point, where Hq is a constant vector. It 
is easy to verify that Eq. (7.5) results from Eq. (3.15) when the resultant 
moment with respect to O is null. 

Example 7.5 Consider a pair of barbells H, consisting of two small 
balls, with mass m each, connected rigidly by a light rod with length 3r, 
moving over a smooth, horizontal flat surface with velocity v, as shown in 
Fig. 7.5a. 




(a) (b) 

Figure 7.5 

At a certain instant, the set collides with a peg, P, fixed to the surface; a 
fitting device (not shown) ensures that, after the collision, the rod and peg 
remain together, the barbells revolving around the point P, as shown in 
Fig. 7.5b. We want to determine the angular velocity of the barbells im- 
mediately after the impact. Now, as the only noncounterbalanced external 
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force is that applied by the peg, the resultant moment with respect to P is 
null, meaning then that we may use Eq. (7.5), referring to the point P. The 
angular momentum of the barbells with respect to P before the impact is 

= rri 2 X mvni — 2rri2 x muni 
= mrvns. 



After the collision, the angular momentum is 

= m 2 X (— mrw)ni — 2rn2 x 2mrwni 
= 5mr^wn3, 



therefore, 

V 

See the corresponding animation. 

When the resultant moment with respect to an axis E, fixed 
in an inertial reference frame TZ, of the external forces acting on a me- 
chanical system S is null in a certain interval, the angular momentum 
vector of the system with respect to E is conserved in TZ, that is, 

t^uS/e ^ = 0 . ( 7 . 6 ) 

Equation (7.6) expresses the principle of conservation of the angular 
momentum with respect to a fixed axis, where Hq is a constant vec- 
tor. Equation (7.6) may be interpreted as an immediate consequence 
of Eqs. (3.16), for a given direction, when the corresponding compo- 
nent of the resultant moment vanishes, or, identically, as the projection 
of Eq. (7.5) in a given direction. Note that Eq. (7.6) is also valid for 
an axis E* , containing the mass center of the system and with a fixed 
orientation in the inertial reference frame. 

Example 7.6 Let us consider a system S consisting of a small disk 
with mass m, sliding over a horizontal table without friction, and a small 
cylinder, with mass 3m, hanging from a rope, with length 4r, passing 
through the hole in the center of the table, and whose opposite end is fixed 
to the disk (see Fig. 7.6). In the first phase of the motion of the system, the 
cylinder is immobile, lying on a support, while the disk describes a circular 
motion around the center of the table, with a radius 2r and velocity of 
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constant module v, as shown in Fig. 7.6a. The support under the cylinder 
is then suddenly removed, thus altering the motion of the system. We 
want to establish the velocities v for the disk, and v' for the cylinder, 
at the instant when the configuration of the system is that indicated in 
Fig. 7.6b. Assuming that there is no friction, the external forces acting in 
the system are the weight of the bodies, the normal force applied by the 
table on the disk, and the force applied by the table on the rope, at point 
O. 




Figure 7.6 



The resultant moment with respect to the z-axis is, therefore, null, so the 
angular momentum of the system with respect to this axis is conserved, as 
established in Eq. (7.6). In the beginning of the movement, we have 

7^h'S'A( 1) = (^2rni x mvon 2 ') • ns ns + 0 = 2mrr’ons, 

and, in the final configuration, breaking down the velocity of the disk in 
the basis of the figure, we have 

7?,hS'A(2) = (rni x m{vini + 02 ^ 2 )^ • ns ns + 0 = mri> 2 ns. 

The component of the velocity of the disk orthogonal to the rope may then 
be determined by making the above equations equal, resulting in 



V2 = 2uq. 



Note that the velocity component of the disk in the direction of the rope 
is, in module, equal to the velocity v' of the cylinder, since we assumed 
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that the rope is unstretchable; establishing it, however, will depend on the 
application of another principle of conservation, as shown latter. See the 
corresponding animation. 

When the resultant work of all external and internal forces 
applied to a system 5 in a given interval is null, its kinetic energy is 
conserved in an inertial reference frame, in this interval, that is, 

if = 0. (7.7) 

Equation (7.7) expresses, therefore, the principle of conservation of the 
kinetic energy of a system, deriving directly from Eq. (6.1) when the re- 
sultant work is null. This is an extremely useful and easy-to-use equation 
for finding velocities. 

Example 7.7 Two small bodies A and B with the same mass m 
slide freely over a smooth horizontal flat surface, connected by a thread, 
passing by a peg P, fixed to the surface (see Fig. 7.7). In the beginning, the 
velocities are 2v and v, respectively, as shown. We wish to compute the 
new velocities immediately before there is an impact between the bodies. 



P 



r 



B 

Figure 7.7 

The weights and (normal) forces applied by the plane are counterbalanced, 
meaning that their overall contribution to the resultant work is null. As- 
suming that the friction between the thread and the peg is enough to 
prevent the relative sliding, the result is that the force applied on it does 
not work. As the thread is nonstretchable, there will be no contribution 
from the internal forces to the resultant work (the traction in the thread 
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is always orthogonal to the velocity, for both bodies). Equation (7.7), 
therefore, is applicable, which, in the case, is as follows: 

1 /2 l /2 1 2,1 2 

-mv^ + -niVs = -mvA + -nivs , 



that is, 



/ 2 
Va 



/ 2 



= 5v^ 



(a) 



As the only noncounterbalanced external force passes by P, the angular 
momentum of the system is therefore conserved with respect to P and, 
from Eq. (7.5), we have 



mrvA — nirv's = rarvA — rarvB] 



therefore, 

v'a-v'b = V. (b) 

The pair of Eqs. (a, b) provides the solution for the problem. The reader 
should note that, after the impact, Eq. (7.5) will continue to prevail; but 
the forces present during the collision between the bodies do work (with an 
unknown value, at least in principle), making the use of Eq. (7.7) unfeasible 
after contact. 

When the resultant work of the nonconservative forces — ex- 
ternal and internal — applied to a system S is null in a given interval, 
its mechanical energy is conserved in an inertial reference frame, in that 
interval, that is, 



^£■^(2) = ^£^(1) if = 0. (7.8) 

Equation (7.8) expresses the principle of conservation of the mechanical 
energy of a system, deriving directly from Eq. (6.5) in the case of the 
nonconservative work being null. 

Example 7.8 Going back to Example 7.3 (see Fig. 7.3), where the 
weight of the cursor and force applied on it by the guide do not work, since 
they are orthogonal to the velocity of C in the inertial reference frame; 
nor does the traction in the rope work since the distance between C and 
P remains invariant (see Section 4.7) and the weight of the pendulum is 
a conservative force. As there are no other contributions for the resultant 
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work to consider, Eq. (7.8) then applies. The mechanical energy of the 
system in the first configuration will be null, taking from there the reference 
for the gravitational potential energy; the mechanical energy of the system 
in the final position (rope in the vertical) is then 

^E^{2) = i (mvp^ + mowc^) — mgr{\ — cos^o), 

resulting in, according to Eq. (7.8), 

2 . fno 2 o /'I a \ 

Vp H Vc = 2gr(l — cos t/o). 

m 

There are now two independent relations for establishing the desired ve- 
locities. 

Example 7.9 Now returning to Example 7.6 (see Eig. 7.6), it is easy 
to see that the work of the nonconservative forces between the two con- 
figurations under study is null, the mechanical energy being, therefore, 
conserved. In the initial condition, this energy is (taking this position as 
reference for the gravitational potential energy) 

^E'^(l) = + ^$^(1) 

1 2 
= ^rnvQ. 

In the final condition, we will have 

^E^(2) = '^K^{2) + ^$^(2) 

= -m{vf + V 2 ) + -3mvi — 3mgr. 

When the energies are equal, remembering that, as it was obtained before- 
hand, V 2 = 2r!Q, then, for the final velocity of the cylinder, we have 




and, for the final velocity of the disk. 






3 13 „ 

-gr+—v^. 



V = 
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Collisions usually involve nonconservative forces, for which rea- 
son Eq. (7.8) cannot be used when a collision occurs between the ele- 
ments of a system or between an element of the system and a body 
outside it. 

Example 7.10 Returning to Example 7.5 (see Fig. 7.5), the mechanical 
energy of the barbells, before the collision, is 

T^t— lir / . \ 'R.jyH / . \ r, f 2 2 

E (1) = K (1) = 2 • -mv = mv . 

After the collision, this energy will be 
^E"(2) = 



The mechanical energy of the 
due to the impact. 

5.8 Fluids 

One of the important applications in this chapter is found to be the 
study of fluid dynamics. Although this section offers only a very brief 
introduction to this subject, it is interesting to discuss here the principal 
methods of an overall analysis for the flow of fluids and check how, with 
slight alterations, the general equations for systems apply to the motion 
of fluids, leading to the solution of a whole important class of engineering 
problems. 

When analyzing the motion of a fluid, it is convenient to con- 
sider a fixed region in space — more precisely, fixed in an inertial refer- 
ence frame — for study purposes. This region, called the control volume^ 
differs from the concept of a system, precisely because it is considered 
as fixed. (In fact, mobile control volumes may be considered, making 
the corrections due to the motion of the respective reference frame, but 
this topic will not be discussed here.) 

This analytical method, also known as Euler’s description of 
a system, consists, therefore, of fixing a region through which a stream 



im((rw)^ -I- (2rw)^) 

1 2 
10 mu . 

system has therefore been reduced by 90%, 
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of fluid flows. Let us imagine a water pressure pump, pumping water 
from a cistern to a raised tank. Now, it is especially inconvenient for us 
to analyze the system, consisting of a portion (how much?) of water in 
the cistern, another portion (how much?) of water in the tank, and the 
water actually flowing inside the pump and pipes. If, nevertheless, we 
take the water inside the pump as the control volume, it is possible, at 
each instant, to make balances of, for example, momentum and energy, 
thus assessing forces, flows, and consumed power. 

Let us then consider a stream of flowing fluid and a region to 
be studied, indicated by the initials CV (control volume) in Fig 8.1. 




t 



2 




Figure 8.1 

Let us take a continuous system that consists of the fluid oc- 
cupying the regions A and CV at an instant ti and the regions CV and 
B at an instant t 2 - Let us now assume that a certain property P of 
the system (for example, the mass of the system, the momentum of the 
system, or the kinetic energy of the system) whatever the subject under 
study. This property may be expressed throughout the system as 

P{t) = [ pdV, (8.1) 

Jv 

where V is the sum of the regions A and CV at the instant ti and is 
the sum of the regions CV and B at the instant t 2 - The term p, in the 
integral, is the specific property corresponding to P {p is a density if P 
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is the mass, is the specific kinetic energy if P is the kinetic energy of the 
system, etc.). 

The time rate of the property P for the system is 



dP 

dt 




(8.2) 



This time rate may be calculated, as the limit, when At = t 2 — t\ 
approaches zero, of 



dt 



lim — — 
At^o At 



pdV 



’VC+B 



pdV 



'VC+A 



(8.3) 



Now, the term involving the limit of the integral in the control volume, 
the latter being fixed, is equal to the partial derivative of the property 
P with respect to time, that is, 

i'A it ^ 

In the rest of the region, (A+B), reduced in the limit to the 
boundary of the control volume, the time rate of the product pdV is 
due to the variation of dV, that is, to the time rate of the volume in this 
boundary. The time rate of the volume on the boundary is equal to the 
velocity of the fluid flow in the direction orthogonal to the boundary, 
multiplied by the area of flow, that is, dV/dt = v • dA, where dA is the 
product of the element of an area, dA, by the outside normal unit vector 
n (see Fig. 8.2). Therefore, 



lim 

At->o At 





pv • dA, 



(8.5) 



where 5 indicates the boundary of the control volume. This term is also 
called the flux of the property P through the boundary of the control 
volume. 

Joining these terms, then, leads to the equation for the time 
rate of the property P of a system, in terms of Euler’s description, also 
known as the transport theorem or also as Reynolds’ theorem, 
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Equation (8.6) is the relation that we need to study a system 
that is in continuous motion. It establishes that the time rate of any 
property inside a system is always equal to the time rate of the property 
inside an arbitrary control volume (a partial derivative with respect to 
time) plus the net flow (which is what goes out less what comes in) 
of this property out of the control volume. Note that the net flow is 
guaranteed by the integral in the term on the right of Eq. (8.5): At 
the points where the flow goes outward from the control volume, the 
dot product between the velocity vector and outside normal force is 
positive, while at the points where the flow goes inward to the control 
volume, the scalar product will be negative. Let us now consider some 
applications of the transport theorem. 

If P is the mass m of a system (p will therefore be its density, 
p), the principle of conservation of the mass — implicit in the concept 
of system — is expressed by 



dm 

dt 




= 0 . 



(8.7) 



Translating in terms of a control volume, that is, substituting Eq. (8.6) 
in Eq. (8.7), then 



Ft 



'VC 



pdV + 




• dA = 0. 



( 8 . 8 ) 



Equation (8.8) establishes that the time rate of the mass inside an ar- 
bitrary control volume plus the flux of mass outside the control volume 
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must be zero. If, for example, we have a compressible flow (a gas), there 
may be an accumulation of mass inside the control volume, strictly com- 
pensated by a negative flux of mass (inflowing more than outflowing). 

If P is the momentum G of a system (p will, therefore, be the 
specific momentum, pv), Eq. (4.1) states that 



dG 

dt 



d^ 

dt 




F, 



(8.9) 



that is, the time rate of the momentum (always in an inertial refer- 
ence frame) is equal to the outside resultant force. In terms of Euler’s 
description, that is, substituting Eq. (8.6) in Eq. (8.9), it results in 

— f p^r dV + f pvv-dA = F, (8.10) 

Jvc Js 

that is, that the time rate, in an arbitrary control volume, of the mo- 
mentum vector plus the flux of momentum is equal to the resultant of 
the external forces applied to this control volume. 

If P is the angular momentum of a system with respect 

to a point fixed in an inertial reference frame {p will, therefore, be the 
specific angular momentum with respect to the point, pp x v, p being 
the position vector with respect to the point), Eq. (4.8) states that 



,8.n) 

that is, the time rate of the angular momentum of a system with respect 
to a point fixed in the inertial reference frame is equal to the resultant 
moment of the external forces with respect to the point. In terms of 
Euler’s description, that is, substituting Eq. (8.6) in Eq. (8.11), the 
result is 



Wt 



ivc 



pp X V dV + 



^pp X vv • dA = 



( 8 . 12 ) 



that is, that the time rate, in an arbitrary control volume, of the angular 
momentum vector with respect to a fixed point plus the flux of angular 
momentum, with respect to the point, is equal to the resultant moment 
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of the system of external forces with respect to the point, applied to the 
control volume. 

It is never too late to remember that Eq. (4.7) may be used 
instead of Eq. (4.8), resulting in 



Ft 



pr X V dV + pr X 



V V • dA = 



I VC 



(8.13) 



where the position vector r is relative, now, to the mass center of the 
control volume, P*, and the resultant moment is also calculated with 
respect to this point. 

When, in a flow, the properties remain invariant with time, it 
is said that there is a steady state. The steady state is the condition for 
which the flow machines are usually designed. Hence, hydraulic pumps, 
fans, turbines, and many other items of equipment that use fluids usually 
operate in a steady state. When the properties are not invariant in time, 
it is said that there is a transient state. So, a fan, a hydraulic pump, 
and a turbine, when started up, necessarily pass through a transient 
state before achieving the steady state. When there is a steady state, 
the partial derivative with respect to the time of a property inside the 
control volume is null. In a steady state, therefore, Eq. (8.8) is reduced 
to 

pv • dA = 0. (8.14) 

Also in a steady state, Eq. (8.10) is reduced to 



pv V • dA = F. 



(8.15) 



Also in a steady state, Eq. (8.12) is as follows: 

J pp X V V • dA = 

And, last, for a steady state, Eq. (8.13) results in 

[ pr X V V • dA = . 



(8.16) 



(8.17) 
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Example 8.1 Figure 8.3 illustrates the situation analyzed in Example 4.2 
(read it again). Let us see how it can be solved in light of the concepts 
introduced in this section. Taking the curve as a control volume, the 
boundary to be considered involves the inflow and outflow. As this is a 
steady state, then, from Eq. (8.14), 

pw ■ dA = pA{vs — Ve) = 0; 

therefore, the inflow velocity, Ve, and outflow velocity, Vs, are equal in 
module, as assumed in Example 4.2, that is. 

Vs = Ve = V. 




Figure 8.3 

Now analyzing the momentum, we have 



pv V • dA = pvA{ws — Ve) 



pu^A(ni + ri2). 
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Therefore, Eq. (8.15) results in 

-pv'^A{ni + ri 2 ) = (Fi + pA)\ii + {F 2 + pA)\i 2 + Fans. (a) 

Note that the time rate of the momentum of the system, calculated in 
Example 4.2, is, in fact, the flux of momentum outward from the control 
volume. Last, 



/ pp X vv • dA = pRvA{v — v) = 0; 

Js 

therefore, from Eq. (8.16), we get 

0 = (Ti + RF 3 )m + T 2 U 2 + (T 3 - RFi)n 3 . (b) 

Equations (a) and (b) are enough to determine the forces in the flange. 
Solving then for the unknown F and T, we obtain (check) 

F = ~{p+ pv'^)A (ni + ri 2 ), T = -{p + pv^)RA-n. 3 . 

In fact, the results obtained here are exactly the same as those obtained 
in Example 4.2. Note, however, that, by adopting the equations for flu- 
ids discussed herein, the solution has proven to be easier and much more 
straightforward. 
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Exercise Series #7 (Sections 5.1 to 5.8) 



P7.1 A chain, with length a and mass m, is lying in a pile on the floor. 
A winch then starts to hoist up an end with a prescribed constant vertical 
velocity of module v, applying on the end link a force F that will depend, 
naturally, on the distance x from the floor, as shown. Find F(x). 



\ P (X) 




Figure P 7.1 



P7.2 The system, consisting of three identical balls with the same mass 
m and connected by two threads, with the same length a, is at rest in the 
configuration shown lying on a smooth, horizontal plane, when the force F 
is applied to the central body, as shown. Find the initial acceleration of this 
body. 




Figure P 7.2 
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P7.3 The set of four balls, with the same mass m, is interconnected by 
unstretchable threads, being at rest on a smooth, horizontal plane in the 
configuration shown, when a force with constant module F is suddenly applied. 
Find the initial acceleration of ball A. 




P7.4 A bicycle chain rests on a triangular prism, with its center coinciding 
with the top end of the prism, as shown. Find the horizontal acceleration to 
be applied to the prism in order to ensure that the chain does not move in 
relation to the prism. 




Figure P 7.4 




Exercise Series #7 



389 



P7.5 A pendulum consists of two masses, m and 4m, interconnected by a 
light r-long rod, revolving around a horizontal axis passing through point O. 
Choose the distance x that minimizes the period of the pendulum’s swinging 
with small oscillations. 



Figure P 7.5 



P7.6 Two small repair wagons on a railroad, with masses 8m and 10m, move 
on parallel rails and in opposite directions, driven by operators with masses 
m and 1.5 m, respectively. When passing each other, the operators change 
wagon, jumping at the same time from one wagon to the other, orthogonally 
to the line direction. Find the velocities vi and V 2 of the wagons soon after 
the operators have settled if the modules of the velocities immediately before 
the change are ui = 2u (the lighter) and U 2 = 3u, respectively. 











Figure P 7.6 
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P7.7 The vane B, shaped as an arc of a circle, is revolving freely with a 
angular velocity lo around the vertical axis z, in relation to the reference 
frame A, when a small ball is inserted in the top end at null initial velocity 
in relation to A. After the impact between the ball and the vane, the former 
descends until it reaches the bottom end, leaving the vane. Find the angular 
velocity of the vane at this instant. 




P7.8 A chain, with length a and mass m, is lying in a pile on the floor. 
A winch then starts to hoist up an end with a prescribed constant vertical 
velocity of module v, applying on the end link a force F that will, naturally, 
depend on the distance x from the floor, as indicated. As it is being raised, 
each new link lifted collides with the one before, resulting in dissipation of 
energy. Calculate the overall loss of energy in the hoisting process (see P 7.1). 



F(x) 



X 






Figure P 7.8 
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P7.9 The matchbox is lying over one end of rod AB, at rest in the vertical, as 
shown. After a light horizontal push, the end B starts to slide, with negligible 
friction, over the horizontal plane. Assuming that the mass of the matchbox 
is much smaller than that of the rod, find the angle 6 of slope of the rod in 
relation to the vertical at the moment when the matchbox leaves end A. 




Figure P 7.9 



P7.10 Cursors A and B, with masses mi and m 2 , respectively, are intercon- 
nected by a light linear elastic spring, with constant k and natural length a. 
If the set is left at rest with the spring stretched to 2a, find the velocity of 
B when the spring is relaxed, assuming that the friction is negligible in both 
guides. Also calculate the amplitude of the motion of A. 



A 




B 



Figure P 7.10 



P7.ll In the previous problem, there is a periodic motion of the system. 
Find this period. 
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P7.12 Two identical snooker balls A and B collide face on, in experiment (a). 
B is initially at rest and A has velocity vo before and jVo after the collision. 
In experiment (b), both have a velocity of module v, in orthogonal directions, 
before the collision. Find the final velocities of each ball and the respective 
directions on the plane, for experiment (b), assuming a smooth collision. 




P7.13 Two small balls with mass m each are interconnected by an unstretch- 
able rope with length c and are left at rest in configuration (1). After a free 
fall from height a, the rope collides with a fixed horizontal rod, with radius r, 
and starts to roll around it. Find the traction in the free stretch of the rope 
when in configuration (2). 




Figure P 7.13 
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P7.14 Analyze the system shown in the figure, consisting of four small balls, 
A, B, C, and D, each with the same mass m, and D interconnected by threads 
with a length 2r to the other three. At the instant t = ti, the system is 
configured as follows: A, B, and C are lying on the smooth surface of a table 
occupying the vertices of an equilateral triangle and at a distance r from the 
center hole, while D is hanging by the three threads, as shown. At this same 
instant. A, B, and C have velocities of module v, in directions orthogonal to 
the respective radii, while D is at rest. Find the velocity of D at the instant 
t = t 2 , when it has descended r/2. 



1 

r 



Figure P 7.14 

P7.15 A body with a mass of 10 kg drops freely and, when reaching the 
point P, of elevation a, breaks into three parts A, B, and C, with masses of 
2, 4, and 4 kg, respectively. Once known the directions of the velocities of 
the fragments (see figure) and the velocity module of A are known, Va = 12 
m/s, immediately after the fracture, find the vertical velocity of the body 
immediately beforehand. 



P 






X. 









Figure P 7.15 
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P7.16 Consider the system consisting of four small bodies with the same 
mass TO, joined by light rods with length a and connected by two identical 
linear springs, with elastic constant k and natural length a. The system is left 
from rest in configuration (a) on a smooth, horizontal plane. Find the velocity 
of the body B in configuration (b). 




P7.17 Three balls, with the same mass to, are connected by two light bars, 
and the angle 6 may vary freely. The set is sliding over a smooth, horizontal 
plane with a constant velocity v, in the configuration shown in (a), with 6 = 
30°. The middle ball collides at a certain instant with the fixed rivet C, coming 
to an abrupt stop after the collision, as shown in (b). Calculate the velocities 
v\ and V 2 of the other two balls immediately after the collision. 
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P7.18 Two identical balls B and C are at rest on a horizontal plane, when a 
third ball A, identical to the other two and moving at a velocity vo = 10 m/s, 
collides with ball B. A series of collisions then occurs between the balls until 
they move away. Calculate the final velocities of each ball, knowing that the 
coefficient of restitution is equal to 0.4 in all impacts. 



A 



B C 




Figure P 7.18 



P7.19 Three balls, with masses rrii, m 2 , and m 3 , are aligned in a smooth, 
straight conduit, at a certain distance from each other. A flick on the first 
ball (mi) makes it collide with the second that, in turn, collides with the third 
in perfectly elastic collisions. For which mass of the ball in the middle is the 
velocity of the third ball maximum? 



m, V rriy 




Figure P 7.19 
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P7.20 Two identical balls collide front on with a coefficient of restitution 
e = 0.3. What is the relation between the velocities so that one of the balls 
stops after the collision? 

P7.21 Three identical homogeneous rods, each with mass m, are at rest on a 
smooth, horizontal plane, freely interconnected at point O, in the configuration 
shown. Calculate the acceleration of O at the instant when force F is applied. 




F 



Figure P 7.21 



P7.22 A channel has inlet and outlet sections equal to 0.02 m^, with a 
deviation of 60°. There is a steady-state stream of water, entering the channel 
at velocity vi = 2 m/s. What is the horizontal component of the resultant 
force that the water exerts on the channel walls? 



V, 




90 



O 




Figure P 7.22 
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P7.23 A jet of water on the blade of a turbine is diverted by it. If the 
volummetric flow of water is Q, the density of water is p, the inflow and 
outflow velocities are vi and V 2 , the latter making the angle indicated with 
the horizontal, find the resultant force applied by the water on the blade if 
this is not moving and if the blade moves with a constant velocity of vq, in 
the direction of the jet flow on it. 




Figure P 7.23 



P7.24 A jet of water is sprayed at velocity v from a nozzle with a rectangular 
crosssection, with unit width and height e, on a flat plate, making an angle 
0, as shown. Calculate the flows in the two branches of water (the inflow and 
outflow velocities are equal) . 




Figure P 7.24 



P7.25 For the jet of water, with density p in the preceding problem, find 
the force and torque that must be applied to O to keep the plate immobile. 
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P7.26 A rigid body consists of a regular hexagon whose sides consist of light 
rods and the vertices are small identical balls each with mass m. The body 
moves on the vertical plane, traveling with a horizontal velocity vq, as shown 
in the left, when ball A collides with the end of a fixed table. After the impact, 
ball A remains fixed and the body turns around this point until ball B collides, 
in turn, with the surface of the table top, as shown in the right. Calculate the 
angular velocity of the body immediately before this second impact and the 
percentage of energy loss due to the first impact. 




Figure P 7.26 



P7.27 Three slender homogeneous rods are at rest on a vertical plane, in 
the configuration illustrated. The first rod, with mass mi, is joined to the 
fixed point and to the second rod, with mass m 2 , which has its other end 
joined to the third rod, with mass m 3 , which, in turn, is under the action of 
the horizontal force F. Calculate the angles a, (3, and 7. 



wwwww 




Figure P 7.27 
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P7.28 The system consists of six light joined rods, four with length 2a and 
two with length a each, as shown in the figure. Seven small balls each with 
mass m are fixed at the joining points so that two cursors are fixed at the 
ends A and B, each with mass 2m, which may slide without friction on the 
horizontal guide. The system is at rest with 0 = 0 when vertical force F = 
10 mg is applied to ball C, as shown. Find the velocity of C when 6 = tt/3. 




Figure P 7.28 



P7.29 A flexible cable with length c is left at rest on the perfectly smooth 
surface of a hemisphere with radius r, in the position shown. Determine the 
initial acceleration of end A. 



A 




Figure P 7.29 
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Chapter 6 



This chapter is a bridge between the general principles of dynamics, dis- 
cussed in Chapters 4 and 5, and their application to the study of the 
motion of the rigid body, discussed in Chapter 7. The main purpose 
is to give a standard consistent treatment to the concept of rotational 
inertia of a body, which is simultaneously streamlined from the theoret- 
ical viewpoint, and operational from the practical viewpoint. To cover 
both aspects, a tensorial approach was chosen. The reader with little 
knowledge of the tensorial language will find a small but comprehensive 
summary in Appendix A on the topics of linear algebra necessary and, 
the author believes, sufficient to understand this chapter. 

The concept of mass center, discussed in a more or less informal 
way in Chapter 1, is now discussed in detail in Section 6.1 and with 
due care. This is a concept of vital importance, useful in studying the 
inertia properties, when obtaining the equations of motion for a particles 
system, as seen in Chapter 5, and in the dynamic analysis of the rigid 
body, in Chapter 7. Section 6.1 helps the reader establish the position 
of the mass center and centroid of systems and bodies. Appendix C 
presents a table with the position of the centroid for the most common 
geometric figures. 

The rest of the chapter is devoted to the study of the inertia 
properties of a system. The concepts of inertia tensor — and its matrix 
representation in a system of Cartesian coordinates, the inertia matrix — 
inertia vectors, and moments and products of inertia are first established 
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for a particle P with respect to a point O, in Section 6.2. The reason for 
this unusual approach is to facilitate the comprehension of the geometric 
relations present in those properties, and to make the concept of inertia 
tensor of the mass center of a body or system natural. In Section 6.3 
these concepts are then generalized for discrete systems of particles and 
continuous bodies; in the former case, the inertia tensor is seen as a 
sum of the inertia tensors of the particles involved, the same being valid 
for inertia vectors and moments and products of inertia; in the second, 
the inertia tensor is presented in the same way as an integration in the 
body of the inertia tensor of a mass element. In the next section, the 
inertia properties resolved in Cartesian coordinates are studied, paying 
attention to the calculation of moments and products of inertia, either 
by integration or by using tables that lead the composition of the inertia 
matrix to the adopted coordinate system. The tables of moments and 
products of inertia for the most common geometries are presented in 
Appendix C as a support to this section. 

Section 6.5 discusses the transposition of axes, indicating what 
to do to establish the inertia properties of a body with respect to a 
point, when its inertia properties are known with respect to another 
point. Here the importance of mass center is again shown, which, as 
will be highlighted, facilitates this transposition. Lastly, Section 6.6 
discusses the important theme of the so-called principal directions of 
inertia, which diagonalize the inertia matrix, facilitating operations with 
the inertia tensor. The principal directions of inertia will be of the 
utmost importance for studying the dynamics of the rigid body, since 
its adoption substantially simplifies the equations of motion, as will be 
demonstrated in Chapter 7. 

6.1 Mass and Mass Center 

Let us consider, first, 5 as a system consisting of N particles P^, with 
mass TUi, i = 1,2, N, and position, with respect to a given point O, 
Pi = (see Fig. 1.1). The mass m of the system S is the sum of the 




402 



6. Inertia 



masses of the particles involved, that is, 

N 



m = 



( 1 . 1 ) 



i=l 



and its mass center is defined as the point S*, whose position with 
respect to point O, p* = is given by 



P 



1 ^ 

— y^Pimi. 

m 

i=l 



(1.2) 




The position vector of mass center is, therefore, none other 
than a vectorial weighted average of the spatial mass distribution of the 
system. 

Example 1.1 Consider the system consisting of four particles Pj, 
i = 1,2, 3, 4, with the same mass mi = 2 kg and a particle P5, with mass 
ms = 8 kg, with the configuration shown in Fig. 1.2. The mass of the 
system is m = 4mi + ms = 16 kg and the position of its mass center with 
respect to the origin of the system of axes is, according to Eq. (1.2), 

5 

p* = — miPt = :^( 2 ni + 2ri2 - 2 m + 2ri3 + 0) = §(ri2 + ns). 

i=l 

Note that the coordinate of the mass center in the direction of axis xi is 
null, due to the symmetry of the system with respect to the plane X2 X3. 




6.1 Mass and Mass Center 



403 




Figure 1.2 



Now let C be a continuous body with volume V, inside of which 
a scalar field called the density of the body, /o(p), where p is the position 
vector of a general point of the body with respect to a given point O 
(see Fig. 1.3), is defined. 




The mass of the body is given by integrating this field over the body 
volume, that is, 

m= dm = / pdV., (1.3) 

Jc Jc 

and the mass center of the body is defined as point C*, whose position 
regarding O, p* = p*^ is given by 

p* ^ — f pdm=— [ ppdV. (1.4) 

m Jc rn Jc 
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Equation (1.4) is the continuous version of the weighted average ex- 
pressed in Eq. (1.2). 

When the density of a body C is a uniform field, that is, when 
p does not depend on the position, the body is said to be homogeneous 
and the expression for the position of its mass center is reduced to 



P 



* 




(1.5) 



The position of the mass center of a homogeneous body, as shown in 
the above expression, is a property solely of the geometry of the body, 
in this case called the eentroid of the body. The centroids of the most 
common geometric figures are given in Appendix C. 

When the body consists essentially of a line, as in the case of a 
wire, where only one dimension matters, the p, present in Eq. (1.4), is 
a mass by unit of length and, when the body is also homogeneous, the 
integration expressed by Eq. (1.5) is performed along this line, with a 
linear integration element, ds. Section C.l presents a table of centroids 
of the most common lines. 

When the body is essentially flat, as in the case of a plate, where 
one dimension does not matter, the p, present in Eq. (1.4), is a mass by 
unit of area and, when the body is also homogeneous, the integration 
expressed by Eq. (1.5) is performed in a plane region, occupied by the 
body, with a two-dimensional element of integration, dA. Section C.2 
presents a table of centroids of the most common sections or areas. 

When a plane cuts a body into two parts so that one is the 
mirror image of the other, it is said to be a plane of symmetry. If the 
body is homogeneous, this is enough for there to be geometric symmetry; 
if the body is not homogeneous, the symmetry must necessarily include 
the mass distribution. When a body has a plane of symmetry, its mass 
center belongs to the plane. If it has two or more planes of symmetry, 
its mass center must be in its intersection. In fact, if n is a unit vector 
orthogonal to plane tt, of symmetry for body C (see Fig. 1.4), the scalar 
component in direction n of the position vector of the mass center of 
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the body with respect to a point O, belonging to vr, is 



p* • n = — [ p • n dm 

m 



ic 



1 



1 



= — / p • n dm H 



m Jc- 

= 0 . 



m Jc+ 



p • n dm 



(1.6) 




C 



Figure 1.4 



Note that the integration was broken down into two regions, C~ and 
according to the plane of symmetry. As for each element dm in C ~ , with 
p • n < 0, there is another identical element in (7"*“, with p • n > 0, the 
integrals in both regions will have the same module and opposite signals, 
canceling each other out. In other words, Eq. (1.6) guarantees that the 
mass center C* belongs to the plane of symmetry. 

In the most general case, the determination of the position of 
the mass center or centroid of a body requires calculating the integral 
in Eq. (1.4), with the simplification introduced by Eq. (1.6), when there 
is symmetry. 

Example 1.2 A straight circular cone, with height a and base radius R 
(see Fig. 1.5), has a density varying linearly with elevation z, according to 
the relationship p = po(l + ‘Izja). The cone mass can be evaluated using 
Eq. (1.3), adopting a homogeneous element of integration in the shape of 
a disk, with volume dV = 7rr^ dz = t:{RI z^ dz, that is, 
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Figure 1.5 



As every vertical plane passing through A is of symmetry for the cone, 
its mass center, C* , necessarily belongs to the axis of symmetry xs, that 
is, if p* = (x*,X2,x^) is the position of the mass center of the cone with 
regard to the origin of the axes, then, by Eq. (1.6), xl = X2 = 0. The 
coordinate x'^ may be obtained from Eq. (1.4), adopting the same element 
of integration 



X3 = a / pz dV = a — 

m L 



TTpoR^ 



1 + 2 - 
a 



z dz = — a. 
50 



Note that, as Appendix C indicates, the vertical coordinate of the centroid 
of the straight circular cone is X 3 = o/4, differing substantially from the 
vertical coordinate of the mass center, established above. 



Establishing the mass center of a body with complex geometry 
may, sometimes, be simplihed by breaking it down into smaller parts 
whose mass centers are known or easy to obtain; the mass center of 
the whole body may then be calculated using Eq. (1.2), as if it were 
a discrete system of particles whose masses are equal to the masses of 
the parts of the body and whose positions coincide with those of the 
respective mass centers of these parts. In fact, by arbitrarily breaking 
a body C, of mass m, down into N parts Ci, C 2 , . . . , Cat, of masses 
mi,m 2 , ■ ■ ■ ,mN, respectively, and calling p* the position vector, with 
respect to a given point O, of the mass center of part Ci (see Fig. 1.6), 
then from Eq. (1.4) 

p* = — f pdm, f = 1,2, . . . ,iV. (1.7) 

mi Jci 
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Now by multiplying both members of the equation by rrii and adding to 
i, we have 



= / pdm= / pdm = mp*, 

i=l i=l 

which, when divided by m = nii + m 2 + • • • + mjy, results in Eq. (1.2). 



Example 1.3 Consider the metal piece shown in Fig. 1.7, milled from 
a homogeneous block, with the indicated dimensions. 




To establish the coordinates of its centroid, P*: (x*, a; 2 , 0 : 3 ), let us first 
observe that the planes X2X3 and X3X1 are of symmetry for the piece; 
therefore, 



xl = X 2 = 0 . 
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Coordinate may be easily obtained by breaking the body down into 
three elements: Ci, consisting of a parallelpiped with a volume Vi = 96r^ 
and centroid Pi: (0,0,0); C 2 , consisting of a cylinder with a volume V 2 = 
— 47rr^ and centroid P2: (0,0,0); and C 3 , consisting of a half-cylinder with 
volume V3 = — 27rr^ and centroid P3: (0,0, 2;), where z = (3 — 4/37r)r (see 
Appendix C). The volume of the body is 

1/ = Cl C 2 + C 3 = (96 - 67r)r-^ 

As the masses are proportional to the respective volumes, the use of 
Eq. (1.2) to establish the coordinate X 3 results in 

X 3 = ^(^1P*3 + ^2P23 + V'3P3a) 

= -0.21r. 



The centroid of the piece is, therefore, P*: (0,0, — 0.21r). 





If S* is the mass center of a system S of particles and is 
the position vector of any particle Pi, of mass rrii, with respect to S* 
(see Fig. 1.8a), then 

N 

= 0 . 

i=l 



(1.8) 
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In fact, substituting the relationship Pi = p* + in Eq. (1.2) gives 



N N 

p* = — = p* + 

m m 

i=l 1=1 



YiTUi, 



fulfilling Eq. (1.8). This result of particular interest, as will be seen 
later, establishes the simple geometric fact that the position vector of 
the mass center of a system with respect to the actual mass center is 
null. 

If C* is the mass center of a body C and r is the position vector 
of an arbitrary point P of C* with respect to C* (see Eig. 1.8b), then 



/ r dm = 0. 


(1.9) 


Jc 




The demonstration is similar to that of the previous equation and will 


be left to the reader. By differentiating Eqs. 
to time, then 


(1.8) and (1.9) with respect 


N 




= 0, 

i=l 


(1.10) 


/ f dm = 0, 


(1.11) 


Jc 




and, by differentiating again, then 




N 




= 0, 

i=l 


(1.12) 


/ f dm = 0. 

Jc 


(1.13) 



Equations (1.8-1.13) were used in the deduction from equations 
of motion to discrete systems of particles and continuous bodies, studied 
in Chapter 5. It is mainly thanks to these relationships, which greatly 
simplify the dynamic equations, that the mass center plays a leading 
role in the dynamic analysis of systems and bodies. 
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6.2 Inertia Properties of a Particle 

The mass is the inertia property of translation of a body; it indicates, 
as Newton’s second law states, the resistance that the body offers to 
accelerate under the action of a given resultant force. So, when under 
identical resultant forces, the mass centers of two bodies of different 
masses will accelerate with different intensities, inversely proportional 
to the respective masses. The inertia property of translation of a body 
is, therefore, usually a constant scalar property of the body. 

We know that the action of a system of forces on a given body 
may always be reduced to a chosen point, this reduction consisting of a 
resultant force and a resultant torque with respect to the point. This 
torque is related, as seen in Chapter 5, to the time rate of the angu- 
lar momentum of the body with respect to the point. There must be, 
therefore, an associated inertia property of rotation that measures the 
resistance that the body offers to, say, change its angular velocity. Take 
another look, for instance, at Example 4.1, Section 5.4. Note that the 
time rate of the angular momentum vector of rod B with respect to point 
C, in module, resulted from the product of a constant, multiplied 

by 6, which measures the angular acceleration of the rod in the refer- 
ence frame. This constant is, as seen later in this chapter, the moment 
of inertia of the rod with respect to point C. It is, then, a measure of 
the inertia of the body rotation around the axis passing through C and 
orthogonal to the plane of figure (see Fig. 5.4.2). 

Nevertheless, what happens is that, depending on the mass 
distribution of the body (a permanent distribution, when a rigid body), 
its inertia of rotation for each axis passing through the chosen point will 
be different. This means that neither a simple scalar — nor a vector 
— will be sufficient to characterize this property. In fact, the rotational 
inertia of a body is a tensorial property. The inertia tensor of a body 
with respect to a given point, therefore, collects all information relating 
to the resistance offered by the body in modifying its state of angular 
motion, whatever the direction of the resultant torque applied. As in the 
aforementioned example, the inertia tensor will always have a dimension 
of mass multiplied by a quadratic distance. 
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To simplify the approach of the concept of inertia tensor, in 
this section we will study the inertia properties of a particle; it is easier, 
once the fundamental concepts are understood, to then generalize for 
discrete systems and bodies. (If the reader is not familiar with alge- 
braic operations involving tensors and matrices, it is advisable to read 
Appendix A before proceeding to study this chapter. The appendix 
summarizes the tensor and matrix algebra required to understand the 
following material.) 

Let P be a particle with mass m and O a given point, not 
coinciding with P. Also, let p be the position vector of P with respect to 
O and let a and b be any two adimensional unit vectors; axes Ea and Eh 
contain point O and are parallel to a and b, respectively (see Fig. 2.1). 

X 2 Eq 




Figure 2.1 

The inertia tensor of the particle P with respect to point O is 
defined by 

(p^l — p (g) p)m, (2.1) 

where p is the module of vector p, II is the identity tensor, and p (g) p is 
the tensorial product of p by p (see Appendix A). 

Note that the inertia tensor is the resultant of the sum of two 
symmetric tensors. In fact, mp^H is symmetrical since it is a multiple 
of the identity tensor and — mp (g) p is symmetric by construction. The 
inertia tensor is, therefore, a symmetric tensor. 

In the same way as the mass of a particle P is a measure of its 
inertia of translation, the inertia tensor of a particle with respect to a 
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given point O is a measure of the inertia of P to move around point O. 
This notion will be discussed later. 

The inertia vector of a particle P with respect to a point O for 
a given direction a is defined as the result of the product of the inertia 
tensor of P with respect to O with the unitary a, that is, 

jp/o ^ jjP/o . ^ 2 . 2 ) 

As, by definition, 11 • a = a and p(8>p-a = p- ap (see Appendix A) , the 
inertia vector can be expressed as 

= (/a-p-ap)m, (2.3) 

or also by using the identity for the double vector product (see, again. 
Appendix A) , 

If''® = p X (a X p)m. (2-4) 




Note that is orthogonal to p and parallel to the plane 
defined by p and a, not being, however, necessarily parallel to a (see 
Fig. 2.2). Also note that, while the inertia tensor is a function solely of 
point O (and, of course, of the mass of the particle), the inertia vector 
also depends on the direction chosen. 
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Example 2.1 The particle P, of mass m, is distant d from point O, the 
origin of the system of axes {xi,X2tXs}, in which the orthonormal basis 
ni, ri2, ri3 is fixed. In this system, the position vector of P with respect to 
O is p = :^(ni + 112) (see Fig. 2 . 3 ). The inertia tensor of P with respect 
to O is, according to Eq. ( 2 . 1 ), 

1 ^/° = i (ni + ri2) (g) (ni + ri2)^ . 




The inertia vector of P with respect to O for the direction rii is, according 
to Eq. ( 2 . 3 ), 

• m = md^(ni - i(ni + ri 2 )) = imd^(ni - ri 2 ). 

Likewise, the inertia vectors of P with respect to O for the directions 112 
and ri3 are 

= n^/°-n2= imd^(n2-m), 

irf = • H3 = md^ns. 

The inertia vector of P with respect to O for the direction n (the axis En 
is on plane X2X3) may be obtained from Eq. ( 2 . 4 ): 

+ 1^2) X ^^(n 2 + V^ns) X + 112)^ m 

= imd^(— ni + ri2 + 2-s/3n3). 
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It is interesting to note that the calculated inertia vectors, with the ex- 
ception of , are not parallel to the respective unit vectors; the general 
conditions in which this parallelism may occur will be discussed later in 
this chapter. 

The moment of inertia of the particle P with respect to point 
O for direction a is defined as the scalar component, in the direction of 
a, of the inertia vector for the same direction (see Fig. 2.2), that is, 

jp/o ^ jp/o . (2.5) 



The moment of inertia is a scalar property and may be obtained directly 
from the inertia tensor of the particle with respect to the point, according 
to 

= a • • a. (2.6) 

The above relationship results directly from the definitions, Eqs. (2.2) 
and (2.5), and from the fact that the inertia tensor is symmetric. Re- 
turning to Eq. (2.5) and introducing Eq. (2.3), we have 

IZ° = (/ - (p • a)") m 
= mef, 

where d is the distance between P and the axis Ea, passing through O 
and parallel to a (see Fig. 2.4). 




Figure 2.4 
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Note that the moment of inertia of a particle with respect to a point O 
for a given direction is a nonnegative scalar (m >0, > 0). 

Given any other point O' on Ea, the moment of inertia 
of P with respect to O' for direction a would be (see Fig. 2.4) 
Iai°' = {p'^ ~ (P^ ■ = rruf, that is, 

jp/o' ^ jp/o ^ jp ( 2 . 8 ) 

whenever O and O' are on the same axis Ea- The result then from 
Eqs. (2.7) and (2.8) is that is the moment of inertia of P with respeet 
to the axis Ea , being equal to the product of the mass of the particle by 
its quadratic distance to the axis. Here it is worth mentioning about the 
adopted notation: The point is indicated in the top index when there 
is no express reference to the axis; when, on the contrary, the axis is 
indicated in the bottom index, it is unnecessary to indicate the point, 
since it is indifferent. 

The produet of inertia of the particle P with respect to the 
point O, for two arbitrary directions a and b, is defined as the scalar 
component, toward b, of the inertia vector of P with respect to O for 
the direction a (see Fig. 2.1), that is, 

(2.9) 

Note that, as the inertia tensor is symmetric, I^i° = • a) • b = 

(HP/O . ^ ^]^at is, the product of inertia is independent of the 

order of the unit vectors a and b, which means 

a" = ( 2 . 10 ) 

Note also that, except when a = b (and, in this case, the product of 
inertia is reduced to a moment of inertia) , the product of inertia of P with 
respect to another point O' for the directions a and b will differ generally 
from that with respect to O, for the same directions. Now substituting 
Eq. (2.3) in Eq. (2.9), the following expression for the product of inertia 
is obtained: 

IT = • b - (p • a)(p • b)) m. (2.11) 

Depending, therefore, on the directions of the unit vectors a and b, the 
product of inertia may be positive, negative, or null. 
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We should note, lastly, that inertia tensors, inertia vectors, mo- 
ments of inertia, and products of inertia of a particle with respect to a 
point and for any directions are all properties with the same physical 
dimension, [ML^]. 

Example 2.2 Returning to the previous example (see Fig. 2.3), the 
moment of inertia of P with respect to the axis xi is, according to Eq. (2.5), 

= ^nuf(ni - ri2) • ni = . 

Likewise, the moment of inertia of P with respect to the axis En is 

Ie„ = -I- ri2 -I- 2v^ri3) • i(ri2 -|- V^ns) = 

"4 2 8 

Using, as an alternative, Eq. (2.7), we have 
Ie„ = (/ - (P ■ n)^) m = 

The product of inertia of P with respect to O for directions n and 113 may 
be obtained using Eq. (2.11), by 

= (p^n • ri3 - (p • n)(p • ri3)) m = ^ - 0^ m = 

Alternatively, since the inertia vector for direction n has already been 
calculated, the same product of inertia may be obtained using Eq. (2.9), 

= ^md^(-ni -I- ri2 -I- 2v^ri3) • ns = . 

Given a particle P, of mass m, and a system of Cartesian axes 
{xi,X 2 ,X 3 } with origin O, the moment of inertia of P with respect to 
the coordinate axis Xj is, according to Eq. (2.7), 

= I", = (P' - J = 1, 2, 3, (2.12) 

where pj = p • rij is the scalar component of the position vector of P 
with regard to O in direction (see Fig. 2.5). Therefore, recalling that 
= Pi + P 2 + Ps) the moments of inertia with respect to the three 
coordinate axes will be 



IT = {pI +Pl)m, 

IT = {Pl+Pl)m, 
IT = (Pi +pIT. 



(2.13) 
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The product of inertia of P with respect to O for coordinate 
directions Xj and xp is, according to Eq. (2.11), 

• rifc - (p • rij)(p • rifc)) m. (2.14) 

But rij • rifc = 0, for j / k, and p • n, = pj. Of course, if j = k, we fall 
back on Eq. (2.12). Therefore, the products of inertia for the coordinate 
directions are 

1 12 ° = 4T = -PiP 2 m, 

4T = 4T = -P2P3 m, (2.15) 

I 3!° = IU° = -PsPi m. 

The inertia tensor of a particle P with respect to a point O 
may, in a system of Cartesian coordinates, be expressed by a symmetric 
matrix called the inertia matrix, so that 

^ ^11 ^12 ^13 \ 

, (2.16) 

V ^31 ^32 ^33 J 

where components Ijj and Ijk, j, k = 1,2, 3, are the moments and prod- 
ucts of inertia of P with respect to O for the coordinate directions, 
respectively, in a reduced notation. In fact, Eq. (2.6) provides 

= n, • • n„ j = 1,2,3, (2.17) 

and, likewise, from Eqs. (2.2) and (2.9), we have 

-np, j,k = 1,2,3. 



(2.18) 
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Example 2.3 Returning again to Example 2.1 (see Fig. 2.3), the 
moments of inertia of P with respect to the coordinate axes, according to 
Eq. (2.13), are 

= ^m(f, I 22 ° = lU° = m(f . 

Note that the moment of inertia with respect to axis xs is equal to the sum 
of the two other moments of inertia (why?). The products of inertia with 
respect to the coordinate axes, according to Eq. (2.15), are 

tP/o - --mcP - I^^° - 0 

Jl2 — ~ ^31 — U. 

Note that all products of inertia involving the direction X 3 (there are four of 
them) are null, since vector p does not have a component in this direction. 
The inertia tensor of P with respect to O may then be expressed in the 
system of Cartesian coordinates of the figure by the matrix 




The moment of inertia with respect to axis may then be calculated by 



(-1 



The product of inertia for directions n and 113 may be calculated by 




jp/o _ / Q 1 

2 ’ 2 / 2 




as was obtained in Example 2.2. 



6.3 Inertia Properties of Systems and Bodies 

The studies of inertia properties in the preceding section may easily be 
extended to discrete or continuous systems of particles, as will be seen 
below. 

Let us first consider 5 as a system consisting of N particles. 
Let Pi be a general particle of S, of mass nii, whose position with respect 
to a given point O is described by vector (see Fig. 3.1). 
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The inertia tensor of S with respect to point O is defined as the 
sum of the inertia tensors of the particles belonging to S with respect 
to the point, that is, 

N 

jjS/o ^ _ p, ^ (3-1) 

i=l 

Being the resultant of the sum of N symmetric tensors, the inertia tensor 
of a system S is also a symmetric tensor. 

Now consider a continuous body C, with volume V and mass 
m, and let P be a general point of C, whose position with respect to a 
given point O is described by the position vector p (see Fig. 3.2). 

The inertia tensor of C with respect to point O is defined as 
the integral in the body of the inertia tensor of an infinitesimal element 
of mass dm with respect to the point, that is, 

jjC/o ^ — p (g) p) dm. (3.2) 

Jc 

It is easy to see that, as in the way of a discrete system of particles, the 
inertia tensor of a body C with respect to a point O is also a symmetric 
tensor. 

The inertia veetor of S or of C with respect to point O for 
direction a is defined as the product of the inertia tensor of 5 or of C 
with respect to O by unit vector a (see Figs. 3.1 and 3.2), that is. 



js/o ^ jjS/O . 



(3.3) 
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jc/o ^ jjC/O . (^3 4^ 

From the product, we obtain, in a similar way of Eq. (2.3), 



N 



- Pi • ^Pi) 

i=l 


(3.5) 


= f {p^a — p • a p) dm, 


(3.6) 


Jc 




or, also using the relationship for the double vector product, 
the alternative expressions 


we have 


N 




^ ^ Pi)rrii, 

i=l 


(3.7) 


= [ p X (a X p) dm. 

Jc 


(3.8) 



The inertia vector of a system of particles with respect to a given point 
for a certain direction is, therefore, the sum of the inertia vectors of the 
particles of the system with regard to that point and for that direction. 
Likewise, the inertia vector of a body C with respect to a point for a given 
direction is the result of the integration in the body of the respective 
inertia vector of its mass element. Although each component of the sum 
or integral is orthogonal to the respective position vector, the resultant 
vector will have a general direction in space. 
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Example 3.1 Consider a system S consisting of particles Pi, P 2 , P 3 , and 
P 4 , each of mass m, and P 5 , of mass 2m, arranged as shown in Fig. 3.3. 
The inertia vector of S with respect to P 5 for the direction of the unit 
vector n, according to Eq. (3.5), is 

5 

n - Pj • n Pi) mi 

i=l 




Note that only particles Pi to P 4 contribute to the term on the left 
of the expression of the inertia vector, (piii), since ps = 0. Particles 
P 5 , Pi, and P 3 do not contribute to the term on the right, whose position 
vectors do not have a component in the direction n. Also note that the 
inertia vector obtained is parallel to the corresponding unit vector. 

Example 3.2 The inertia tensor of the homogeneous disk D, of mass 
m and radius R, with respect to its center O (see Fig. 3.4), according to 
Eq. (3.2), is 

= / (p^l — p (g) p) dm. 

J D 
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Taking the integration element, with mass dm = {m/'KR^)r dr d9, and the 
position vector p = r(cos0ni +sin 0 ri 2 ), with = r^ and remembering 
that 

p (g) p = r^[cos^ 0(ni (g) ni) + sin^ 0 (ri 2 (g> 112 ) 

+ cos0sin0(ni (g) 112 ) + sin 0 cos 0 (ri 2 (g> ni)], 

we have 




1 

4 



m/?^(21L — ni (g) 111 — ri2 (g> ^ 12 )- 



The inertia vector of the disk with respect to point O for the direction of 
n = |(n 2 + -s/Sna) is, according to Eq. (3.4), 



iD/O ^ jjD/O , ^ 

= [(ri 2 + v^na) - 0 - ^112] 

= \mR^ {n.2 + 2v^na). 

O 



The inertia vector for the direction rii is 

jD/o ^ jjD/o , ^ ^mii^(2ni - m - 0) = 
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and the inertia vector for the direction 113 is 



1^3° = 11'°^° • ns = im_R^(2n3 - 0 - 0) = 



It is interesting to note that the inertia vectors with respect to point O for 
the directions ni and ns are parallel to the respective directions. Try to 
calculate the inertia vector for direction n2. What did you find? Note that 
the inertia vector associated with direction n is not parallel to n. 

The projection of the inertia vector of a system S or body C 
with respect to a point O for the direction a in the same direction is the 
moment of inertia of the system or body with respect to the point for 
that direction, that is, 



js/o ^ js/o . ^ . ]j5/o . 

jc/o - i^/o . a = a • • a. 

aa a 

Replacing Eq. (3.5) in Eq. (3.9) gives 

N 

Ia° = {Pi - (Pi • a)^) nii 

i=l 

N 

= Yrriidi, 

i=l 

and, likewise, replacing Eq. (3.6) in Eq. (3.10), 



= f (/ - (P • a)^) dm 
Jc 




(3.9) 

(3.10) 



(3.11) 



(3.12) 



The moment of inertia of a system S (a body C) with respect to a point 
O for a direction a is, therefore, a nonnegative scalar, equal to the sum 
of the products of the masses of the particles (of the mass elements) 
by their respective quadratic distances to the axis containing the point, 
and is parallel to unit vector a (see Eigs. 3.1 and 3.2). Equations (3.11) 
and (3.12) are also evidence that the moment of inertia of a system or 
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body depends solely on its mass distribution around the axis containing 
the point and parallel to the given direction. The result is that, in the 
same way as with the moment of inertia for a particle, the moments of 
inertia of a system or body with respect to two different points of the 
same axis are equal. That is why we may call them moment of inertia 
with respeet to the axis, that is. 



p/o 

aa ' 


0 belonging to Ea, 


(3.13) 


p/o 

aa ■ 


0 belonging to Ea- 


(3.14) 



The projection of the inertia vector of a system S' or a body C, 
with respect to a given point O for a direction a, over another different 
direction, defined by the unit vector b, is the produet of inertia of S or 
C with respect to O for the directions a and b, that is. 



p/o pp/o jj5/0 . ^ 

ab a ' 


(3.15) 


p/o ^ jc/o . ^ ^ . jjC/O . 

ab a 


(3.16) 



Replacing Eq. (3.5) in Eq. (3.15) and Eq. (3.6) in Eq. (3.16), we have 



N 

IT = ^{Pi^ • b - (pi • a)(pi • h))mi, (3.17) 

i=l 

IT = [ (/a-b-(p-a)(p-b))dm. (3.18) 

Jc 

The above expressions show that the product of inertia of a system or 
body with respect to a point for two given directions is a scalar equal 
to the algebraic sum of the corresponding products of inertia of the 
particles or mass elements involved. It is also important to note that, 
given the symmetry of the inertia tensor, the order of unit vectors in the 
composition of the products of inertia is irrelevant, that is, 

= a • • b = b • ■ a = 

ab ba ' 

= a • • b = b • • a = 



(3.19) 

(3.20) 
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Example 3.3 Returning to the system studied in Example 3.1 
(see Fig. 3.3), the moment of inertia of S with respect to axis passing 
through the origin and parallel to n, may be obtained from Eq. (3.11), 

5 



7e„ = mid^ = a^rn + m + + 0 = hmof . 



i=l 

The product of inertia of S with respect to the origin for directions n and 
ri2 may be calculated from Eq. (3.17), 



T-S/Ps 

nri'2 



T S/Pt^ ^ 2 

^ ■ n2 = -ma 



(ri2 + V^ns) • ri2 = -ma^ 



The product of inertia for directions n and ni results in 
= ^ma^(ri2 + VSna) • m = 0. 

This last result is due to the symmetry of the system with respect to the 
plane X 2 xs, as seen ahead. 



Example 3.4 Returning to Example 3.2, the moment of inertia of the 
disk with respect to point O for direction n (see Fig. 3.4), according to 
Eq. (3.10), is 

■ n = {n 2 + 2v^ri3) • ^(n2 + V^ns) = J-mR^ . 

o z Id 

The moments of inertia of the disk with respect to axes X 3 and xi may also 

be obtained from Eq. (3.10), considering what is expressed by Eq. (3.14): 



■ ns = ^mR^; 
7° = I°(o . m = \mR^. 



The product of inertia of the disk with respect to point O for directions n 
and 113, according to Eq. (3.16), is 



= 1^'^° ■ ns = imR^(ri2 + 2v^ri3) • ns = '^mR? . 

As Eq. (3.20) shows, this product of inertia may otherwise be calculated 

by 

= if’a® ■ n = imTJ^ns • ^(n2 + V^ns) = ^mR^ . 

It is also easy to see that 



tO/O ^ tD/O ^ „ 

Try calculating the products of inertia 1^^°^ and 1 ^ 2° 3 ■ What conclusion 
does the reader draw from the results? 
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When a system S of particles has a plane of symmetry, the 
inertia vector of S with respect to a point of the plane for the direction 
orthogonal to this plane is parallel to this direction and its module is 
the moment of inertia of S with respect to the axis orthogonal to the 
plane containing the point. Moreover, every product of inertia of S with 
respect to a point of the plane for two directions, one being orthogonal 
to the plane and the other parallel to that one, will be null. In fact, if 
7T is a plane of symmetry for S, O is any point of vr, n is a unit vector 
orthogonal to the plane, and E is the axis parallel to n passing through 
O (see Fig. 3.5), for every particle , with mass rrii, on one side of 
the plane, there will be another one, P~ , of the same mass, satisfying 
the symmetry condition. If point Qi is the orthogonal projection of 
and P~ on tt, and is the position vector of Qi with respect to 
O, the position vectors of the particles in question can be expressed 
by Pi" = + An and p~ = Vi — An, where A = • n > 0. So, 

n X pj*" = n X p~ = n X Ti. 




Now calculating the double products: 

p+ X (n X p+) = Ti X (n X ri) + An x (n x ri); 

p“ X (n X p“) = ri X (n X ri) - An x (n x ri), 

and adding to the pair of particles, we have 2ri x (n x ri), a vector 

parallel to n (and in the same direction as the latter), since ri and n are 
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orthogonal. Of course, since a symmetric system with respect to plane 
7T consists of pairs of opposite particles, the vector sum in Eq. (3.7) must 
necessarily be a vector with the same direction as n. In other words, the 
inertia vector will, in fact, be orthogonal to the plane. Now, since the 
moment of inertia is, by definition, the projection of the inertia vector 
in the direction of the unit vector, then, of course, 

js/o ^ js/o^ (3 21 ) 

if O belongs to the symmetry plane and n is orthogonal to the plane. 
In turn, the products of inertia relative to direction n and any other 
parallel to the plane of symmetry will be null since the projection of the 
inertia vector in any direction orthogonal to n will be null (see Fig. 3.5), 
that is, 

js/o ^ js/o ^ Q (3 22 ) 

whenever O is on the plane of symmetry, with a parallel and n orthogo- 
nal to the plane. As we will see in Section 6.6, whenever a system admits 
a plane of symmetry, the direction orthogonal to the plane will be called 
a principal direction of inertia. The inertia vector associated with such 
direction is, therefore, parallel to it and its module, the moment of in- 
ertia for that direction, is called the principal moment of inertia. 

Example 3.5 Returning to the system S in Example 3.1 (see Fig. 3.3), 
it is easy to see that plane X 2 xs is a plane of symmetry for S. The inertia 
vector with regard to the origin for direction rii is 

5 

= y^ (Pi ni — Pi • 111 Pi)rrii = 4a^mni — 2a^mni = 2ma^ni, 
i=l 

a parallel vector, therefore, to rii and whose module is equal to the moment 
of inertia of S with respect to axis xi, 

• ni = 2ma^. 

On the other hand, every product of inertia involving the direction ni and 
any other direction a, parallel to plane X 2 xs, will be null, since ni • a = 0. 
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When a continuous body C admits a plane of symmetry, the 
inertia vector of C with respect to a point O of the plane for the direction 
n, orthogonal to the plane (see Fig. 3.6), is parallel to n and its module 
is the moment of inertia of C with respect to an axis E parallel to n 
passing through O, that is. 



ir = !>■ (3.23) 




In fact, as the plane vr splits the body into two symmetrical regions 
and C ~ , the integrals p x (n x p) dm and p x (n x p) dm 
will have equal components in direction n and opposite components in 
directions parallel to the plane (see the argument for the case of discrete 
systems), its sum resulting in a vector parallel to n. As the moment of 
inertia is the projection of the inertia vector in the direction in question, 
its value will be the vector module itself. For the same reason, if a is a 
vector parallel to tt, the product of inertia of the body with respect to 
O for directions n and a will necessarily be null, that is, 

jc/o ^ jc/o ^ (3 24 ) 



Example 3.6 Returning once again to the disk studied in Example 3.2 
(see Fig. 3.4), the three coordinate planes are of symmetry, for which reason 
the inertia vectors for the directions of the axes are parallel to the respective 
directions. It was found, in that example, that parallel, 

therefore, to ni, whose module, \mR^ , is equal to the moment of inertia 
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with respect to the axis x\, as seen in Example 3.4. The inertia vectors 
with respect to point O for the other two coordinate directions fulfill the 
same condition of being parallel to the respective directions. This is not 
the same, however, in the case of the inertia vector for direction n, which 
has been shown not to be parallel to n. In fact, the plane orthogonal to 
unit n containing point O is not of symmetry for the disk. 

This section showed that the properties of symmetry result in 
special conditions for the inertia vectors associated with directions or- 
thogonal to the planes of symmetry. The above example, in particular, 
illustrates a situation in which the three coordinate planes are of symme- 
try to the body, with the result that the three inertia vectors associated 
with the coordinate directions are parallel to them. We will see in Sec- 
tion 6.6 that symmetry is a sufficient but not a necessary condition to 
ensure parallelism between the inertia vector and the corresponding di- 
rection. In other words, we will see that it is possible to find directions 
for which this parallelism occurs, even when the body does not present 
any symmetry whatsoever. 

6.4 Cartesian Coordinates 

Inertia tensors and vectors and moments and products of inertia are 
handled more easily when using a system of axes. The results below 
concern the representation of the inertia properties of a continuous body 
C on a Cartesian base; these relations will be especially valuable in the 
study of the motion of the rigid body, discussed in Chapter 7 . The 
reader should not find it hard to obtain the equivalent expressions for 
discrete systems of particles, merely replacing integrals by sums. 

So, let C be a continuous body with mass m and volume V, 
{xi, X2, X3} a system of Cartesian axes with origin O (which may or may 
not belong to the body) and 111,112,113 an orthonormal basis associated 
with the axes (see Fig. 4 . 1 ). If P is a general point of C, with coordinates 
(pi,P2,P3), the position vector of P with respect to O will be p = piiii -|- 
P2^2 +Psn3. 

The moment of inertia of C with respect to each coordinate 
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axis Xj, j = 1,2,3, will be, according to Eq. (3.12), 




iij )^) dm 



= {pI + pI + pI - P^j) dm, j = l,2,3, 



'c 



(4.1) 



resulting, then, in the following expressions for the moments of inertia 

= I 

Ilf = [ {Pl+Pl)dm; 

Jc 

If°= [ {Pi+Pi)dm; (4.2) 

Jc 

If°= [ {pl+pl)dm. 

Jc 

It is easy to see that the moment of inertia of the body with respect 
to any coordinate axis is equal to the integral of the product of the 
mass elements by the respective quadratic distances to the axis. For 
example, p\+P 2 = d\, where is the distance from point P to axis X 3 
(see Fig. 4.1). 

The product of inertia of C with respect to the origin of the 
axis system for two different coordinate directions, rij, rifc, j, A: = 1, 2, 3, 
or in other words, the product of inertia of C with respect to axes Xj,Xk, 
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resulting, then, in the following expressions for the products of inertia 

jc/o, 

J-jk • 

Ilf = = - f P 1 P 2 dm; 

Jc 

= - [ P 2 P 3 dm] (4.4) 

Jc 

= df° = - [ P3Pi dm. 

Jc 



Example 4.1 Consider the homogeneous wire A, with mass m and 
shape of a quarter of a circumference of radius r (see Fig. 4.2). Taking a 
mass element dm = (2/tt) and the position vector of a general point 
of the wire with respect to its center O, p = (r cos 9, rsin 6, 0), the moment 
of inertia of the wire with respect to axis xi is, according to Eq. (4.2), 



sin^ 6 dO = -mr^. 
2 




Figure 4.2 
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Likewise, the moments of inertia with respect to the other two coordinate 
axes are 

= —mr^ / cos^ 9 dO = -mr^ , 

^ Jo 2 

r~ 

= —mr^ / (sin^ 6 + cos^ 9) d9 = mr^. 

^ Jo 

It is interesting to observe that, in this example, The 

product of inertia of the wire with respect to point O for the directions of 
axes xi and X 2 is, according to Eq. (4.4), given by 

= ——mr^ / sin9cos9d9 = ——mr^. 

^ Jo ^ 

The products of inertia with respect to the other two pairs of axes will be 
null, since they involve the coordinate ps = 0; this result was already to 
be expected, since the plane xi X 2 is of symmetry for the wire. 

The above example also illustrates a couple of properties com- 
mon to the plane figures: The products of inertia involving a direction 
orthogonal to the plane of the figure are null, and the moment of inertia 
with respect to an axis orthogonal to the plane is equal to the sum of 
the moments of inertia with respect to any two orthogonal axes in the 
plane that intercept the first. 

So, if C is a flat body, O is any point of the plane, and 
{xi,X 2 ,X'i} is a system of Cartesian axes with origin O, X 3 being per- 
pendicular to the plane (see Fig. 4.3), the position vector p of an ele- 
ment of mass dm with respect to point O will have ps = 0. Integrals 
Jfj PjP 3 dm, j = 1 , 2 , will, of course, be null and, therefore, the corre- 
sponding products of inertia will also be null: 

= 0; C and O in the plane x\ X 2 - (4.5) 

On the other hand, the quadratic distance of element dm to 
axis X 3 is p^ = p\ + P 21 equal, therefore, to the sum of the quadratic 
distances of the element to axes x\ and X 2 , resulting in 

1^1° = 1^1° -b 1^1.° , C and O in the plane X\X 2 . (4.6) 

The inertia tensor of a body C with respect to a point O may, 
in a system of Cartesian coordinates with origin in O, be expressed by a 
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Figure 4.3 



symmetric matrix — called the inertia matrix — whose main diagonal 
consists of the moments of inertia of C with respect to the three coor- 
dinate axes, the rest of its elements consisting of the products of inertia 
with respect to O, for the same axes, that is. 



HC/O 



/ 1° 1° 1° \ 
-^11 -^12 -^13 \ 

JO JO JO 

21 22 23 I 

. JO JO JO I 

\ -^31 32 '*■33 / 



(4.7) 



Observe that, for the sake of simplicity, a reduced notation was adopted 
for the elements of the matrix, omitting the body C. This means that 
7° = 1^''° and 7(^ = 1^/°- Should more than one body be involved, 
however, it is advisable to make the corresponding distinction. Equa- 
tion (4.7) results directly from Eqs. (3.10) and (3.16). In fact, given the 
orthogonality of the Cartesian axis, the moments and products of inertia 
for the coordinate directions will be such that 







'^12 












= [-r] • 


I?. 


22 


I?. 


■ 


= 1°, 
33 ’ 


j = l,2. 


3, 




w 


■^32 


1° i 

-^33 / 












(I?. 


-^12 


1° \ 
-*^13 ' 










= [-r] • 


I?. 


-^22 


■*■23 


■ i^kf 


= 


j,k = 1, 


,2,3 






■^32 


■^33 / 
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Once the inertia tensor of a body with respect to a point is 
expressed in a system of Cartesian coordinates through a symmetric 
matrix — whose elements are the moments and products of inertia of 
the body for these same axes — the inertia vectors of the body with 
respect to the point for the coordinate directions also acquire a simple 
expression, so that 



jc/o ^ JJC/O . ^ j = 1,2,3, (4.9) 

that is: 

+ /°ri2 + 4>3; 

= I°ni + /°ri2 + Igns, (4.10) 

+ I°^n3. 

Equations (4.10) come from the multiplication of the inertia tensor for 
each of the base unit vectors, as the reader can easily see. 

Example 4.2 Returning to the wire studied in the preceding exam- 
ple (see Fig. 4.2), the encountered moments and products of inertia with 
respect to the coordinate axes were 



tO tO ^ 2 

111 = I 22 = ^mr , 



jO 2 

ioo = mr , 



J 1 “2 



mr 

7T 



jO _ jO _ ^ 



The inertia tensor with respect to point O may, therefore, be expressed in 
the system of axes adopted by the matrix 



/ 1/2 -1/tt 0\ 

-1/tt 1/2 0 

Vo 0 1/ 



The inertia vector for, say, direction ni may then be easily calculated by 



rA/O _ 




or, otherwise, using Eq. (4.10), 



jA/O 

J-l 



1 2 
-mr ni -1- 



1 2\ r \ 2/1 1 

mr ri2 -|- O113 = mr -ni 112 

7T / \2 7T 
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The mere observation of the inertia matrix provides interesting informa- 
tion. For example, the fact that the last line (or column) has only one 
nonnull element is evidence that the inertia vector for direction 113 has this 
same orientation, which was to be expected, as it is a flat figure. In fact, 

/ 1/2 -1/tt 0\ /0\ 

= mr^ I — 1/tt 1/2 0 j • I 0 j = mr^ns. 

Vo 01/ Vl/ 

In principle, establishing the moments and products of inertia 
of a body C with regard to three mutually orthogonal axes with origin 
in a given point O requires computing the integrals present in Eqs. (4.2) 
and (4.4). When the body is homogeneous, the moments and products 
of inertia may be expressed as a function of its mass m and its geomet- 
ric dimensions, with the advantage that the result may be tabulated for 
the more common geometries. Appendix C presents the formulas for 
moments and products of inertia with respect to the mass center and 
another notable point for a reasonable broad set of usual geometries. 
When a body is nonhomogeneous or, even when homogeneous, has its 
own geometry not found in the available tables, its moments and prod- 
ucts of inertia must be obtained by integration, according to Eqs. (4.2) 
and (4.4), after adopting a convenient system of coordinates; if there is 
symmetry, Eq. (3.24) can be used, thereby saving the computing of one 
or more dehned integrals. 

Example 4.3 Consider a homogeneous prism P with a right-angled 
triangular base and mass m, for which the moments and products of inertia 
with respect to point O are to be found (see Fig. 4.4). Its volume is E = 
and its density is p = mja^. Taking an element of mass dm = pdV = 
^ dx dy dz, the moment of inertia with respect to axis x can be computed, 
according to Eq. (4.2), by 

AT = ^ / [ [ \y^ + z^)dx dy dz = \ma\ 

® J-aJo Jo ^ 

By symmetry, the moments of inertia with respect to axes x and y are 
equal; therefore, 

4T = \rna^- 
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The moment of inertia with respect to axis z, also according to Eq. (4.2), 
is 

= ^ J J J (x^ + y^) dxdydz = ^ma^. 

Since plane xy is of symmetry for the prism, according to Eq. (3.24), the 
products of inertia involving the coordinate z orthogonal to the plane are 
null, that is, 

JP/O ^ jP/O ^ Q 
zx zy 



Einally, the product of inertia for axes x and y can, according to Eq. (4.4), 
be calculated by 



tp/o _ xn 



a pa—y ^ 

xy dx dy dz = — —ma^ . 

^ —aJo Jo 




The inertia tensor of the prism with respect to point O can, therefore, be 
expressed by the matrix 



/ 1/2 - 1/12 0 ' 
= maM - 1/12 1/2 0 

Vo 0 1/3. 
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When a body is flat and homogeneous, it is usual to define area 
moments and produets of inertia for the coordinate directions. If p is the 
mass per unit (uniform) of area of body C and {x\,X 2 -,x^} is a system 
of Cartesian axes with origin in a point O of the plane of the figure, with 
X 3 orthogonal to this plane (see Fig. 4.5), its moments of inertia with 
respect to the coordinate axes are 

= [ d^jdm = p[ djdA, j = 1,2,3, (4.11) 

Jc Jc 

where the integral on the surface of the flat body is defined as the area 
moment of inertia with respect to axis Xj : 

Jfr^ld]dA, j = 1,2,3. (4.12) 

Jc 



C 



Figure 4.5 

Likewise, the products of inertia with respect to a point O of 
the plane for the coordinate directions are 

= ~ I PjPk dm = -p I pjPk dA, j, k = l,2, 3, (4.13) 

Jc Jc 

where the integral on the surface of the flat body is defined as the area 
produet of inertia with respect to point O for axes Xj and Xk '. 

^ [ PjPk dA, 

Jc 




j,k = 1,2,3. 



(4.14) 
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In short, moments of inertia, products of inertia, area moments 
of inertia, and area products of inertia are merely related by 

IT = piT^ IT = pJT^ 2, 3, (4.15) 

where p is the mass per unit of area, uniform throughout the body, with 
dimension [ML“^]. 

Area moments and products of inertia of a flat homogeneous 
body have the dimension [A^]. Being purely geometric definitions, mo- 
ments and products of inertia may be given for a cross section of a body. 
This concept is particularly important in deformable solid mechanics, 
but will not be discussed here. Section C.2 of Appendix C gives a table 
of inertia properties of area for the more usual geometries. Properties of 
inertia of bodies with an essentially flat geometry, such as plates, sheets, 
etc., may be established by using this table or a similar one. 

It is vitally important to note that for flat bodies, ps = 0 and 
the area products of inertia involving direction x^, are all null, that is, 

IT = JT = JT = JT = 0. (4.16) 

For this reason only the area product of inertia is assigned to the 
plane figures in Appendix C. Also note that, since the area moment of 
inertia with respect to axis X 3 is equal to the sum of the moments of 
inertia of area with respect to axes x\ and X 2 , that is, 

JT = JT + JT, (4.17) 

nor is the former found in the table of plane figures in Appendix C. 

Example 4.4 Consider the thin, homogeneous semi-elliptical plate 
P, with surface density p = 2 kg/m^ and semi-axes a = 30 cm and b = 
20 cm (see Fig. 4.6). Appendix C provides the following area moments and 
products of inertia with respect to point A: 

tP/A ,3 tP/A 3 , jP/A 

Jii — g — 8 ^ 
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The other elements that comprise the inertia tensor with respect to point 
A are 



jP/A _ jP/A jP/A _ 

O 33 — '^11 “T 022 — 



+ a^), 



jP/A _ jP/A 
O23 — '^31 



= 0 . 



The inertia tensor of the plate with respect to point A is then 



/JiT 


jPtA 

012 


aT\ 




0 




= P J 2 T 


jP/A 

^22 




1 = p-^ab f 0 




0 ) 


\J3T 


jP/A 

^32 


JsT J 


0 


b^ + aV 



Now if E is an axis passing through A and parallel to n = :^(n 2 + na), 
the moment of inertia of the plate with respect to E is 



Ie = 

= ^pab(2a'^ + b^) 

lb 

= 5.18 X 10“^ kgm^ 





6.5 Transfer of Axes 

The tables of inertia properties in Appendix C give expressions for mo- 
ments and products of inertia, for the most common geometries, with 
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respect to one or, at most, two notable points. It would be extremely 
useful to extend the coverage of these tables to any other point in space 
without resorting to new integrating procedures. This is, in fact, pos- 
sible, with the help of the relationships established below, which are 
commonly called transfer of inertia properties. 

Let C be a continuous body with mass m and volume V, O an 
arbitrary point (that may or may not belong to C) , origin of a system of 
Cartesian axes {xi,X 2 ,X 3 }, and C* the mass center of C, origin of an- 
other system of axes parallel to the first system (see Fig. 5.1). 

The inertia tensor of C with respect to O is equal to the sum of the in- 
ertia tensor of C with respect to C* with the inertia tensor of the mass 
center with respect to point O, that is, 

nC/o^jjC/c*^jjC7o_ (5 1) 

The inertia tensor II*^ called the inertia tensor of the mass eenter 
with respect to point O, is actually the inertia tensor of a (fictitious) 
particle, whose mass is the same as that of body C and its position in 
space coincides with that of point C*. 

Eo El El 



Figure 5.1 

Before deriving Eq. (5.1), let us see how this result is reflected 
in the relationship between inertia vectors. Thus, by dot-multiplying 
Eq. (5.1) by an arbitrary unit vector a, then from Eqs. (2.2) and (3.4), 
we have 




1^/0 _ JC/C* _|_ jc*/o 



(5.2) 
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that is, the inertia vector of the body with respect to point O for a 
given direction is equal to the sum of the inertia vector of the body with 
respect to its mass center with the inertia vector of the mass center with 
respect to point O, both for the same direction a. In fact, expressing the 
position vector of a generic point P of the body according to p = p* + r 
(see Fig. 5.1), using Eq. (3.8), and expanding the double vector product 
p X (a X p), we get 



1®''° = f (p* + r) X (ax (p* + r)) dm 

Jc 

= p* X (a X p*)m + p* X ^a X J r dm 

+ / rdmx(axp*)+ / r x (a x r) dm. 

Jc Jc 



As, from Eq. (3.8), 




(a X r) dm 



JC/C* 



and Eq. (2.4), 

p* X (a X p*)m = lf/°, 

as well as in Eq. (1.9), the terms involving the integral r dm are null, 
the validity of Eq. (5.2) is confirmed. Now, if the product of a tensor Ti 
by an arbitrary unit vector a is always equal to the product of another 
tensor T 2 by the same unit vector, whichever it is, then the two tensors 
are necessarily equal. In other words, demonstrating Eq. (5.2) for an 
arbitrary direction, the validity of Eq. (5.1) is automatically established. 

Equations (5.1) and (5.2) may be interpreted as if the inertia 
of rotation of a body around any point O were equivalent to its inertia 
of rotation around its mass center, plus the inertia of rotation of a (ficti- 
tious) particle, with the mass equal to that of the body and concentrated 
in the mass center, with respect to the given point. 

Properties of transfer of axes that relate moments and products 
of inertia also result from these relations. Thus, by projecting Eq. (5.2) 
in the same direction a (see Eig. 5.1), according to Eqs. (2.5), (2.8), 
and (3.10), we have 

is.^c.,+is:- ( 5 . 3 ) 
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Equation (5.3) relates the moments of inertia of a body with respect to 
two parallel axes, one of them passing through the mass center of the 
body. This last constraint cannot be dismissed; by wishing to relate 
the moments of inertia of a body with respect to any two parallel axes, 
Eq. (5.3) should be used twice; otherwise we find = I®. +/e*> where 
/g. = — IgJ (see Fig. 5.1), resulting then in 



/T = 



JC* _ JC* 
-'e' ^ e „ 



(5.4) 



Finally, a relation of transfer of axes for the products of iner- 
tia may be obtained by dot-multiplying Eq. (5.2) by a unit vector b, 
different from a, to obtain 



JC/O ^ jc/c* ^ jc*/o 

ab ab ab 



(5.5) 



Expressed in components, in Cartesian axes, Eq. (5.1) assumes 
the matrix form 



(I?. 


0^ 
' — ( 


1° \ 
-^13 




/4i 


4*2 


4*3^ 




(I-:'- 


TC*/0 

-^12 


44 ^° \ 


4°i 


-^22 


4^3 


= 


4*1 


I 22 


^23 


+ 


IgFo 


TC*/0 

■‘22 


44 '° 


V4°i 


-^32 






^4*1 


^32 


Ih) 






TC*/0 

■‘32 


44 '°/ 



where 1° and are moments and products of inertia, respectively, 
of the body with respect to point O, for the coordinate directions, I*. 
and are the inertia properties of the body with respect to its mass 
center, C*, for directions parallel to the former, and and are 
the moments and products of inertia of the mass center with respect to 
point O, for the same directions. 

The moments of inertia for the coordinate directions satisfy the 

relations 

^11 = + ), 

1° = 4*2 + + Pf)^ (5-7) 

4° = 4*3 + ™-(Pi^ +pf)- 

Equations (5.7) come from the substitution of Eq. (2.13) in Eq. (5.3). 
Now replacing Eq. (2.15) in Eq. (5.5), we get the relations of transfer 
between parallel Cartesian axes for the products of inertia: 

4° = 4*2 - 

4° = 4*3 - (5-8) 

4 ° = 4*1 - rnplpl- 
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Example 5.1 Consider the homogeneous beam V, of mass m and 
dimensions a, b, and c, as shown in Fig. 5.2. The table in Appendix C 
gives the following expressions for the moments of inertia relative to point 
O: 

1° = + a^), I°3 = + 5^), 

with all products of inertia null, due to the symmetry. 



X-. 




T,V/0 

n / =-m 



1 



' 6^ + c" 



The inertia tensor, therefore, assumes the form of a diagonal matrix: 

0 0 \ 

0 0 ] . 

0 0 

To establish the moments and products of inertia with respect to axes par- 
allel to the former, with origin in vertex P, we will use Eqs. (5.7) and (5.8): 

111 = + x) ^ ^ 

I22 = t ) ^ 

rP 1 / 2 , ,2\ , ( ^ /' 2 , i2\ 

hi = > + + ^ j = ^ h 

112 = 0 — TO - - = — 7 TOo 6 ; 

2 2 4’ 

7^3 = 0 - TO^I = -^mbc; 



c a 



1 



7i) = 0 — TO — = —-mca. 
2 2 4 
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The inertia tensor of the beam with respect to point P is then 

/4(6^ + c^) — 3a6 — 3ac \ 

= —TO [ -3a6 4(c^ + a^) -36c ] . 

V — 3ac —36c 4(a^ + 6^)/ 



Tensors, vectors, moments, and products of inertia are additive 
properties, that is, established by sums or integrals; so, if a body C can 
be arbitrarily divided into N parts, Ci, C* 2 , . . . , Cat (see Fig. 5.3), the 
inertia properties of the body with respect to a given point O will be 
the sum of the respective inertia properties of its parts, with respect to 
the point. 




In fact, the inertia tensor of C with respect to O, being 



11*^/^= / — p (g) p) dm 

Jc 

N 



^.L — p ® p) dm 



(5.9) 



N 

i=l 

is equal to the sum of the inertia tensors of each of the parts Ci, with 
respect to O. Now let a and b be two unit vectors, defining two different 
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directions in space. The projection of Eq. (5.9) in direction a, according 
to Eq. (3.4), produces an additive relation for inertia vectors, that is, 

N 

i=l 

By repeating the dot product with unit vector a, then, accord- 
ing to Eqs. (3.10) and (3.14), we have 

N 

i=l 

where Ea is an axis parallel to a, passing through O. Einally, by pro- 
jecting Eq. (5.10) toward b, we obtain the relation of additiveness for 
the products of inertia, 

N 

i=l 

Example 5.2 Figure 5.4 illustrates a body consisting of a homogeneous 
rod B, of mass m and length r, welded to an also homogeneous wheel A, 
of mass 2m and radius r, supported by a horizontal plane. 




Figure 5.4 
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Axes {xi, X 2 , X 3 }, {yi,j/ 2 , 2 / 3 }, and {zi,Z 2 ,Z 3 } are parallel to each other, 
with origin in the center of the rod, B* , in the middle of the wheel, O, and 
on point C, contact of the wheel with the horizontal plane, respectively. 
We wish to establish the inertia tensor of the solid with respect to the point 
of contact C. The tables in Appendix C and the properties of symmetry 
give us 



jB/B* 

-*11 


= 0, 




jA/O 

-*11 


jB/B* 

-*22 


_ jB/B* 
— -*33 


= fmr^, 


jA/O 

-*33 


jB/B* 
^ jk 


II 

0 


k = 1,2,3, 


jA/O 

jk 



tA/O 2 

= = rar , 

= 2 mr^, 

= 0, j,/c = 1,2,3. 



Transferring the moments and products of inertia of the rod from axes 
{xi, X2, X3} to axes {zi, Z2, Z3}, and the moments and products of inertia 
of the wheel from axes {yi, 1 / 2 , 2 / 3 } also to axes { 2 : 1 , 2 : 2 , 2 : 3 }, using for this 
purpose Eqs. (5.7) and (5.8), then 



= 0 + mr^ = mr ^ , 

tb/c 1 2,1 2 1 2 

-'22 = + jfnf = ^rnr , 

= ^mr^, 

= 0 — |mr^ = — 

/ 2 T = 0-0 = 0, 

/ 3 T = 0-0 = 0 , 



= mr^ + 2mr^ = 3mr^ , 
= mr^ + 0 = , 

= 2mr^ + 2mr^ = Amr^ , 
iff = 0 + 0 = 0 , 

Iff = 0 + 0 = 0, 
iff = 0 + 0 = 0. 



The inertia tensor of the body with respect to point C is, therefore, the 
sum of the component tensors, that is. 



/ 1 -1/2 0 \ /3 0 0\ 

n(^+^)/^ = mr 2 I -1/2 1/3 0 j + mrM 0 1 Oj 

Vo 0 4/3/ Vo 0 4/ 

/ 4 -1/2 0 \ 

= mr^ I -1/2 4/3 0 j . 

Vo 0 16/3/ 
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6.6 Principal Directions of Inertia 

The preceding section showed how to establish the inertia properties of 
a body (or discrete system of particles) with respect to a point when 
its inertia properties with respect to another point are known. These 
results are important because the inertia tensor of a body (or system) is a 
function solely of its distribution of mass around the point. The rotation 
of the coordinate axes around the point does not raise problems, since 
the tensor does not depend on the orientation of the axes (although the 
components of the inertia matrix do). The inertia tensor with respect to 
the point is established after having arbitrated a convenient orientation 
from the geometric viewpoint and computed the moments and products 
of inertia for those chosen axes; moments and products of inertia with 
respect to any other directions are then very easily calculated using 
Eqs. (3.10) and (3.16) or Eqs. (3.9) and (3.15), for discrete systems. 

Let us then consider a body C and an arbitrary point O, and 
let be the inertia tensor of C with respect to O. Given an axis E 
passing through O, the moment of inertia of the body with respect to 
the axis is given, as was shown, by • n = n • ■ n, where n 

is a unit vector parallel to the axis. For each arbitrated n, the moment 
of inertia, a nonnegative scalar, will have its own value, and it will be 
natural to expect maximum and minimum values for one or more par- 
ticular directions. On the other hand, we saw that the inertia vector 
for an arbitrary direction is not generally parallel to this direction, al- 
though this parallelism has occurred in some of the examples studied in 
this chapter. The aim of the following study is to establish the general 
conditions of occurrence of this singularity and examine the behavior of 
the value of the moment of inertia as a function of the direction of the 
axis. 

When the inertia vector of a body C with respect to a point 
O for a given direction a is parallel to a, it is said to be a principal 
direction of inertia of the body with respect to the point. So, if a is a 
unit vector parallel to a principal direction of inertia, then, according to 
Eq. (3.4), 
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where, according to Eqs. (3.10) and (3.14), the module of the inertia 
vector will be the corresponding moment of inertia itself, that is, 

A = /°. (6.2) 

In other words, the unit vector describing a principal direction of in- 
ertia, if any, is a normalized autovector of the inertia tensor, and the 
moment of inertia for this same direction is the associated eigenvalue 
(see Appendix A). Rewriting Eq. (6.1) as 

(jjc/o_^o^).a = o, (6.3) 



and recalling that a is not null, the result is that the determinant of the 
tensor should vanish, that is. 



jjC/O _ JO ^ 



= 0 . 



(6.4) 



Equation (6.4), called the characteristic equation, will have as solutions 
the eigenvalues 1°^. Adopting a system of Cartesian axes {x\,X 2 ,x^}, 
with origin in point O and arbitrary orientation, Eq. (6.4) becomes 



- 1 ° ) 



1° 

21 

1 ° 

-'31 



1 ° 

-‘12 

(JO _ JO \ 

\ 22 aa/ 

1° 



1° 

-'13 

IZ 



= 0 . 






(6.5) 



The inertia tensor is real and symmetric with dimension 3. 
Therefore, it admits three real eigenvalues (see Appendix A). This 
means, then, that for every body C and every point O, there are three 
real eigenvalues, called principal moments of inertia of the body with 
respect to the point, to which three normalized eigenvectors are asso- 
ciated, that is, unit vectors that characterize the principal directions 
of inertia. Equation (6.5), when expanded, results in a cubic equation 
for IZ, whose roots, Ai, A2, and A3, all real, are the desired eigenval- 
ues. Let us then suppose that the unit vectors ai, a2, and as are the 
respective associated normalized eigenvectors. The following vectorial 
relations must be fulfilled: 



-ai = Aiai; • a2 = A2a2; • as = Aaaa. (6.6) 
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By dot-multiplying the first equation by sl2 and the second by ai, sub- 
tracting the results, and recalling that, given the symmetry of the inertia 
tensor, slj ■ ■ a^, we have 

0 = (Ai — A2) ai • a2, ( 6 - 7 ) 

and, doing the same with the other two pairs of equations, we have 

0 = (A2 — A3) a2 • a3, (6-8) 

0 = (A3 — Ai) a3 • ai. ( 6 - 9 ) 

If the three roots of Eq. ( 6 . 5 ) are distinct, that is, Ai / A2 / A3, 
then Eqs. (6. 7 - 6 . 9 ) guarantee that ai • a2 = a2 • a3 = a3 • ai = 0 and 
the three principal directions of inertia are orthogonal to each other 
(see Eig. 6 . 1 a). 





Figure 6.1 

When there are two identical roots and one distinct, that is, 
Ai = A2 = A / A3, then ai • as = a2 • a3 = 0 and the principal direction 
of inertia associated to the distinct root is orthogonal to the other two. 
When this occurs, all directions orthogonal to the unit vectors associated 
to the distinct root are principal directions of inertia. In fact, if tt 
is a plane orthogonal to 113 and n is an arbitrary unit parallel to tt 
(see Eig. 6 . 1 b), n = niai -|- ri2a2, then 

jc/o _ ]jC/o _ _l_ fi2Xa.2 = An. ( 6 . 10 ) 

Lastly, if the three roots are equal, that is, Ai = A2 = A3 = A, 
given a unit vector of an arbitrary direction in space (see Eig. 6 . 1 c), 
n = niUi -|- n2a2 -|- nsas, we have 

ic/o ^ jjC/o . ^ mAai -h U2Aa2 -h nsAas = An, 



( 6 . 11 ) 
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meaning that any direction in space is a principal direction of inertia of 
the body with respect to the point. 

The notation adopted for moments of inertia usually indicates 
the body C, point O, and a double index for the direction of the axis 
in the form of ■ For the sake of simplicity, if there is a single body 
in question, the indication of this has been abandoned in the elements 
of inertia matrix in the form of 1°^. Maintaining the repeated indices 
plays a formal rather than an actual operational role within the matrix. 
To emphasize a principal moment of inertia, however, we will adopt a 
simple index in the notation. Therefore, the form , or when there 
is no ambiguity, 1° , will indicate a principal moment of inertia of the 
body with respect to the point, and it is understood that a is a principal 
direction of inertia for that point. 

Example 6.1 Let us consider a homogeneous parallelpiped C, with 
mass m and dimensions a,b,c, and a system of axes {xi, X 2 , xs}, parallel 
to its edges, with origin in its center O (see Fig. 6.2). The moments of 
inertia with respect to the coordinate axes are (see Appendix C) 

111 = +c ), hi = +a ), I 33 = 0 )■ 




Given the symmetry, all products of inertia for these axes will be null. The 
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inertia tensor may be expressed, then, by the matrix 

, /6" + c" 0 0 \ 

= —m 0 0 

V 0 0 a^Pl?) 

The inertia vectors for the coordinate directions are, therefore, 

+ c ) ni, 

tO f / 2 I 2\ 

1 2 = ® ) “^2, 

tO f / 2 I 7,2, 

13 = ° ^ 

As expected, the inertia vectors obtained are parallel to the respective 
directions, consisting, therefore, of three principal directions of inertia or- 
thogonal to each other. Let us now assume that c = b. In this case, the 
inertia tensor is reduced to 

/ 26 ^ 0 0 \ 

= —m \ 0 a^ + b'^ 0 ) . 

V 0 0 a^ + by 



Now, let n be an arbitrary unit vector parallel to plane X2X3, that is, 
n = cos 6n.2 + sin 6113, 9 being an arbitrary angle, the inertia vector of the 
body with respect to point O for the direction n is 

1° = • n = ^m(a^ -|- 6^)(cos0ri2 -|- sin^na) = ^m{a^ + b^)n, 

indicating that n is a normalized autovector associated, therefore, to a 
principal direction of inertia. As 9 is arbitrary, the presence of two identical 
roots I22 = I33 = + b^) guarantees that every direction parallel to 

the plane X2X3 is a principal direction of inertia. Lastly, if the solid is 
reduced to a cube, with c = b = a, the inertia tensor is 



6 

and any direction will be a principal direction of inertia, since 

tO f 2 -« t 1 2 / 

J-ri' = -ma II • n = -ma n . 

D D 
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The above example also illustrates the existing relationship be- 
tween planes of symmetry and the principal directions of inertia. As 
shown in Section 6.3, if a plane tt is of symmetry for a body C, the 
inertia vector with respect to any point O of the plane for the direction 
n orthogonal to the plane is parallel to n. In other words, this means 
that, for any point of a plane of symmetry, the direction orthogonal to 
it is a principal direction of inertia for the point. If there are two or- 
thogonal planes of symmetry, then two principal directions of inertia are 
established also orthogonal to each other, for any point belonging to the 
line of intersection of the planes. Naturally there will be, in this case, 
a third principal direction of inertia orthogonal to the previous ones, 
completing the trihedron of the principal directions. 

It is very worthwhile to identify planes of symmetry when estab- 
lishing principal directions of inertia. Nevertheless, it has been demon- 
strated that for each and every body and point in space, the symmetry of 
the inertia tensor guarantees the existence of three principal directions 
of inertia orthogonal to each other, although there is no evident geomet- 
ric symmetry in their mass distribution. In the latter case, establishing 
the principal moments of inertia requires solving Eq. (6.5). Having es- 
tablished the eigenvalues, the normalized eigenvectors are obtained from 
Eq. (6.1). 

Example 6.2 The moments and products of inertia of the homogeneous 
rectangular plate of mass m with respect to its center O for axes {zi, Z2, zs} 
(see Fig. 6 . 3 ) are equal to (see Appendix C) 



jO I 2 rO I 2 T'O 5 2 

in = — ma , Inn = -ma , Un = — ma , 

11 12 . 22 2 , 33 12 > 



I — T — I — n 

-‘-12 — .*23 — ^31 — 'J- 



The axes {zi, Z2, Z3} define three mutually orthogonal planes of symmetry 
and are, therefore, principal directions of inertia of the plate for point O. 
Transferring the inertia properties for the axes {j/i,2/2,y3}, parallel to the 
previous ones and with origin in vertex A, then we have, using Eqs. ( 5 . 7 ) 
and ( 5 . 8 ), 



I 



A 

11 



tA 4 2 

I27 = -ma , 



— 



5 2 

-ma , 



I 



A _ 
12 — 



1 2 T'.A tA. /-k 

-ma , I23 = 0, /31 = 0. 
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The inertia tensor of the plate with respect to point A may be expressed 
then by 

/ 1 -3/2 0\ 

= -ma^ -3/2 4 0 . 

^ V 0 0 5/ 

The characteristic equation to determine the eigenvalues, Eq. (6.5), is of 
the form (note that, to simplify, we will leave out the constant |ma^; once 
the roots are found, the principal moments of inertia will be obtained by 
multiplying it by the constant put in evidence) 



1 - A 



-3/2 

0 



-3/2 
4- A 
0 



0 

0 

5- A 



= 0 , 



which may be factored as 

((1 - A)(4 - A) - 9/4) (5 - a) = 0 



and whose roots are 

Ai = i(5-3V2), A 2 = i(5 + 3V2), A 3 = 5. 

Since three different roots were obtained, the principal directions of inertia 
for vertex A are orthogonal to each other, with two normalized eigenvectors, 
ai and a 2 , parallel to the plane yi 1/2 and as orthogonal to it, since the 
body is flat and, in fact, A 3 = Ai + A 2 . The principal moments of inertia 
will then be if' = \mofXj, that is. 



If = 



5 - 3^2 



-ma 



3V2 



A 5 -r ov ^ 2 

/a = 7 ^ rna 



ta 5 2 

= -ma . 

3 



6 



6 
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The eigenvectors must fulfill Eq. (6.1). Expressing then ai in coordinates 
{ 2 / 1 , 2 / 2 , 213 }, ai = (cos 0, sin 0, 0), and replacing in Eq. (6.1), we have 

/ 1 —3/2 0\ /cos6\ /cos6\ 

( —3/2 4 I ( ~ I ’ 

Vo 0 5 / Vo/ Vo/ 

whose solution is (check it out) 

6 = 22° 30'. 

The other principal direction of inertia is naturally defined by (see Eig. 6.3) 



&2 = as X ai = (— sin 0, cos 0,0). 



The principal directions of inertia of a body C with respect to 
a point O define three directions orthogonal to each other. If the roots 
of the characteristic equation are all different from each other, these 
directions are, as already shown, unique; when there are two repeated 
roots, we can always choose two directions orthogonal to each other and 
orthogonal to the autovector associated with the distinct root to form 
a Cartesian trihedron; in the case of repeating the three roots, every 
mutually orthogonal trihedron consists of a set of principal directions 
of inertia. So, by adopting a system of Cartesian axes with origin in 
O and parallel to the principal directions of inertia of the body with 
respect to O, the inertia matrix becomes diagonal. In fact, if ai,a 2 ,a 3 
is an orthonormal basis parallel to the principal directions of inertia, 
all products of inertia for these coordinate directions, called principal 
coordinates, cancel each other out, since 

1 ^ 1 ° = • afc = /;y°a, • afc = 0, j / k. (6.12) 

So, when adopting the principal directions of inertia as coordinate di- 
rections with origin on the point, the inertia tensor is expressed by 

(I? 0 0 \ 

= 0 1 ° 0 , 

\o 0 



(6.13) 
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where 1°, j = 1, 2, 3, are the principal moments of inertia of the body 
with respect to the point. One of the major advantages, therefore, of 
adopting principal coordinates lies in reducing the operations involving 
the inertia tensor. In fact, if u is a unit vector characterizing a given 
arbitrary direction with components {ui,U 2 ,us) in the principal basis 
ai,a 2 ,aa, the inertia vector of C with respect to O for direction u is, 
according to Eq. (3.4), 



= ( 6 - 14 ) 

j=i 

The moment of inertia of the body with respect to an axis E passing 
through O and parallel to the unit vector u is, according to Eq. (3.10), 

= (6.15) 

i=i 

Lastly, if V = {vi,V 2 , fs) is another arbitrary unit vector, the product of 
inertia of the body with respect to O for directions u and v, is, according 
to Eq. (3.16), 

IT = (6.16) 

i=i 



Example 6.3 Reverting to the previous example, choosing axes 
{xi,X 2 ,X 3 }, with origin in vertex A and parallel to the principal direc- 
tions of inertia with respect to this point (see Fig. 6.4), the corresponding 
moments and products of inertia are 



5-3^2 



-ma 



^2 — 



5-F3V2 



-ma 



T — T — T — Q 

Jl2 — -^23 — -^31 — 



5 2 

-ma , 
3 



The inertia tensor with respect to point A may then be expressed by the 
diagonal matrix 

/5-3V2 0 0 \ 

= -ma^ [ 0 5 3^2 0 I . 

Vo 0 10/ 
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The unit vector n, expressed on the principal basis, is 
n = i (sin 6ai + cos 0 a 2 + Vs as) . 

The inertia vector of the plate with respect to point A for direction n, 
according to Eq. (6.14), is 

[(5 — 3 V 2 ) sin 9ai + (5 + 3^2) cos 0a2 + 10-\/3 as] . 

The moment of inertia of the plate with respect to axis E is, according to 
Eq. (6.15), 

7e = ^ [(5 — 3 V 2 ) sin^ 0 + (5 + sV2) cos^ 0 + 30] ma^ 

= ^(35 + 3's/2cos20)ma^ 

24 



We will now consider a body C and an arbitrary point O, and let 
{xi, X2, X3} be Cartesian axes with origin O and parallel to the principal 
directions of inertia of C with respect to O and E an axis passing through 
O parallel to the unit vector a = oirii + 02112 + 03113 (see Fig. 6 . 5 ). 
Also let P: (xi,X2,X3) be a point of E whose distance d to O is defined 
by 

h 

d = 



k 



( 6 . 17 ) 
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where k is an arbitrary constant with dimension [M^L^]. For each se- 
lected orientation, therefore, the quadratic distance from P to O will 
be inversely proportional to the moment of inertia for the direction; 
particularly, when a = n^, P= Pj, j = 1,2,3. Therefore, varying the 
orientation of a, P describes a surface around point O, whose nature we 
will now investigate. 

The moment of inertia of the body with respect to point O for 
direction a may be expressed as a function of the principal moments of 
inertia, according to Eq. (6.15), as 

-^aa = + 4^2 + (6.18) 

The coordinates Xj of point P and the components Oj of unit vector a 
are related by 



therefore, af = j = 1,2,3. 

a k^ 



Replacing Eq. (6.19) in Eq. (6.18) and dividing both members by 
we get 



-^1 ^2 I h 2 , h 2 



^ ( 6 . 20 ) 

and, as dj = kj is the distance to O from point Pj, j = 1,2, 3, then 



„2 „2 
1 _ *^1 I 2 , -^3 

dV dV dV 



(6.21) 
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an equation of an ellipsoid of semi- axes di, d 2 , and ds, called the inertia 
ellipsoid of the body with respect to the point (see Fig. 6.6). It is worth 
mentioning that the actual dimensions of the inertia ellipsoid will depend 
on a scale, depending on the arbitrated value for the constant k. 





Figure 6.6 

The inertia ellipsoid of a body C with respect to a point O 
has center in O and is oriented according to the principal directions 
of inertia of C with respect to O. The distance d from any point P of 
the surface of an ellipsoid to its center lies between its maximum and 
minimum semi- axes, that is, if the order of the axes is chosen so that 
di > d 2 > ds, then 

di > d> ds- (6.22) 

In other words, since the ellipsoid has been built from quadratic dis- 
tances to its center in inverse proportion to the moment of inertia as- 
sociated with the direction, the minimum and maximum moments of 
inertia of the body with respect to the point will occur in principal di- 
rections of inertia and the moment of inertia for an arbitrary direction 
a will necessarily be between these values, that is, 

h < L. < Is- ( 6 . 23 ) 

We can, therefore, say that every body is, from the viewpoint 
of its inertia of rotation relative to any point, equivalent to an ellipsoid, 
with mass equal to that of the body and semi-axes directed according 
to the principal directions of inertia of the body for that point. 
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Example 6.4 The inertia ellipsoid for rectangular plate P, analyzed in 
the two preceding examples, with respect to point O is oriented according 
to the main axes {zi,Z 2 ,Z 3 } for the point (see Fig. 6.7a). Arbitrating, 
for convenience, k = m/12 of , the semi-axes of the ellipsoid will be, 

according to Eq. (6.17), 



di — 










Note that di is the largest semi-axis, associated with the minimum moment 
of inertia of the plate with respect to point O, 7° = ma^/12, and that da 
is the smallest semi-axis, associated with the maximum moment of inertia 
of the plate with respect to O, 7° = hmaf jVl. The inertia ellipsoid of the 
plate with respect to its vertex A is oriented according to axes {xi, X 2 , xa} 
(see Fig. 6.7b), with semi-axes (adopting the same k) 



di 



a 

y2(5^N572)’ 



d2 



a 

V^2(5T372)’ 



ds 



a 

27!’ 



with di > d 2 > da. As expected, when dealing with a flat body, the 
maximum moment of inertia occurs for the direction orthogonal to the 
plane, whatever the chosen point of the plane may be. 

The moment of inertia of a body C with respect to a given axis 
E is always a nonnegative scalar that measures a distribution involving 
the mass and the average quadratic distance to the axis. The farther the 
average distance from the body to the axis, the greater the corresponding 
moment of inertia, and there will, therefore, be no upper limit for the 
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moment of inertia of a body with respect to an axis. Approximating, 
inversely, the axis from the body, we find a minimum value for the 
moment of inertia. In fact, Eq. (5.3) establishes that, given an arbitrary 
direction a, the moment of inertia of the body with respect to any point 
O, for that direction, is the algebraic sum of the moment of inertia of 
the body with respect to its mass center, for the same direction, with 
the moment of inertia of mass center with respect to O. This means 
that, whatever the chosen direction, the point with respect to which the 
moment of inertia is minimum is the mass center of the body. On the 
other hand, one of the principal directions of inertia of the body with 
respect to any point is, as seen above, the direction of the smallest value 
for the moment of inertia of the body with respect to the point. So 
the conclusion is that the smallest absolute value for the moments of 
inertia of any body is that of the smallest moment of inertia for one of 
the three principal directions of inertia with respect to the mass center 
of the body. 

Example 6.5 Returning once again to Example 6.2 (also see Exam- 
ples 6.3 and 6.4), the smallest moment of inertia of the plate with respect 
to point A is the principal moment of inertia associated with axis xi, 

tA 5 3'\/2 2 n 1 oco ^ 

L = ma = \j.l2b2ma , 

6 

and the smallest absolute moment of inertia of the plate is the principal 
moment of inertia with respect to point O, associated with axis zi, 

1° = = 0.0833 ma^. 



As expected, 1° < It ■ 
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Exercise Series #8 (Sections 6.1 to 6.4) 

P8.1 Establish the position of the centroid of the homogeneous body shown. 




P8.2 Establish the position of the centroid of the homogeneous plate. 



X2 






A 



2a 



Figure P8.2 



462 



6. Inertia 



P8.3 Establish the distance of the centroid of the homogeneous angle plate 
to axis xi. 




Figure P8.3 



P8.4 Establish the coordinates of the centroid of the disk with an off-center 
circular hole. 




Figure P8.4 
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P8.5 Compute the distance from point E to point A so that, when cutting 
the rectangle according to segment CE and hanging the ABCE trapezoid by 
vertex E, the side BC stays horizontal. 




Figure P8.5 



P8.6 Bind the coordinates of the mass center of a system of particles located 
on the vertices of a rectangular parallelpiped, masses C, D, and E being equal 
to 3 kg, masses E and G equal to 4 kg, mass A equal to 1 kg, mass B equal 
to 2 kg, and mass H equal to 5 kg. 
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P8.7 Find the coordinates of the centroid of the truss consisting of homo- 
geneous rods of the same density. Quotas are in meters. 




P8.8 Two halves of a homogeneous cylinder with mass m are kept together 
using a rope with two equal masses at the end. Calculate the minimum value 
of each of these masses to keep the halves in contact, if there is no friction. 




Figure P8.8 
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P8.9 The body consists of a hemisphere and a cylinder of equal density, 
coupled together. Find the relation between the maximum height a of the 
cylinder and the radius r of the hemisphere so that the body stays in stable 
equilibrium in the position indicated. 




Figure P8.9 



P8.10 A small ball E, with mass equal to 5 kg, is set in the position shown. 
Given the vectors a = (1, 1,0) and b = (0,3,4), find the moments of inertia 
of E with regard to point O for the directions defined by vectors a and b and 
the product of inertia of E with regard to O for the same directions. 




Figure P8.10 
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P8.ll Consider the thread of beads hanging between two points with the 
same elevation, forming a catenary (y = — 4)^ with the arrow 

a, as shown. There are 62 identical beads of the same mass m distributed 
along the thread. Estimate the moment of inertia of the set with regard to 
the axis x. 




Figure P8.ll 



P8.12 Given a system of particles S and an arbitrary point O, show that the 
sum of the moments of inertia of S with regard to three mutually orthogonal 
axes passing through O is an invariant. 



P8.13 Show that the moment of inertia of a homogeneous sphere with regard 
to an axis that contains its center is smaller than the arithmetic average of 
the moments of inertia of any other body of the same mass with regard to 
three mutually orthogonal axes, passing through its mass center. 
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P8.14 Find the moments and products of inertia of the homogeneous bar, 
of mass equal to 3 kg and length equal to \f2j2 m, with regard to point A, 
for the coordinate directions. 




Figure P8.14 



P8.15 A homogeneous wire, with mass m, is shaped around a cylinder, 
forming a helix with constant pace that completes a whole turn around the 
cylinder, as shown. Find the inertia vector of the wire with regard to point 
O, the center of the cylinder base, for direction ni. 




Figure P8.15 
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P8.16 Consider the homogeneous rod B, with mass m, situated in relation 
to the system of coordinates {xi, X 2 , xs}, as shown. Find the inertia vector 
of the rod with respect to O for direction n. Also, find its product of inertia 
with respect to O for directions n and ni. 




Figure P8.16 



P8.17 Find the moments of inertia of the homogeneous angle plate with 
density p with respect to the coordinate axes. 




Figure P8.17 
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P8.18 When using an eraser to rub out a mistake in his notebook, the 
student discovered that the heavy table shook much less when the movement 
was in the direction b — b than in a — a. Why do you think this happens? 




P8.19 Show that for any body and any of its points, the moment of iner- 
tia with respect to a given direction cannot be greater than the sum of the 
moments of inertia with respect to two directions orthogonal to the former. 




Figure P8.19 
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Exercise Series #9 (Sections 6.5 to 6.6) 



P9.1 Consider the system comprising four particles of the same mass m, 
in the configuration shown. If (ui,U 2 ,U 3 ) are the director cosines of axis E, 
passing through Po, find the moment of inertia of the system with regard to 
E. Also, calculate the product of inertia of the system with regard to its mass 
center for the directions parallel to xi and X 2 - 




P9.2 Find the moment of inertia of the homogeneous ring of mass m with 
regard to axis E. 




Figure P9.2 
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P9.3 The solid consists of a cone of mass equal to 2.5 kg, welded to a hemi- 
sphere of mass equal to 5 kg. Find the moment of inertia of the body with 
regard to axis xi and the product of inertia with regard to point A for direc- 
tions n and ni. 




P9.4 Two squares and a circle were cut from a thin steel plate, with density 
equal to 8 kg/m^, and placed one on top of the other, as shown. Find the 
moment of inertia of the body with regard to axis E. 




1 5cm 
b=40cm 
a = 60cm 



Figure P9.4 
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P9.5 A homogeneous rod of mass m and length 3a is folded as shown. Estab- 
lish its inertia matrix with regard to point O for the Cartesian axes indicated. 




Figure P9.5 



P9.6 Consider the homogeneous annular cylinder with an external radius 
R. Find the value of the inner radius r that maximizes the moment of inertia 
of the cylinder with regard to axis z , parallel to the axis of symmetry ^ and 
tangent to the inner edge. 




Figure P9.6 
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P9.7 Consider a thin prismatic body, with length c and square cross section 
with edge a, whose longitudinal axis of symmetry is parallel to axis xi, d being 
the distance between them, as shown. Analyze the error made in computing 
the moments of inertia with regard to the Cartesian axes indicated when 
dimension a is neglected, considering the body to be a rod rather than a 
parallelpiped. Estimate the maximum values of the ratios a/c and a/d so that 
the percentual error made when calculating any of the moments of inertia with 
respect to the Cartesian axes shown in the figure is below 0.1%. 




Figure P9.7 



P9.8 Three identical square homogeneous plates will be welded as outlined 
in Fig. P9.8. Find the value to be chosen for the angle 6 so that the moment 
of inertia of the set with regard to axis E is minimum. 




Figure P9.8 
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P9.9 Consider a spherical shell with mass m and radius r. Find the inertia 
vector with respect to point Q for the direction of the unit vector n, and 
compute the moment of inertia with respect to axis E. 




Figure P9.9 



P9.10 Calculate the moments of inertia of the homogeneous body with den- 
sity p with respect to the coordinate axis. 




Figure P9.10 
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P9.ll Find the moment of inertia of the homogeneous body of density p 
with respect to axis E. 




P9.12 The particles Po, Pi, P2, and P3, each with mass m, occupy the ver- 
tices of two rectangular triangles, as shown. Find the minimum and maximum 
moment of inertia of this system with regard to Po- 




X. 



Figure P9.12 
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P9.13 The homogeneous rod of mass m and length 2a is folded as shown. 
Find its principal moments of inertia with regard to point O. 




P9.14 Find the distance from vertex A to a point O on the hypotenuse AB 
of the triangular plate, so that the line passing through A and B is a principal 
axis of inertia of the plate with regard to O. 



C 



A 




B 



Figure P9.14 
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P9.15 Find the smallest angle between axis xi and the axis of minimum 
moment of inertia of the homogeneous perforated plate, with regard to point 

A. 




P9.16 Find the ratio between the height and radius of a homogeneous cylin- 
der so that the inertia ellipsoid with regard to the center of one of the bases 
is reduced to a sphere. 




P9.17 Show that the inertia ellipsoid of a homogeneous cube with regard to 
a vertex is of revolution. Then find the principal moments of inertia of a cube 
with mass m and edge a with regard to a vertex. 
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P9.18 The homogeneous disk, with mass 2m, is welded to the half-wheel of 
mass m, as shown. Find the moment of inertia of the set with regard to axis 
E. What is the proportion between the semi-axes of the inertia ellipsoid with 
regard to point O? 




P9.19 The body C, with mass m, is a solid of revolution about X 3 . Due 
to a manufacturing flaw, the distribution of mass is imperfect, so that the 
principal axis of inertia with a maximum moment of inertia with regard to 
the mass center O undergoes a slight deviation 6 in plane X 1 X 3 , as shown. 

T3 




Knowing that = mr^ (720, estimate the amount of mass to be added in 
point P, as shown, in order to correctly balance the body, bringing X 3 into a 
principal axis of inertia. 
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P9.20 Demonstrate the following inertia properties, valid for every rigid 
body C with mass center P*: 

• A principal axis of inertia for P* is also a principal axis of inertia 
for all points of the axis. 

• If a line is a principal axis of inertia of the body for two of its points, 
then it contains the mass center of the body and is a principal axis 
of inertia for P*. 

• If P is a point belonging to one of the principal axes of inertia with 
regard to P*, then the principal directions of inertia for P and P* 
are parallel. 



P9.21 Demonstrate that the inertia ellipsoids of the five regular polyhedrons 
(tetrahedron, hexahedron, octahedron, dodecahedron, and icosahedron) with 
respect to their geometric centers are all spherical. 



P9.22 Let a be a unit vector of any direction and P be the intersection 
point of the line passing through an arbitrary point O and is parallel to a, 
with the surface of the ellipsoid of inertia of a rigid body with regard to O, 
as illustrated. Show that the inertia vector of the body with regard to O for 
direction a is orthogonal to the ellipsoid surface at point P. 




Figure P9.22 
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P9.23 The china vase has mass m and mass center O, located on its axis of 
symmetry X 3 . Axes {xi, X 2 , 0 : 3 } are, therefore, one of the possible orientations 
for the principal directions of inertia of the vase with respect to O. Q is the 
intersection point of axis X 2 with the outer surface of the vase. What would 
you expect with regard to the principal directions of inertia of the vase with 
respect to Q? If I and J are the transverse and longitudinal moments of inertia, 
respectively, with respect to the mass center, compute the inertia tensor with 
respect to point Q. 




P9.24 Find the principal moments of inertia of the homogeneous equilateral 
triangular plate with mass m, with respect to vertex A. 



C 




Figure P9.24 
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P9.25 Find the principal moments of inertia of the homogeneous wire with 
mass m with respect to point O. 




P9.26 Find the smallest moment of inertia of the semicircular wire of mass 
m and radius r with respect to point A. 




Figure P9.26 
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P9.27 Consider the spherical shell with mass m and radius r. Calculate the 
principal moments of inertia for point Q. 




P9.28 A letter G is shaped from a homogeneous wire with the indicated 
geometry. Find the smallest angle between the axis with minimum moment 
of inertia of the body with respect to point O and the coordinate axis xi. 
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P9.29 Calculate the smallest moment of inertia of the homogeneous plate 
with a surface density p with respect to point A. 




Figure P9.29 



P9.30 Find the moment of inertia of the hollow homogeneous cylinder, of 
mass m, with respect to axis E. Once radii a and b are fixed, what should 
the height c be so that the ellipsoid of inertia of the body with respect to its 
center O degenerates into a sphere? 




Figure P9.30 



Dynamics of the Rigid Body 



Chapter 7 



This chapter completes a study that has been taking shape in the ear- 
lier chapters. In fact, the analysis of the motion of a rigid body assumes 
the mastering of forces, kinematics, principles ruling the variation of its 
dynamic properties, and the inertia properties of the body. To deter- 
mine the motion of a rigid body it is first necessary to carefully analyze 
the system of forces acting on the body. After identifying the forces and 
torques applied — the corresponding free body diagram having therefore 
been made — it is necessary to reduce the system to the mass center 
of the body or to another specific point, where applicable; to do so, 
the methods studied in Chapter 2 will be used. Next, we must identify 
the degrees of freedom of the body, characterize its holonomicity, and 
choose a set of coordinates that describe its configuration in a given 
reference frame. The determination of its angular velocity and acceler- 
ation, as well as the velocity and acceleration of its mass center — each 
of these vectors expressed in terms of the chosen coordinates and their 
time derivatives — is the following task. The use of kinematic theorems, 
studied in Chapter 3, especially facilitates this task. The basic principles 
of dynamics are introduced, from the conceptual viewpoint, in Chapter 1 
and applied to the motion of the particle in Chapter 4. The principal 
methods of dynamic analysis are discussed therein. Chapter 5 general- 
izes dynamic concepts and principles to be employed in discrete systems 
of particles and continuous bodies. The same general equations for the 
motion of the mass center of a body, the motion of the body around the 
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mass center, and the relations between work and energy will be adopted 
in the study of the motion of the rigid body, with notable simplifications 
resulting from the hypothesis of rigidity. Chapter 6, lastly, studies the 
inertia of the rigid body. Translation inertia — the mass — brings noth- 
ing new in relation to a general system; inertia of rotation, characterized 
by the inertia tensor, will, on the contrary, bring the equations to a new 
way, simplifying the study of the motion of the rigid body, as will be 
seen in this chapter. 

Section 7.1 introduces the dynamic properties for a rigid body. 
Here it is shown that the angular momentum and kinetic energy of the 
body can be expressed as a function of its inertia tensor with respect to 
the mass center and the angular velocity vector of the body. Section 7.2 
discusses the central theme of the chapter: the equations of motion for a 
rigid body. It shows that there are two kind of equations. The equations 
of the first kind are equations governing the movement of the mass center 
of the body, similar to the equations of motion for a particle, relating 
the time rate of the momentum vector to the resultant force applied. 
The equations of the second kind establish the rotating motion of the 
body around its mass center, involving the inertia tensor, and relate 
the time rate of the angular momentum vector to the resultant torque. 
Section 7.3 generalizes the work concept of a general system of forces, 
showing how to evaluate the work done by a torque applied to a rigid 
body. In Section 7.4, the resultant work on a rigid body is related to the 
variation of its kinetic energy in a given interval, establishing the energy 
balances. Section 7.5 is devoted to the study of plane motion; it shows 
that three scalar equations are generally available, and the conditions for 
maintaining plane motion are analyzed. These five sections provide the 
basic tools to describe, in principle, each and every situation involving 
the motion of a rigid body. More specific and interesting applications, 
such as gyroscopes, some aspects of stability of motion, and situations 
involving collision between bodies, will be discussed in Chapter 8. 

7.1 Dynamic Properties 

A body is said to be rigid when all its elements maintain invariant mutual 
distances in time. The hypothesis of rigidity, therefore, guarantees that 
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if P and Q are two points of a rigid body C moving arbitrarily in a 
reference frame TZ (see Fig. 1.1), the velocity component of P relative 
to Q in 7?. in the direction of line (r) containing P and Q is necessarily 
null; in other words, the following kinematic constraint must be fulfilled 
for any two points P and Q of C: 

T^^P/Q . ^P/Q = 0 , ( 1 . 1 ) 

where pP^‘3 is the position vector of P with respect to Q, parallel to line 
r. In fact, the relative velocity between two points of a rigid body may, 
according to Eq. (3.8.4), be expressed by P-^p/^ = x , a vector 
orthogonal to p^^^ . The result, then, is that the dot product of relative 
velocity with the position vector will be null for any instant. Equa- 
tion (1.1) may be interpreted, therefore, as the kinematic translation of 
the hypothesis of rigidity. 




The kinematic theorem for velocities applied to a rigid body 
establishes, as shown in Section 3.8, that if P and Q are any two points 
of a rigid body C moving in a given reference frame TZ, with angular 
velocity then the velocities of P and Q in 7^ satisfy the relationship 

-I- Pu}^ X (1.2) 



In particular, if C* is the mass center of C and v* = Pyr^ is its velocity 
in TZ (see Pig. 1.1), then the velocities of P and C* in 7^ will be related 
according to 



P\P = V* -|- X r. 



(1.3) 
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where r = is the position vector of point P with respect to the 

mass center of the body. 

When a body C, with mass m, moves in a reference frame 
TZ, each point P of the body, representative of an infinitesimal mass 
element dm, will have velocity v = and momentum dG = v dm 
(see Fig. 1.2). The set of vectors dG is, as shown in Section 5.1, a 
simple distributed system Q of momentum vectors, whose resultant is 
the momentum vector of the rigid body, in the reference frame TZ, given 
by 

/ dG= [ vdm. (1.4) 

Jc Jc 




We call the vector 

G*=^G^‘^mv* (1.5) 

the momentum of the mass center of the body, that is, the momentum 
vector, in TZ, of a (fictitious) particle with mass equal to that of the body 
and moving in TZ as its mass center. Of course, given the definition of 
the mass center of the body, Eq. (6.1.4), then 

'^G^ = G* =m^r*. (1.6) 



Example 1.1 Body C consists of a homogeneous cylinder, with mass 
m, welded to a light rod, with the dimensions indicated (see Fig. 1.3). 
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Z 




Figure 1.3 

The free end of the rod is connected to point O, fixed to the horizontal 
plane by means of a ball joint and the cylinder rolls over the plane, the 
reference frame IZ, a point P of its bottom edge always being in contact with 
the latter. The motion of C in 7?, is prescribed and may be characterized 
as follows. Consider a reference frame B, defined by the vertical plane 
containing axis 2 ; and mass center C* of C. Orthonormal bases bi,b 2 ,bs 
and ni,n 2 ,ri 3 are fixed in B, with the directions indicated in the figure. 
B moves in relation to TZ with vertical simple angular velocity of constant 
module fl, as shown. All points on axis xi, therefore, also have a constant 
speed in reference frame TZ. As points O and P are fixed in C, O is at the 
same time fixed in TZ and, at each instant, the rolling conditions ensure 
that the velocity of P in 7?, is null, that is, = 0. Then from 

Eq. (1.2), we have 

V X = 0, 

SO 

n c , 

uj = ujbi. 

But, from the additiveness relation of angular velocities, Eq. (3.3.10), 

n c B c . n B . ou 

ij = cj oj = echini + iZbs. 
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By comparing the last two expressions, it is then easy to see that (check) 
LO = —2D, and wi = 



and, therefore, that 

= — 2flbi = 2ni + 113). 

v5 

The velocity of the mass center may then be obtained from the kinematic 
theorem of velocities, resulting in 

* TZ o , n c c*/o 

V = V + a; X p ' 

2 5 

= 0 H ^n(-2ni + ns) x -rni 

V5 4 

= \/5Drn2. 

The momentum vector of body C may then be obtained from Eq. (1.6), 
that is, 

= TOv* = V5mDrn2. 

See the corresponding animation. 

The resultant moment with respect to a point Q, fixed in a body 
C, of the distributed system Q of momentum vectors of the elements of 
C, in a reference frame TZ, is the angular momentum vector of the rigid 
body with respect to the pointy in 7?., defined, therefore, as 

n^c/Q ^ f pxdG= / pxvdm, (1.7) 

Jc Jc 

where p = p^/^ is the position vector of a general point P of C with 
respect to the chosen point Q (see Fig. 1.2). As C is a rigid body, the 
velocity field of the points of the body is defined by Eq. (1.2). Therefore, 

p X V = p X + p X (^ui^ X p). (1.8) 

Integrating the first part of the right side of Eq. (1.8) throughout the 
body, then, according to the definition of mass center, Eq. (6.1.4), 




490 



7 . Dynamics of the Rigid Body 



where p* = . Now expressing the angular velocity vector of the 

body in the reference frame as = cun, where n is a unit vector with 
the same direction as (see Fig. 1.2) and w is a positive scalar, the 
integration in the body of the second part of the right side of Eq. (1.8) 
will, using Eqs. (6.3.8) and (6.3.4), give (see Section 6.3) 



/ p X X p) dm = 

Jc 



= u p X (n X p) dm 

Jc 






( 1 . 10 ) 



n 



By combining the terms, then, we have the following expression 
for the angular momentum vector: 



TeRC'/Q^n'^/'^-^w'^ + p* xm^v'^. (1.11) 

Equation (1.11) expresses the general form for establishing the 
angular momentum vector of a rigid body, with respect to an arbitrary 
point Q of the body, in a given reference frame. This expression will 
take a simpler form, canceling out the second term on the right side, if 
the chosen point Q is the mass center of the body — in this case, p* = 0 
— or if point Q is fixed vo-lZ — canceling The first hypothesis is 

valid whatever the motion of the body in the reference frame. Thus, by 
replacing the general point Q for C* in Eq. (1.11), we have 

(1.12) 

Equation (1.12) expresses quite a simple and extremely useful 
relation to find the angular momentum vector of a rigid body with re- 
spect to its mass center in a given reference frame, being equal to the 
product of the inertia tensor of the body with respect to the mass center 
by the angular velocity vector of the body in the reference frame. 

If the rigid body C moves in a reference frame IZ so that a 
point O of C stays fixed in then, as defined in Section 3.8, there is a 
motion with a fixed point and Eq. (1.11) takes the simplified form 

n-^c/o ^ jjc/o . q ^ 
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In short, if Q is an arbitrary point of a rigid body C moving in 
a reference frame TZ with angular velocity , the angular momentum 
of C with respect to Q in 7^ depends on the inertia tensor of the body 
with respect to the point, on the angular velocity of the body, and on 
the velocity of the point in the reference frame, as generally expressed 
by Eq. (1.11). If C* is the mass center of C, the angular momentum 
of the body with respect to C* in 7?. depends on the inertia tensor of 
the body with respect to the mass center and on the angular velocity 
of the body in the reference frame, as expressed in Eq. (1.12). Lastly, 
if body C moves in TZ so that a point O of C remains fixed in the 
reference frame, then the angular momentum of C with respect to O, 
in TZ, may be expressed as a function of the inertia tensor of the body 
with respect to O and the angular velocity vector of C in TZ, as given 
in Eq. (1.13). The first two equations mentioned are absolutely general 
while the last is restricted to a particular kind of motion of the body. 
It is worth noting that there is also another possibility for the second 
term of Eq. (1.11) to vanish, that is, when Q moves parallel to vector 
p*, vanishing the corresponding vectorial product; this is, however, too 
unusual a situation to dwell upon it further. 



Example 1.2 Returning to the previous example (see Fig. 1.3), the 
inertia tensor of body C with respect to its mass center C* can be expressed 
in the coordinate system {xi,X 2 ,X 3 } by the matrix (see Appendix C) 



=mr‘^ ( 0 1 0 y 

Vo 0 1/ 

The inertia tensor with respect to point Q can then be obtained from 
Eq. (6.5.6), resulting in 



nC/Q 




0 

7 

6 

0 




Likewise, the inertia tensor with respect to point O may be obtained, using 
the same relation, being given by (check it) 



^c!o ^ 



'10 O' 

0 f 0 

T 0 
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The angular velocity vector of the cylinder, expressed on the basis 
ni,n 2 ,ri 3 , is (see preceding example) 

= -^n(— 2m + ns). 
v5 

The velocity of point Q in the reference frame TZ is 

n Q TZ o , TZ, c Q/o 4 
V = V + w X p ' = ^=iZrn2. 

n/5 



The angular momentum vector of the cylinder with respect to point Q is 
then, according to Eq. (1.11), 



TZ^C/Q ^ jjC/Q . TZ^C ^ pCVQ ^ 




= — f— 2ni 

VE V 



2 14 

• ^pfl(— 2ni + ns) + -rni x m—^flrn 2 
V 5 2 -^5 



The angular momentum vector with respect to the mass center is, according 
to Eq. (1.12), 



TZ-^C/C* ^ jjC/C* 



2 2 
= —;=mr Q 



-ni + -ns 



Lastly, the angular momentum of C with respect to point O, fixed in the 
reference frame, is, according to Eq. (1.13), 

TJttC/O ttC/O tz c 1 f r, I ”^9 \ 

H ' = II ' • w = —=mr il —2m + —ns . 

V5 V 6 / 



Note that the three computed angular momentum vectors are not parallel 
to each other, nor are any of them parallel to the angular velocity vector 
of the body in the reference frame. See the corresponding animation. 

The angular momentum vectors of a rigid body C with respect 
to two points P and Q, in the same reference frame 7^, are related by a 
simple expression, as follows: 



n^^c/p ^ n^^c/Q pQ/p ^ _ 



(1.14) 
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In fact, as the angular momentum vector of a body with respect to a 
point is the resultant moment, with respect to the point, of the dis- 
tributed system angular momenta with respect to two points must 
satisfy the moments transport theorem, Eq. (2.3.4), where the resultant 
of the system, when applicable, is exactly the momentum vector of the 
body in the respective reference frame. By substituting the resultant 
moments, therefore, in the moments transport theorem, for the respec- 
tive angular momentum vectors and the resultant for the momentum 
vector of the body, Eq. (1.14) is obtained. 

Example 1.3 Returning to Example 1.1 (see Fig. 1.3), the angular 
momentum vector of cylinder C with respect to point Q could be calculated 
from its angular momentum with respect to, say, C* and its momentum in 
the reference frame TZ. So, from Eq. (1.14), we have 



TJjjC/Q _ 7^jjC/C* 



pCVQ X 

1 



= —j=mr VL — m -I- -ri 3 



V5 

1 



-rni X \/bmD,r'a2 



V5 



19 



= —;=mr fl — 2ni -1- 113 



6 



as obtained in Example 1.2, using Eq. (1.11). The reader must pay atten- 
tion to the fact that Eq. (1.14) is valid for any two points of the body, and 
it is, therefore, unnecessary for one of these points to be the mass center, 
as happens by chance in this example. See the corresponding animation. 

The kinetic energy of a rigid body C in a given reference frame 
TZ is defined, as seen in Section 5.1 for bodies in general, as the integral 
in the body of the kinetic energy of its elements, that is, 

= j ^v-vdm, (1-15) 

Jc 2 

where v = is the velocity in 7?. of a general point P of the body 
(see Eig. 1.2). Here, too, the nature of the velocity field of the points of 
a rigid body will bring to its kinetic energy a peculiar expression. By 
then using Eq. (1.3), the quadratic velocity is 



V • V = V* • V* -b X r) • X r) -b 2v* • x r, 



(1.16) 
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where r is the position vector of the general point P with respect to the 
mass center of the body. The kinetic energy of the body will then be 



= I • V* dm + / X r) • x r) dm 



1 



1 



ic 



'c 



+ / V* • X r dm 

Jc 

= l~m\-* ■ V* + ■ 



r X (^oj^ X r) dm 



(1.17) 



+ V* • X 



Jc 

r dm. 



Ic 



The kinetic energy of the mass center of a body, as defined in Section 5.1, 
is 

= ^mv* • V*, (1.18) 

equal, therefore, to the first term of Eq. (1.17). The second term may 
be developed, as in Eq. (1.10), as 

1 . 






IC 



r X { X r) dm = ^ • uj j r x (n x r) dm 



IC 



1 . 



2 

2 

= • V. 



(1.19) 



Lastly, the third and last term of Eq. (1.17) will be null, since, according 
to Eq. (5.1.9), r dm = 0. 

In short, the kinetic energy of a rigid body may be expressed 
as 

= ^mv* • V* + , (1.20) 

where the first term, called the kinetic energy of translation or the kinetic 
energy of the mass center, , is defined by Eq. (1.18) and the second 

term, called the kinetic energy of rotation or the kinetic energy around 
the mass center, is given by 

= . jc/c* . n^c 






( 1 . 21 ) 
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Note that the lowering of the kinetic energy of a rigid body 
results in the general breaking down of the kinetic energy of a body, 
expressed in Eq. (5.1.26). In the case of the rigid body, in particular, the 
kinetic energy around the mass center is reduced to the kinetic energy 
of rotation, as defined by Eq. (1.21) above. In fact, for a rigid body 
f = a; X r and, from Eq. (5.1.25), 






f -r ■ r dm 

Jc‘^ 

[ X r) • (^o; 

J c 



• / r X ( 

Jc 






1 
2 



. jjc/c* .n^c 



X r) dm 
X r) dm 



( 1 . 22 ) 



Example 1.4 Let us now consider the motion of a coin M, in the 
shape of a homogeneous and thin disk, with mass m and radius r, rolling 
over a flat surface (see Fig. 1.4). Let us find its kinetic energy at a certain 
instant when the coin’s plane is vertical, that is, when 9 = 0. The angular 
velocity of the coin in the reference frame TZ, where it is fixed to the surface, 
expressed in terms of coordinates 9{t), and is (see Example 3.3.4) 

= -0 cos 6 ni + 6 n .2 + (0 + -0 sin 0 )ri 3 . 

In the condition 0 = 0, we have 

= 'tjjni + 6n.2 + ^n.3. 



The velocity of center O of the coin, at the instant in question, may be 
obtained from the rolling condition, = 0, resulting in 



no n c , n, M o/c 

V = V + a; X p ' 



= 0 + (V'ni + 0 ri 2 + 0 ri 3 ) x rni 
= r{4>Ta.2 — 0ri3). 
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The kinetic energy of translation of the coin is then, according to Eq. (1.18), 

'RtM 1 n o It o 1 2 /-, 2 ,fl 2 x 

K = -m V • V = -mr [ip +t> ). 

The inertia tensor of the coin with respect to its mass center is (see Ap- 
pendix C) 

= -mr^ [ 0 I 0 ) . 

Vo 0 1/ 

The kinetic energy of rotation of the coin is then, according to Eq. (1.21), 




The overall kinetic energy of the coin in this instant is therefore, according 
to Eq. (1.20), 

^ TZj^O nj^M/O ^ 1 ^^2 ^^2 5^2 ^ 
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When a rigid body C moves in a reference frame TZ with a fixed 
point O, it is convenient to define its kinetic energy of rotation around 
the point, so that 



If P is a general point of C, whose position with respect to 
the fixed point O is given by vector p = , its velocity in TZ is 



v = 



,c 



= X p and the kinetic energy of the body in TZ is, according 



to Eq. (1.15), 






= 



f -V • V dm 
c 2 

2^ 



rn, ,c 



a;"" X p) • { X p) dm 



ic 






'c 



p X { X p) dm 



(1.24) 



^ n^cjo _ 

In short, when there is a motion of a rigid body with a fixed 
point, a kinetic energy of rotation around the point may be defined — 
similar to the kinetic energy of rotation in the more general case, but 
with the inertia tensor with respect to the point instead of the inertia 
tensor with respect to the mass center — the latter being equal to the 
total kinetic energy of the body in the reference frame, that is, 

n ^n,r. ^ „ . . . _ ^ 5 ) 



2 



V, 



O fixed in TZ. 



Example 1.5 Going back to Example 1.1 (see Fig. 1.3), the kinetic 
energy of the body in the reference frame may be calculated, according to 
Eq. (1.25), as 



1 c 
K = - u) 



n 



c/o 



103 2(^2 

= mr . 

30 



na) 




• — r2(-2ni 
V5 



ns) 
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7.2 Equations of Motion 

The equations governing the motion of a rigid body C in an inertial 
reference frame TZ are, at least in principle, the same as those governing 
a continuous system, or body, as shown in Section 5.4. So, if F is the 
resultant of the external forces acting on C and is its momentum 

in TZ, Eq. (5.4.1) will, for C, be as follows: 

^GC = F, (2.1) 

that is, the time rate in an inertial reference frame IZ of the momentum 
vector of rigid body C, in this same reference frame, is, at each instant, 
equal to the resultant F of the system of external forces acting on the 
body. Likewise, the first equation of motion for a rigid body can be ex- 
pressed in terms of the motion of its mass center, as stated in Eq. (5.4.2), 
that is, 

G* = F, (2.2) 

where G* is the momentum of the mass center of the body, and as 
Eq. (1.6) shows, equal to the momentum of the body in the reference 
frame TZ. Equation (2.2) is, of course, equivalent to 

ma* = F, (2.3) 

where m is the mass of the body and a* is the acceleration of its mass 
center in the inertial reference frame. 

Choosing a system of Cartesian axes {xi, X 2 , X 3 }, in the direc- 
tions in which the vectors involved are broken down, Eq. (2.3) develops 
into a set of three scalar equations governing the motion of the mass 
center of the body, that is. 



ma*i = Fi, 

mal = F 2 , (2.4) 

mUg = Fg. 

Equation (2.1) [or (2.2), or (2.3)] is also called the equation of 
translation of the rigid body, to the extent that it governs the translation 
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of the mass center of the body in the inertial reference frame. We will 
especially refer to Eqs. (2.4) also as equations of motion of the first 
type. It is worth mentioning that the Cartesian axes adopted to break 
Eq. (2.3) down into Eqs. (2.4) may be fixed in any reference frame. 

Example 2.1 Consider a homogeneous rod B, with mass m and length 
a, resting on a smooth horizontal table TZ, when a horizontal force with 
module H and direction orthogonal to the rod’s axis is applied to end P 
(see Fig. 2.1). Adopting the orthonormal basis bi, b 2 , bs, fixed in B and in 
the indicated direction, the external forces applied to the rod are H = Hh 2 , 
N = Nh^, and P = —rngh^ (assuming that the normal force exerted by 
the table and weight are both parallel and uniformly distributed forces, 
reduceable, therefore, to the mass center). 




Figure 2.1 



The external resultant force is then 

F = Hh2 + {N — mg)h3. 

The rod will move and continue in contact with the table; the acceleration 
of the mass center in relation to the latter is then 



a* = aibi + a 2 b 2 . 



Assuming that the table is an inertial reference frame, the equations of 
motion for the mass center, Eqs. (2.4), are 

mai = 0 , 

77102 = H, 

0 = N — mg, 




500 



7. Dynamics of the Rigid Body 



resulting in 

tti = 0, 02 = — , N = mg. 

m 

Note that the first two equations of motion are second-order ordinary dif- 
ferential equations for the coordinates of the mass center of the rod (whose 
time derivatives, up to second-order, are present in the expressions of ai 
and 02 ), while the third is an algebraic equation that leads to the unknown 
force component, N. Also, pay attention to the fact that the equations only 
govern the motion of point B* , informing nothing about the rotation of 
the rod. For instance, it is not possible only with the result obtained so far 
to know something about the motion of point P. Lastly, it is worth noting 
that the chosen basis to write the equations of motion is not fixed in the 
inertial reference frame, but is convenient for addressing the problem. See 
the corresponding animation. 

As already mentioned, the equations of motion for a rigid body 
are, in principle, the same as those governing the motion of a continuous 
body, discussed in Section 5.4. The most important of them, among the 
equations of motion of the second kind, is that which governs the motion 
of the body around its mass center, Eq. (5.4.7). If C is, therefore, a 
rigid body moving in an inertial reference frame TZ under the action of 
a system of external forces whose resultant moment with respect 
to the mass center C* of the body is , the time derivative in TZ 

of the angular momentum vector of the body with respect to its mass 
center, , satisfies the relation 

n-^c/c* ('2.5) 

For a rigid body, however, the angular momentum vector with 
respect to the mass center is as described in Eq. (1.12), and its time rate 
in TZ is, then, 

n-^c/c* _ 

dt 

= jjc/c* n^c ^ n-^c/c* 
dt 

= ^ ^ jjc/c‘ . n^c 

= X 



(2.6) 
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Note that, when obtaining the above result, it was necessary to transpose 
the time rate in TZ to time rate in C, where the inertia tensor is an 
invariant. It is worth recalling that the position vector p appears in the 
expression of the inertia tensor of the body, Eq. (6.3.2) (in this case, 
r, the position of a general point of the body with respect to the mass 
center), whose time rate in TZ is different from zero but whose variation 
in C is null; hence the inertia tensor of the body has a null derivative in 
reference frame C, a fact exploited in the deduction of Eq. (2.6) above. 

So substituting Eq. (2.6) in Eq. (2.5), then the equation of 
motion of the seeond kind for a rigid body., also called the equation of 
rotation of the rigid body., is obtained. 

jc/c* . n^c ^ n^c ^ jjc/c‘ . n^c ^ . (2,7) 



Example 2.2 Returning to Example 2.1, we are now going to analyze 
the rotation of the rod around point B* (see Fig. 2.1). The inertia tensor 
of the rod with respect to its mass center, expressed in the directions of 
the chosen basis bi, b2, ba, is (see Appendix C) 






12 




As the rod remains in contact with the plane, vector ba will be fixed 
simultaneously in B and TZ, characterizing a simple angular velocity, that 
is, 

7 ^ B 1 7 ^ B • 1 

oj = UJ03, a = cjDa. 

The resultant moment with respect to point B* of the forces acting on the 
rod is 

= -Hahs. 

2 

So by substituting it in Eq. (2.7), then we get 

/O 0 OX ^ 

ma^ jo 1 0 1 • wba = -Hahs, 

Vo 0 1/ 



12 



'0 0 O' 
0 1 0 
.0 0 1 , 



• wba + wba x 



12 



which results in 



6H 
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that is, a constant angular acceleration (assuming that H remains orthog- 
onal to the rod and with constant module H). Starting from rest, the an- 
gular velocity of the rod at an instant t will, therefore, be a; = {&H/am) t. 
Now we can, with the help of the kinematic theorem for accelerations, find 
the acceleration of other points of the rod. The initial acceleration of point 
P, on which the force is applied, is (see Fig. 2.2) 



■R. p ns* 

a = a 



, IZ B / K iri 

+ UJ X { U) X p 



TZ B 



P/B* 



n B p/B* 

a X p ' 



= -b2 + 0 
m 

= 4 — b2. 
m 



6H . a. 

bs X -bi 

am 2 



b. 




Figure 2.2 



The acceleration of the other end of the rod, at the same instant, is 

^a"^ = ^a'^* + x (^u>^ x x 

= -2^^b2. 
m 

Exploring the example a little more, note that there is a linear variation in 
the value of the initial acceleration of the points of the rod, from —2H/m 
in point Q to AH/m in point P. In fact, if P' is a general point of the rod, 
its position vector with respect to B* may be expressed as p^^^ = rbi, 
with |r| < a/2, (see Fig. 2.2), and the initial acceleration of P' is 



K P' 6H^ ^ H 

a = — b2 H ba x rbi = — 

m am m 



1 + 6 - 



^2, 
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a linear function of r. There must, therefore, be a point O whose initial 
acceleration is null, which happens for r = —a/6. Point O, at a distance of 
a/3 from the free end Q, is called the center of percussion relative to P, to 
the extent that, when the rod hits on P, we have in O a point unsensitive 
to the action, with null initial acceleration in TZ. See the corresponding 
animation. 

If a system of Cartesian axes {xi,X 2 :X^} and an orthonormal 
basis rii, ri 2 , ri 3 , both fixed in body C, are chosen for breaking down the 
vectors a;, a, and M and the inertia tensor , expressed as a matrix 
of inertia according to the same axes, we have 



= wini + 1X12^2 + Wans, 

= aini + a2n2 + asns, 

+ M 2112 + M 3113 , 



nc/c‘ 



(i:^ 


II. 


i:. 


r 


r 


r 


■^21 


-^22 


■^23 


\Ik 


^32 


I 33 



(2.8) 



Equation (2.7) may now be divided into a system of three scalar 
equations. In their most general form, these equations assume a rela- 
tively extensive expression, given below (check it): 

+ n^a2 + ir3«3 + /23(‘^2 - ^3) 

+ {Ik - Ik)^3^2 + {1*13^2 - 112 ^ 3)^1 = Mi; 

Ik^2 + Ik ^3 + Ik^i + Iki ‘^3 ~ ^ 1 ) ^2 9 ) 

+ (I/i - Ik)uJlC03 + {1*21^3 - I*23^i)^2 = M 2 ] 

Ik^3 + I 31 M + Ik ^2 + Il 2 {^l - ^ 2 ) 

+ (Ik - I*ll)^20Jl + (/3*2^1 - ^31^2)u;3 = M 3 . 

Equations (2.9) are somewhat inconvenient, given their com- 
plexity. They may, however, be substantially simplified if the Cartesian 
axes chosen are the principal axes of inertia of the body with respect to 
its mass center. In fact, as the products of inertia associated with the 
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principal directions of inertia are all null, the equations of motion of the 
second kind will be reduced to (confirm) 

Ilai + (/; - I*)uj3UJ2 = Ml, 

1*02 + m — = M 2 , (2-10) 

lias + (/* - = M 3 . 

Equations (2.10) are known as Euler’s equations. We must not 
forget that, in order to use these much simpler equations than Eqs. (2.9), 
we must know the principal moments of inertia of the body with respect 
to the mass center and break the resultant moment and angular velocity 
and acceleration vectors down into the principal directions of inertia. 

Equations. (2.7), (2.9), and (2.10) come from Eqs. (2.5) 
and (2.6). When deducting Eq. (2.6), in turn (have another look at 
it), it was implicitly assumed that the inertia tensor with respect to the 
mass center is a constant in body C, which is always true. When break- 
ing down into a system of Cartesian axes, however, the inertia matrix 
arises, whose components — which are the moments and products of 
inertia — depend on the direction of the axes, that is, on the motion 
of the reference frame to which these axes are associated. This is the 
reason why, in the decomposition given by Eqs. (2.8), it is expressly 
stated that the chosen axes shall be fixed in the body. To use Euler’s 
equations, in particular, this is also an imperative constraint since the 
principal directions of inertia are also fixed in the body. A special case 
where this constraint may be relaxed occurs when the body is of revolu- 
tion, that is, it has an axis of symmetry. Every axisymmetric body has 
an inertia ellipsoid, relative to its mass center, also axisymmetric. One 
of its principal axes is the axis of symmetry and the others are any axis 
orthogonal to it passing through the center of the body (see Section 6 . 6 ). 
So choosing, say, the unit vector 113 parallel to the axis of symmetry and 
arbitrary directions (maintaining, of course, the orthogonality) for rii 
and ri 2 , there might be the basis fixed in a reference frame in relation 
to which the body has a simple angular velocity, parallel to the axis of 
symmetry, the principal moments of inertia staying constant. 

Equations. (2.4), which are the equations of motion of the first 
type, and Eqs. (2.10), which are the simplest form for the equations of 
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motion of the second kind, are mutually independent and form a set 
of six scalar equations that govern the motion of a rigid body. When 
the forces and torques acting on the body are known, these equations, 
when integrated, are generally sufficient to establish the six generalized 
coordinates that define the configuration of the body in the reference 
frame. It is more usual, however, due to the presence of links, not to 
know some part of the forces and torques applied to the body; in this 
case, the number of degrees of freedom of the body is reduced and part 
of those six equations will be used to find the unknown efforts. 

Example 2.3 Let us consider the disk D, with mass m and radius r, 
welded to a light rod with length 3r, whose end is connected to point O, 
fixed on plane TZ, inertial, by means of a ball and socket joint, as shown 
(see Fig. 2.3). 




The disk is at rest, supported by the plane, when torque T, parallel to 
its axis of symmetry, is applied. We wish to find the initial acceleration 
of point Q, mass center of the body, and the initial values of the forces 
applied to it. It is assumed that the coefficient of friction present is enough 
to prevent sliding on C. This same system is studied in Chapter 2, from 
the viewpoint of the analysis of forces and torques, and in Chapter 3, from 
the viewpoint of its kinematics. For a more complete approach, however, 
we will now reexamine every aspect here. The figure indicates the forces 
and torques to be considered: a force applied to O with, in principle, three 
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components; the weight, applied to Q; two components of force on the 
point of contact C (there is no tendency to slide in the direction parallel 
to bs); and the known torque T. Reducing this system to point Q gives 

F = (Oi + N - mg)hi + (O2 + Fa)h2 + Oaba, 

= 3rC>2bi - 3rOib2 + (T - rFa )b3. 

The angular velocity of the body may be expressed in terms of the angular 
coordinates (p and 6, such as 

= —(phi + 0bs. 

The angular acceleration may then be obtained through differentiation, 
resulting in 

= —iphi + 9ph2 + ^ba. 

The velocity of point O in 7?, is null, the same happening with the velocity 
of point C. From the kinematic theorem + x p'^ZO results 

the relation 

0 = 30 

and, consequently, 

0 = 30. 

The components of the angular velocity and acceleration on the chosen 
basis will, therefore, be 

= —0, 0 J 2 = 0, UJ 3 = 30, 

ai = —ip, 012 = 30^, as = sip. 

The velocity of point Q may be obtained from 

n Q Tz o , n ,D Q/o o y. 

= V + uj X = 3r0b2, 

and its acceleration is, by differentiation in IZ, 

= 3r(0b2 — 0^ba). 

The chosen directions are principal directions of inertia for the body (of 
revolution) with regard to Q, and the principal moments of inertia are (see 
Appendix C) 

tQ tQ ^ 2 j(D f 2 

Ip = IP = -mr , ip = -mr . 

1 2^,32 
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We then have all three elements to comprise the six equations of motion for 
the body in question. In fact, substituting the above results in Eqs. (2.4) 
and ( 2 . 10 ), we have 



0 = 


Oi + N — mg. 


(a) 


iimrcj) = 


O 2 + Fa, 


(b) 


—3mr(f>^ = 


O 3 , 


(c) 


1 

to 

II 


3r02, 


(d) 


3 2 ’/ 2 3 2 ’/ 2 

-mr 0 + -mr 0 = 


-3rOi, 


(e) 


-mr 0 = 


T-rFa. 


(f) 



Here we have a holonomic system with a single degree of freedom, described 
by coordinate 4>(t), which appears in Eqs. (b-f) with their first and second 
time rates. Eor the unknown components of force, that is, 0i,02,0s, N, 
and Fa, there is a system of algebraic equations. Substituting (d) in (b) 
and the result in (f) gives 



- _ 12 T 
55 ’ 

a relation that may be integrated directly for T constant, resulting in 

12 T 



and 



^{t) = 






In the initial condition, immediately after applying the torque, 4> = 0 and 
the initial acceleration of point Q is 

55 mr 

The components of force, at the first instant, are, therefore. 



IT 47 T 

Oi = O 3 = 0, 02 = - — —, N = mg, Fa=— — . 

55 r 55 r 

Note that the equations of motion were expressed in the directions of the 
orthonormal basis bi, b2, ba, that is not fixed in the body nor in the inertial 
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reference frame. This was only possible due to the symmetry of the body, 
whose inertia ellipsoid is of revolution. Therefore, any direction parallel to 
the plane of bi and b 2 are principal directions of inertia for the disk with 
respect to its center. When this particular condition fails to occur, the 
reader must remember to choose a basis fixed in the body and — wishing 
to use Euler’s equations — parallel to the principal directions of inertia for 
the mass center. See the corresponding animation. 

If rii,n 2 ,n 3 is an orthonormal basis, fixed in a rigid body C, 
and parallel to its principal directions of inertia for the mass center, then 
the components of the angular acceleration vector of the body in an 
inertial reference frame are the time rates of the respective components 
of the angular velocity vector of C in the same reference frame, that is, 

J = 1,2,3. (2.11) 

In fact, as the time rate of the angular velocity vector in the reference 
frame is equal to its time rate in the body and the basis is fixed in C, the 
result is Eq. (2.11). The substitution of Eq. (2.11) in Eq. (2.10) gives 
an alternative form for Euler’s equations: 

/(’(hi + {II - II)cosi02 = Mi; 

/2*(h2 + (/r - Il)i0it03 = M 2 ; (2.12) 

IIC03 + {II - II)uJ2iOl = M 3 . 

Example 2.4 A homogeneous rod, with mass m and length 2r, is pivoted 
in its mass center O to a fork, and may turn freely around the horizontal 
axis X 2 , while the fork may, in turn, rotate freely around the vertical axis 
z, as shown (see Fig. 2.4a). The rod is at rest in the horizontal position, 
when force F, of module 10 mg and direction indicated in the figure, is 
applied to end Q. The initial acceleration of the opposite end P is to be 
found. Figure 2.4b indicates the forces and torques applied to the rod, 
broken down in the principal coordinate directions, of inertia for the rod 
with respect to its mass center. Torque Ti results, at least in principle, 
from the rotation constraint of the link in the corresponding direction. The 
resultant moment of the system of external forces with respect to O is 

_ Tybi — rFsh2 + rF2h3. 
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The angular velocity of the rod in the inertial reference frame TZ, supporting 
the fork, may be expressed by 

= — ' 0 h 2 + 0(sin 0bi + cos ^bs) , 

where 6 is the angle between axis xi and the horizontal plane containing 
poin O and 4> measures the rotation of the fork. 




Figure 2.4 



As basis bi, b2, ba is fixed in B, the expression for the angular acceleration 



= (^sinO + (^ 0 cos 0 )bi — 0 h 2 + (jf>cos0 — 00 sin 0 )b 3 . 
The principal moments of inertia of the rod for its mass center are 
Ii = 0 , 1° = 1° = ^mr^. 

So substituting the above terms in Eq. (2.12), we have 

0 = Ti, 

--mr^0 — sin 0 cos 0 = —rFs, 

3 3 

1 2 •• ■ ■ 1 2 ■ ■ 

-mr {4> cos 0 — 4>0 sin 0) — —mr (f>0sin0 = rF 2 , 
o o 



which can be reduced to 



Ti = 0, 

0 + 4>^ sin 0 cos 0 = , 

mr 



6 cos 0 — 260 cos 0 = 



3T2 



mr 
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and whose solution is (note that, ait = Q, 4> = 6 = 4) = 6 = Q) 

9 = 24^ and 0=18-. 
r r 

As point O is fixed in TZ and, at the initial instant = 0, then 

X = 6-(— 4b2 + Sba) x (— r)bi = — 6(;(3b2 + dbs). 

r 

See the corresponding animation. 



7.3 Work on a Rigid Body 

Consider that C is a rigid body moving in a reference frame TZ, and let 
be its angular velocity vector in TZ. If T is a torque applied on C 
during a certain interval of time (^ 1 ,^ 2 ); the work of the torque on the 
body in the interval, in the reference frame TZ, is defined by (see Fig. 3.1) 

^ T-'^uj^dt. (3.1) 







The work of a torque applied on a rigid body is a scalar with the 
same physical dimension of work of a force applied to a point, that 
is, [ML2T-2], 

If M torques Tj, j = 1,2, . . . , M, act on a body C, the work of 
the torques will be the algebraic sum of the work, being naturally equal 
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to the work done by the vector sum of the torques involved, in the same 
interval. In fact, if T = Ti + T 2 + . . . + then. 






f‘t2 



n. <0 



u dt 



f‘t2 ^ 

Tj • dt 



■Jti j=i 
^ pt2 

S/ 

j=i 



(3.2) 



dt 



M 

1=1 




Let us now assume that a system T of forces act on the rigid 
body C, comprising N forces i = l,2,...,A^, each applied to a cer- 
tain point of the body, and M torques Tj , j = 1, 2, . . . , M (see Fig. 3.2). 
We will call as the resultant work of the system T on the body C in the 
interval (^ 1 ,^ 2 ); in a given reference frame F, to the algebraic sum of 
the work done by the components of F, that is, 

N M 

+ (3.3) 

i=i j=i 

The reader should note that, when calculating the resultant work of 
a system F on a rigid body, the work of all forces applied, in their 



nq-J^ 

*10 
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respective points, is added and the work of all torques applied. This 
sum is only possible because, as previously commented, both works are 
scalars with the same physical dimension. 

Arbitrating a point Q, fixed in the body, to reduce the system 
J-, we get a resultant vector, R, and a resultant moment vector, 

If Pi is the point of C where force Fi is applied, its velocity in TZ may, ac- 
cording to Eq. (3.8.3), be expressed by '^u)^ x pi, where 

Pi is the position vector of the point Pi with respect to Q. The work 
done, therefore, by force Fi in the considered interval is, according to 
Eq. (4.5.5), 



= / Fi • dt 






/ Fi • (^v« + X Pi) dt 

Jti 

/ ' Fi • dt+ / ' Pi X Fi • '^oj^ dt 

Jtl Jti 

f " Fi • dt + dt, 

Jtl Jtl 



(3.4) 



where is the moment of force Fi with respect to point Q. The 

resultant work of system T on body C can be calculated, then, by 
substituting Eqs. (3.1) and (3.4) in Eq. (3.3), resulting in 



n 



TCf = ^ ' Fi • dt + dt 



i=i 

^ f‘t2 






i=l 
nt2 



M 



t2 ^ nt2 / _JJ_ 

Fi • dt + 



f K-'^v^dt+ [ 
Jtl Jtl 



■ dt. 



(3.5) 



We conclude then that, given a general system of forces IF act- 
ing on rigid body C moving in a reference frame TZ, to establish the 
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resultant work of J- on C, in TZ^ in a given interval, it is sufficient to 
reduce the system to an arbitrary point of the body, calculate the work 
of a force equal to the resultant applied to the point, and add the work 
of the resultant moment of the system with respect to the point, as if a 
torque were applied to the body. In other words, the work of a system 
of forces iF on a rigid body C is equal to the work of its reduction to an 
arbitrary point of the body. 

Example 3.1 A homogeneous disk D, with mass m and radius r, is 
at rest, supported by a smooth flat surface, fixed in a reference frame TZ, 
when a system of forces is applied, consisting of forces A = Imgni, applied 
to a string rolled around it, and B = 3mgri2, applied to its center O, as 
well as by torque T = mgrn^ (see Fig. 3.3). The resultant work of this 
system during a time interval r is to be found. 




Figure 3.3 

By reducing the system, say, to the center of the disk, then 

R = Ani + Bn2, 

= (rA + T)n3. 

Since the disk is in plane motion, the acceleration of the mass center has the 
form = aini + a 2 U 2 , where the basis ni, ri 2 , na is fixed in TZ, with the 
indicated orientation. The angular velocity of the disk may be expressed 
by LJ = wri 3 and its angular acceleration is a = wna. The equations 
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of motion for this body are then 



mai = A, 
ma2 = B, 

I°Lo = rA + T, 



which, integrated, result in 

1^4 < r> \ 4 . rA + T 

V = —{Am + Bn2)t, w= — — t. 
m /j 



The resultant work in the considered interval is then, according to Eq. (3.5), 






= / (^ni + Bn.2) ■ — (Am + Bn.2) t dt 

' m 



rA + T 

+ / {rA + T)m- — jQ — tmdt 
Jo ^3 

A^ + B^ {rA + Tf\T^ 



m 



75 22 

= T . 



1 o 



See the corresponding animation. 

A force applied on a certain point of a rigid body will 
do no work, in a given time interval if, as we already know, the 

velocity of the point in the reference frame is, in this interval, orthogonal 
to the force (or null). Likewise, a torque Tj applied to a rigid body will 
do no work in a given interval if, in that interval, the angular velocity of 
the body in the reference frame is orthogonal to the torque (or null), as 
indicated in Eq. (3.1). Therefore, forces and torques that do not work 
do not contribute to the resultant work of the system T. When there 
are, therefore, elements of J- that do not contribute, the resultant work 
expressed in Eq. (3.5) may be calculated by ignoring these terms. In 
other words, the resultant work may be calculated by previously sup- 
pressing from the resultant R and from the resultant moment the 

forces and torques that are known not to work. In fact, we will consider 
a force F^, component of system .F, so that, during the interval (^ 1 ,^ 2 ), 
velocity of point of the body where it is applied is orthogonal to the 
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force (or null), that is, the dot product = 0 at any instant of the 

considered interval. Let us also assume a torque T^, also a component 
of .F, orthogonal to during the same interval, that is, Tj - = 0, 

in the interval. So decomposing the reduction of system T to point Q 
as 

R = R + Fi, M + + Tj, (3.6) 

and substituting in Eq. (3.5), we have 

= / ' R • dt + / ' M • dt 

Jti Jti 

+ / " Fi • dt + [" dt (3.7) 

Jti Jti 

+ f " Tj • dt. 

Jti 

But, from the kinematic theorem for velocities, x p^, 

and the third integral in Eq. (3.7) is reduced to 



F,- • dt = 



'tj 



rt2 rt2 

/ Fi • Vi dt — / Fi • X Pi dt 

'tl Jti 

f>t2 



Pi xFi ' dt 



' 



]y[F,/Q . n^C 



(3.8) 



So substituting Eq. (3.8) in Eq. (3.7) and noting that, by hypothesis, 
Tj • = 0, then 



Hn-T 



T = 
' 12 



R 






•‘^dt + 






dt, 



(3.9) 



where R is the resultant of the working forces and M is the resultant 
moment with respect to point Q, including only the working forces and 
torques, in the interval. Hence the result is that, in fact, the reduction 
{ R, M } may always be used for calculating the resultant work of system 
T . It may happen that some force or torque, included in the reduction 
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{R,T}, does not work in the interval, this fact not being evident a priori. 
This happens because the integration of the dot product between the 
force and velocity (or the integration of the dot product between the 
torque and angular velocity) may vanish in the interval, even though the 
integrand is not null throughout. Of course, even when this eventuality 
occurs, there will be no error involved in calculating the resultant work, 
but only effectively unnecessary calculations. 

Example 3.2 Figure 3.4 reproduces the system studied in Ex- 
ample 2.3. The applied system T consists of the components of force 
Oi, O 2 , O 3 , T, N , and Fa, applied to the indicated points, and torque T. 




Force O does not work, since its application point is fixed in 77. Force P 
does not work, since it is always orthogonal to the velocity of point Q. Nor 
do forces N and Fa work, due to the fact that they always act on the point 
of contact, whose velocity in 77 is null. The only component of the system 
T that will contribute to the resultant work will, therefore, be torque T. 
We then have R = 0 and M = T. The resultant work in an interval, say, 
of a complete revolution of the arm, is, therefore, according to Eq. (3.9), 

pt2 pt2 

= T • dt= Ths ■ + 30bs) dt 

Jti Jti 

p27T 

= 3T / d(f) = 6 ttT. 

Jo 
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It has been clearly demonstrated in Section 5.5 that, as 
Eq. (5.5.8) indicates, the resultant work of the system consisting of the 
forces of mutual interaction between elements of a mechanical system 
that keep constant distances in time is null. Now, a rigid body is exactly 
a system where all its elements keep invariant distances between each 
other with time. Consequently, the resultant work of the internal forces, 
for a rigid body, will always be null, that is, whatever the initial and 
final configurations of the body may be, 

= 0. (3.10) 

This result means that only the resultant work of the external forces 
applied on a rigid body requires consideration, that is, 

'12 '12 

Concerning, therefore, the calculation of the resultant work done by a 
system of forces acting on a rigid body, we will hereinafter always be 
referring to a system of external forces. 

Returning once again to Section 5.5, it is shown that, as 
Eq. (5.5.13) indicates, the resultant work of the external forces acting on 
any mechanical system may be broken down into the sum of a resultant 
work on the mass center of the body with a resultant work around the 
mass center, that is, 

nj-T. ^nj-F ( 3 . 12 ) 



(3.11) 



where the first term on the right represents the work done by a force 
F equal to the resultant of the system of external forces, applied to 
the mass center of the body, while the second term represents what we 
usually call resultant work around the mass center. 

Equation (3.5), on the other hand, establishes that the resultant 
work of a system of forces applied to a rigid body C moving in a reference 
frame TZ can be calculated by reducing it to an arbitrary point Q of the 
body. If, in particular, the mass center, C*, itself is chosen to be that 
point, the resultant work of the external forces may be expressed as 



'R.n-T, 






'-rJ-e — 
' 12 






¥-w*dt + 



(3.13) 
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where v* is the velocity, in 7^, of the mass center of the body. 

Now comparing the two decompositions, it is evident that, for 
a given rigid body, the resultant work of the (external) forces on the 
mass center, also more simply called the resultant work of translation of 
the body, is 

" F • V* dt (3.14) 

Jti 

and the resultant work of the (external) forces around the mass center, 
also called, for the sake of simplicity, the resultant work of rotation of 
the body, will be 








^UJ^dt. 



(3.15) 



Example 3.3 Let us consider a slim prismatic body, with mass m and 
length r, supported by a smooth, horizontal flat surface, and being hinged 
in end B (see Fig. 3.5). The body is at rest when a force, of constant 
module A, which always remains orthogonal to the axis of the body, as 
indicated, is applied to the free end A. 




This is, therefore, a plane motion with a fixed point. The acting forces will 
be (those parallel to the plane): A, Bi, and i? 2 . Reducing this system to 
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point B, we have 



F = Bmi + (A + i?2)n2, 

The equations of motion for the problem are 



mai = Bi, 

ma2 = A + B 2 , 

-mr^9 = rA, 

3 



(a) 

(b) 

(c) 



where ai and 02 are the scalar components of the acceleration of the mass 
center and 6{t) describes the rotation of the bar. Assuming that the body 
leaves the resting position with 0 = 0, then, from Eq. (c). 



0=— ; then 0=—t 

mr rar 



and 



e = 

2mr 



The components of the acceleration of the mass center may be expressed 
as 



^ (A 

ai = --0 , 



r •• 

U2 = -0. 



The unknown components of force may then be obtained from Eqs. (a) 
and (b), resulting in 






B 2 = I A. 



The velocity of the mass center is given by 



V* = -0ri2, 



and the resultant work of translation during, say, a quarter of a turn is, 
according to Eq. (3.14), 



= I (Smi + (A + i?2)n2) • ^0ri2 dt 



fTv/2 



(A + B2)-de 



3tt 

= — Ar. 
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The resultant moment of the system of forces with respect to the mass 
center is 

and the resultant work of rotation, in the same interval, is, according to 
Eq. (3.15), 



^jc 

> CiTL 



r>t2 



'tl 

Ar 



^ ns • 0ns dt 
4 

I-k/2 



JO 

A 

= — Ar. 



The overall resultant work, in the interval, is, therefore, according to 
Eq. (3.12), 

= —Ar + -Ar = -Ar. 

8 8 2 

Considering now only force A, the reduction to, say, point A consists of 

R = An2, M = 0 

and the resultant work is, according to Eq. (3.9), 

/■t2 /•’r/2 



/of - 



7^ A T i 

R . V at = 



A - r0 dt = Ar 



dO = ^Ar, 



as obtained above. 



7.4 Work and Energy 

Some general equations are established in Section 5.6, valid for any me- 
chanical system, relating a change in some kind of energy of the system 
in an inertial reference frame, between two configurations, to the resul- 
tant work applied. These equations may easily be particularized now for 
the rigid body, taking into account Eq. (3.11). So, Eq. (5.6.1), applied 
to a rigid body C moving in an inertial reference frame TZ, is reduced to 

^iC'^(2) - ^iC^(l) = (4.1) 

that is, the change in the kinetic energy of a rigid body in an inertial 
reference frame, between two configurations of its motion, is equal to 
the resultant work of the applied external forces, in the same interval. 
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Example 4.1 Fiure. 4.1 illustrates the system analyzed in Example 2.3 
(take another look at it). Assuming <^(0) = 0, the rod will have given a 
complete turn in instant t which satisfies 

„ 6 T 2 , 2 557T 

27t = — -t , that means, t = — 

55 mr-^ 3 1 




Figure 4.1 
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The kinetic energy of the disk, after a complete turn of the arm, is, there- 
fore, 

55 2 ■; 2 

= —mr(j) 
o 

= 6ttT. 

If the reader now goes back to Example 3.2, it will be found that this 
is exactly the value obtained for the resultant work done by the system 
of applied external forces, during a complete rotation, confirming what is 
established in Eq. (4.1). Try calculating the kinetic energy of the disk via 
Eq. (1.25), comparing the result. 

When, from among the external forces acting on a body, con- 
servative forces contribute, their respective work can be calculated, as 
shown earlier, by the change of a potential function. The sum of poten- 
tial functions of all conservative forces present is called the potential en- 
ergy of the body, depending on its configuration. Equation (5.6.3), 
expressed for a rigid body, is then as follows: 

^it:'^(2) -b ^^>'^(2) - ^itr'^(l) - ^^>*^(1) = (4.2) 

where, now, is the resultant work of the nonconservative external 

forces applied to the body in the interval. 

Defining the meehanieal energy of a rigid body in a reference 
frame TZ as the sum, at each instant, of its kinetic energy with its po- 
tential energy, in the same reference frame, that is, 

^-RrC ( 4 , 3 ) 

Equation (4.2) can be expressed alternatively as 

^£"^(2) - ^£*^(1) = (4.4) 

Equation (4.4) establishes, therefore, the equality between the change 
of the mechanical energy of a rigid body, in an inertial reference frame, 
and the resultant work of the nonconservative external forces, in the 
considered interval. 
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Example 4.2 The homogeneous rod B, with mass m and length r, has 
its end O articulated by a pivot on a fixed support, and can move freely 
around the axis X 2 (see Fig. 4.2). A wire is fixed to end P, passing through 
a guide without friction in Q, to which a force with constant module F is 
applied, as indicated. The ends of two linear springs, with elastic constants 
k and 3/c, are fixed to the mass center of the rod, both with a natural length 
r, and whose opposite ends are fixed to points M and N, respectively. 





Figure 4.2 



The rod is initially at rest in the vertical position, as shown. The speed of 
end P when passing close to the guide is to be found. The rod’s weight, the 
force applied by the wire, the forces applied by the springs, an unknown 
force applied on the pivot (three components), and a torque, also due to 
the pivot, orthogonal to the axis X 2 (two components) all act on the rod. 
The force on the pivot does not work, since point O does not move. The 
angular velocity of the rod is necessarily parallel to axis X 2 , which means 
that the applied torque does not contribute either to the resultant work. 
The work of the force applied by the wire, between the initial (vertical) 
and final (horizontal) positions of the rod, may be simply calculated as the 
product of the module of force, constant, by the total displacement of the 
wire, that is, 

Tif = V2Fr. 

The weight is a conservative force and its potential function, in each of the 
positions considered, will be (arbitrating the reference in xs = 0) 

^s(l) = ^mgr, 



4,(2) = 0. 
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The force applied by the spring is also conservative. The potential function 
associated to the pair of springs, for each position, will be 



4>fc(l) = ^(fc + 3/e) ^ ^ kr^ , 

$fc(2) = i(fc + 3/e) ^ kr^ ■ 



As point O is fixed, the kinetic energy of the rod may be calculated from 
Eq. (1.25), that is. 



K^(l) = 0, 



K^{2) 



^^( 0 , 1 , 0 ) 




0 

1 

0 




J- 2 2 
-mr uj . 
6 



So by substituting the above results in Eq. (4.4), we have 

^mr^uj^ + i — 2) — ("s/s “ 2) ^ kr^ — ^mgr = V2Fr. 

Solving for w and substituting in the kinematic relation v = lot, the velocity 
is found to be 



V = r 



6 V 2 — + 3- 
mr r 



\ 2 

2) 






k 

m 



1 

2 



See the corresponding animation. 

As the reader has already had the opportunity to see, the equa- 
tions that relate resultant work with a change in energy are extremely 
useful in finding velocities and angular velocities as a function of a given 
configuration of the body. There is also the advantage of bypassing the 
calculation of unknown forces whenever they do not contribute to the 
resultant work. 

Example 4.3 A drum T, with outer radius 2r, is coupled to two 
disks with radius r. The set, with a total mass m and moment of inertia 
I = 1.3 with respect to the axis of symmetry, is supported, at rest, 
on a sloping rail, under the action of a force applied to a wound wire on 
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the edge of the drum, as shown in Fig. 4.3. Suddenly, the force applied to 
the wire increased to the value A = 4mg, so that the drum accelerates up 
the rail. Assuming that the coefficient of friction with the rail is sufficient 
to prevent the relative sliding, we want to find the velocity of the center 
of the drum and its angular velocity when a complete turn has been made 
around its axis. 




The figure shows the acting forces, among them only the weight P and the 
force A do work in the considered interval. As the weight is a conservative 
force, its contribution to the resultant work is given by the change (nega- 
tive) in its potential function, that is, assuming that the rail is fixed in an 
inertial reference frame TZ, 

= ^s(O) - 4>g(27r) = -TTmgr. 

The work of force A, constant, can be calculated simply by the product of 
the module of force by the overall displacement of the wire, in the direction 
of the force and, therefore, is 

= 4mg • Girr = 2A'Kmgr. 

The resultant work will, therefore, be 

= 24Trmgr — -nragr = 23iTmgr. 

The initial kinetic energy of translation is null, and the final is 

n.T^O /r> \ ^ 2 f 2 2 

K 27t = -mv = -mr oj . 

^ ’ 2 2 
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The intial kinetic energy of rotation is also null, and the final is 

The final kinetic energy of the drum is, therefore, 

= '^K°(2tt) + '^K^!°{2t^) = ^{mr^ + I) u/. 

So, from Eq. (4.1), we have 

-{mr^ + I) = 23TTmgr 

and, therefore, 

uj = 2-^jBTUjJr, 

and the velocity of the mass center is 

V* = 2\Jh’Kgr. 

Note that the velocity was obtained without needing to calculate the un- 
known components of the contact force. See the corresponding animation. 

Returning once again to Section 5.6, it is shown, according to 
Eq. (5.6.7), that the change of the kinetic energy of the mass center 
of any mechanical system in an inertial reference frame 7?., in a given 
interval, is equal to the resultant work on its mass center, in this interval. 
In terms of a rigid body C*, the result then is that the change of the 
kinetic energy of translation of the body in 7?., in a given interval, will 
be equal to the resultant work of translation, that is, 

^if"^*(2) - (4.5) 

Likewise, Eq. (5.6.8), which establishes the relation between 
the change of the kinetic energy around the mass center, in an inertial 
reference frame, and the resultant work around the mass center of the 
system, will, for a rigid body, be reduced to the form 

nRC/c* (^2) _ nR-c/c* ^ ^ (4 

that is, the change, in an inertial reference frame, of the kinetic energy 
of rotation of the body, in a given interval, is equal to the resultant work 
of rotation applied to the body, in the interval. 
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Example 4.4 Returning to the preceding example (see Fig. 4.3), the 
resultant work of translation after a turn of the drum is, according to 
Eq. (4.5), 

= IQnmgr. 

The resultant work of rotation is, according to Eq. (4.6), 

=\ioj^ = 

The sum of the works is, naturally, equal to the overall resultant work. In 
fact, 

= lOirmgr + 137rmgr = 2'i'Kmgr. 

Note that both works include the contribution of the unknown forces of 
contact. The major utility of Eqs. (4.5) and (4.6) to find the velocity of the 
mass center and angular velocity is, therefore, restricted to those situations 
where the forces applied to the body are all known. 

Equations (4.1) to (4.6), relating the change of the (kinetic, 
rotation kinetic, mechanical, etc.) energy of a rigid body in an inertial 
reference frame with the resultant work (of the outer forces, around 
the mass center, nonconservative, etc.) are useful to find the angular 
velocity of the body and velocities of its points, in the reference frame. 
As it is already known, when wishing to know the configuration of the 
body (its orientation in the reference frame, the position of a point of 
the body with respect to a fixed point in reference frame), as a time 
function, there is no way to avoid establishing and solving the equations 
of motion. In some cases, a hybrid approach is advisable, that is, the 
solution is facilitated by using energy methods, Newton’s second law, 
and Euler’s equations simultaneously. In the following section, these 
methods will be employed in solving some examples involving the plane 
motion of a rigid body. 

7.5 Plane Motion 

When a rigid body C has a plane motion in an inertial reference frame TZ 
(see Section 3.8), the equations ruling its evolution take a much simpler 
form, if compared with those ruling the general motion of a body, as will 
be seen below. 
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Consider, then, tt as a plane fixed in an inertial reference frame 
TZ, ni,n 2 ,ri 3 an orthonormal basis, with 113 orthogonal to the plane, 
fixed therefore simultaneously in the body and in the inertial reference 
frame (see Fig. 5.1). If C* is the mass center of (7, moving parallel to tt, 
with velocity v* and acceleration a* in 7^, then 

V* • ri 3 = 0, a* • ri 3 = 0. (5-1) 

As there is simple angular velocity, then 

= wn 3 , '’^oF = <hri 3 . (5.2) 

The following scalar components are, therefore, null: 

U 3 =0; 03 = 0; u)i = u)2 = 0; = «2 = 0. (5-3) 

The equations of motion of the first kind, Eqs. (2.4), for the 
condition of plane motion, are reduced, then, to 

ma\ = Fi, 

mal = F 2 , (5.4) 

0 = F3. 



Note that, generally, a\ and are expressed in terms of the coordinates 
describing the motion of the body and, therefore, only two differential 
equations will be available to find those coordinates. The third equation 
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establishes that a necessary condition for plane motion is that the scalar 
component of the resultant force, in the direction orthogonal to the 
plane, must be null. 

Now Eqs. (5.1) to (5.3) being substituted in the equations of 
motion of the second kind, Eqs. (2.9), we have (check) 

7^35; - l2*3a;2 = Mi, 

-^23“^ + = ^2, (5.5) 

^33^ = M3. 

Note the signihcant simplification introduced in the equations of motion 
of the second kind by the kinematic constraints due to plane motion. 
We have a set of three hrst-order nonlinear differential equations for 
Lv{t) (or, depending on the available data, three algebraic equations for 
the scalar components of the resultant moment applied). Note also that 
only three components of the inertia tensor are present in the equations: 
— -^ 31 ) -^ 23 ) -^ 33 - 

Let us now assume that the direction orthogonal to the plane is 
a principal direction of inertia for the body in question with respect to 
its mass center (see Section 6 . 6 ). Now, if /I 3 = is a principal moment 
of inertia, then the associated products of inertia will be null, that is, 

A*3 = 0, 72*3 = 0. (5.6) 

In this case, then, Eqs. (5.5) are reduced to 

0 = Mi, 

0 = M 2 , (5.7) 

I^Co = M 3 . 

Equations (5.7) are nothing but Euler’s equations for the condition of 
plane motion, when one of the principal directions of inertia coincides 
with the direction orthogonal to it. We now have a first-order linear 
differential equation to find cu(t) (assuming that M 3 does not depend on 
cu) and two other algebraic equations that establish null values for the 
scalar components of the applied resultant moment, in the directions 
parallel to the plane. 
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In practice, knowing the forces and torques applied to a rigid 
body that has a plane motion in an inertial reference frame, the direction 
orthogonal to the plane being a principal direction of inertia of the body 
with respect to the mass center, then we have two equations of motion 
of the first type (the first two of Eqs. (5.4), in directions parallel to 
the plane) and an equation of motion of the second kind (the third of 
Eqs. (5.7), in the direction orthogonal to the plane) available to find 
the coordinates. It is worth recalling, however, that a rigid body with a 
plane motion has, at the most, three degrees of freedom. 

Example 5.1 A cylinder C, with mass m and radius r, is at rest, 
sustained by a flexible tape that has one end flxed and another passing 
through a pulley, as shown in Fig. 5.2. At a given instant, a constant 
vertical force V = 4mg is applied to the free end, putting the cylinder in 
motion. We want to And the speed of its center O, after a time interval r. 



ns 





Adopting the basis indicated, the resultant force applied to the cylinder is 

F = (T + 3mg)n2. 

The resultant moment with respect to the mass center is 

_ T)r 113 . 

The cylinder describes a vertical plane motion with a principal direction 
of inertia orthogonal to the plane. Substituting, then, in the first two of 




7.5 Plane Motion 



531 



Eqs. (5.4) and in the last of Eqs. (5.7), we have the system of equations: 



ma\ = 0; 
ma ,2 = T + 3mg; 
^mr^LO = {Amg — T)r. 



(a) 

(b) 

(c) 



From Eq. (a) we have a* = 0; therefore, Vi = 0, that is, the center of the 
cylinder moves on the vertical. Everything happens, then, as if the cylinder 
were to roll over the fixed part of the tape, which gives us the kinematic 
relation 

V = i>2 = ruj; then, a = 02 = ru>. 

Substituting the above relation in Eq. (b) and resolving for T, then 



T = m{rio — 3g) 



and, substituting in Eq. (c) and resolving for ui, gives 



UJ = 



lAg_ 
3 r’ 



so. 



w(r) 



14 0 



The desired velocity is, therefore. 



V (r) = —gr. 

Note that the principal kinematic unknown, in this case, is w(t), since 
the finding of a* has proven to be trivial and a2 could be expressed as a 
function of to. The other unknown present is the traction T, which will be 
constant in time, that is, 

5 

T = m{ru! — 3g) = -mg. 

O 



Example 5.2 A rod B, with mass m and length 2r, has a little wheel at 
its end Q that slides, without friction therefore, over the horizontal plane, 
while end P slides over the vertical plane, as shown in Fig. 5.3. 
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X 

Figure 5.3 

Assuming that the rod is left at rest in an essentially vertical position 
{6 = 0) and that the friction coefficient g, at the point of contact P, is 
insufficient to prevent the sliding, then we wish to study the motion of the 
rod and, particularly, find the velocity of end P when it collides with the 
horizontal plane. The rod describes a plane motion, parallel to xy, inertial. 
Assuming that the forces indicated are the only acting forces, points P and 
Q are restricted to moving along the axes y and x, respectively, the latter 
then consisting of two holonomic kinematic constraints. The body has, 
therefore, a single degree of freedom, which may be conveniently described 
by the coordinate 0. The forces applied are the weight, P, in O; force V, 
in Q; and the normal, N, and friction Fa in P. The reduction to the rod 
mass center of the system of external forces is 

F = Nm + {V + Fa - mg)n2, 

]y[-^e /0 _ Q _ gjjj 0 — ]\f cos 8) ri 3 . 

The angular velocity of the rod may be expressed by = Ons and, from 
the kinematic constraints, we have 

p . Q ■ 

V = yri2, V = xni. 

Using, then, the kinematic theorem of velocities for points of a rigid body, 
it is easy to see that 

X = 2r0 cos 0, y = —2r0 sin 0, 

•v'^ = r0 (cos 8ni — sin 0 ri 2 ) . 




and that 
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The angular acceleration of the rod is a.^ = 610 . 3 ,, and the acceleration of 
the mass center may be obtained by differentiating its velocity, that is, 

= r ((0 cos 6 — 6^ sin 9)ni — (0sin 6 + 6^ cos 0 ) 112 ) • 

Substituting in the equations of motion (as always, two of the first type, 
in the directions parallel to the plane, and one of the second kind, in the 
direction orthogonal to the plane), we have 

mr(d cos 6 — 6^ sin 9) = N, (a) 

—mr{9 sin 9 + 9^ cos 9) = V + Fa — mg, (b) 

l^mr^9 = r {V sin9 — Fa sin 0 — TV cos 0) . (c) 

Note that in this system of equations, the following are unknown: 0; V', 
and N (|Fa| = /i|TV|, since there is sliding). Solving Eqs. (a) and (b) for V 
and N and substituting in Eq. (c), we get a differential equation for 9(t), 
as follows: 

± ^cos0sin0^ 0 fxsen^9 9^ — ^ sin0 = 0, 

where the signals depend on the direction of the friction force. This equa- 
tion is, evidently, too complex to admit an analytical solution, requiring 
numerical integration. Let us, therefore, see how the system behaves if the 
friction at the contact point P is negligible (imagine that there is another 
small wheel at end P). In this case, the above equation is reduced to 

0 — ^ sin0 = 0, 

4r 

still a nonlinear equation but involving less complex handling. (Note that 
there is a similarity between the latter equation and that governing the 
motion of the simple pendulum (see Section 4.2); the minus sign, however, 
will give the solution a nonperiodic character, as was to be expected.) 
Integrating in the variable 0, with the initial conditions prescribed, we 
have 

= ^(i_cos0). 

2r 

In particular, for 0 = tt/ 2, we have, immediately before the impact of the 
rod with the horizontal plane. 




and the searched velocity is 

= — 2 rwn 2 = —\/ 6 gr 112 . 
See the corresponding animation. 
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When a rigid body C has a plane motion, as described at the 
beginning of this section, its kinetic energy also assumes a simpler ex- 
pression. In fact, as v* = -|- ^1112, the kinetic energy of translation 

of the body in reference frame TZ is, according to Eq. (1.18), 

■ (5.8) 

On the other hand, since = wria, the kinetic energy of rotation of 
the body in TZ is, according to Eq. (1.21) (check), 

= (5.9) 

Note that, particularly for the rotation term, the condition of plane 
motion resulted in a significant simplification of the expression, solely 
with the intervention of the component of the inertia tensor. When 
the direction orthogonal to the plane is a principal of the inertia for 
the body with respect to its mass center, this component is exactly the 
principal moment of inertia /*, associated to this direction. 

The overall kinetic energy of the body is, of course, the sum of 
the above components, that is, 

[vf + 0 ?. (5.10) 



Example 5.3 Returning to Example 5.1 (see Fig. 5.2), we will now 
use the energy balance to find the velocity of the center of the cylinder 
at the instant when it has completed a turn around its axis of symmetry. 
Now, the kinetic energy of the cylinder, at a general instant, is, according 
to Eq. (5.10), 



TIt^C 1 *2 ,1 r* 2 

K = -mv H — uoj 

2 2 ^ 



- I 2 2 1 2 2 

= - I mr uj -|- -mr lo 



O 2 2 

= -mr UJ . 
4 



Force T does not work, since, at each instant, its application point has 
a null velocity in the reference frame; forces V and P both have a con- 
stant module and are parallel to the velocities of the respective application 
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points. The resultant work of the external forces after a complete turn is, 
then, 

= Amg ■ Anr — mg ■ 2 'kt = 147rm5r. 

From the balance of energy, Eq. (4.1), we then have 

(w^(27r) — w^(0)) = 147rmgr; 

therefore, 

W^(27t) 

and the searched velocity is 



567t g 

~Yr' 



* 



V 




Note that, from the analysis of Example 5.1, we had, from the last equation 
of motion, 

3 r 

Now integrating not in time but in 6, in the interval (0,27 t) and with the 
initial condition 0(0) = 0, we have 

2 3 r- ’ 



therefore. 



567t g 



(27t) = — and v* = 2W -—gr, 



3 r 



147T 



as obtained above. See the corresponding animation. 



Example 5.4 Going back to Example 5.2 (see Fig. 5.3), forces V and 
N do not work and, when there is no friction, the mechanical energy of 
the rod is conserved. The initial kinetic energy (6 = 0) is null and the 
gravitational potential energy, assuming the reference in y = 0, is mgr. In 
the final position (0 = j2), the kinetic energy of translation of the rod is 



1 2 1 2 2 
= -mv = -mr u! , 
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the kinetic energy of rotation is 



t^B/O 11 2 2 

K ' = mr u! , 

2 3 



and the gravitational potential energy is null. Substituting Eq. (4.4), then, 
in the energy balance, we have 



J- 2 2 

-mr (jj 



J- 2 2 

-mr uj — mgr = 0 , 

D 



2 3g 
2r 



and the velocity of end P, immediately before the impact, is 



V = — 2r’wri2 = — 



•gr ri2, 



as obtained in Example 5.2. See the corresponding animation. 

Equations (5.7) are, as already mentioned, applicable to the 
situations of plane motion where the direction orthogonal to the plane 
is a principal direction of inertia for the body with respect to its mass 
center. In this case, then, the scalar components of the resultant moment 
with respect to the mass center in the directions parallel to the plane 
are null and the body stays naturally in plane motion. When, however, 
the direction orthogonal to the plane of the motion is not a principal 
direction of inertia of the body with respect to its mass center, Eqs. (5.7) 
are no longer applicable; in this case the pertinent equations of motion 
of the second kind will be Eqs. (5.5). It is then evident that, for a rigid 
body to continue in a plane motion with a given angular velocity not 
parallel to a principal direction of inertia of the body with respect to 
its mass center, it is necessary to apply a torque parallel to the plane of 
motion. 



Example 5.5 Consider a homogeneous rectangular plate A, with mass 
m, welded with a slope angle 0 to a light rod B, which revolves with a 
vertical angular velocity with constant module tu in relation to an iner- 
tial reference frame TZ (see Eig. 5.4). The Cartesian axes {xi,X 2 ,X 3 } and 
{yi,y 2 ,y 3 } are fixed simultaneously in A and B, with the orientations in- 
dicated. Note that {yi,y 2 ,ys} are principal axes of inertia for the plate, 
with respect to point O, and that the latter has a horizontal plane motion, 
with angular velocity parallel to xs. 
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The forces system acting on the plate consists of its weight and the re- 
actions on the link at O that, since it is a welding, comprises, at least 
in principle, three force components, i^i, F2, F3, and three torque compo- 
nents, Ml, M2, M3. The inertia tensor of the plate with respect to point 
O, expressed on the basis of the principal directions, is the matrix (see 
Appendix C) 

/ 6 ^ 0 0 \ 

= —m I 0 0 ) . 

Vo 0 b^ + a^J 

The inertia vector with respect to point O, associated with direction bs, 
is, according to Eq. (6.2.2), 

Ibf =n^°-b3 = -^m(-6"sin0ai + (6" + a")cos0a3). 

The components of inertia present in Eq. (5.5) may, then, be calculated 
(note that the indices now refer to axes {xi,X 2 ,X 3 }): 

I13 = Ib3° ■ bi = sin 6 cos 6; 

1° = • b2 = 0; 

iSi = Ib3° ■ bs = cos^d). 

The mass center of the plate does not move in relation to TZ, and the 
angular acceleration is null. The equations of motion of the first type, 
Eqs. (5.4), and of the second kind, Eqs. (5.5), will then be, in the case, as 
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follows (check): 



0 = Fi; (a) 

0 = F2; (b) 

0 = F3 - mg; (c) 

0 = Mi; (d) 

sin 6 cos 6lo^ = M2; (e) 

0 = Ms. (f) 



We conclude that the efforts applied to the link are a vertical force F = 
mghs and a horizontal torque T = sin 9 cos 6tj^h2. The latter is 

the torque required to keep the plate turning with an angular velocity of 
constant module oj, in the vertical direction. Note that the torque is a 
vector fixed in the plate; it therefore turns uniformly in relation to the 
fixed reference frame. The torque will vanish, naturally, if 0 = /c7r/2, k an 
integer, when the angular velocity vector is parallel to a principal direction 
of inertia of the plate with respect to its mass center. 

Example 5.6 Let us now consider a rigid body C consisting of two 
rings, with radius r and mass m each, welded to a homogeneous rod, with 
length 2^/2 r and mass also equal to m, with the configuration shown in 
Fig. 5 . 5 . The body is rolling over an inertial horizontal flat surface IZ, 
in such a way that point O, the mass center of C, moves in TZ with a 
constant speed v (direction of X2). We want to study how the forces that 
the horizontal plane applies on C behave. The Cartesian axes {j/i,2/2,y3} 
and the orthonormal basis 61,62,63 are fixed in C; axes {xi,X2,xs} and 
basis ni,n2,n3 are fixed in a reference frame that translates in TZ with a 
constant speed (basis 111,112,113 is also, of course, fixed in TZ). The body 
describes a vertical plane motion, that is, parallel to plane xi,X2- The 
acting forces consist of the weight, P = — 3 mgni, applied to O, and the 
vertical, Vi and V2, and horizontal (friction). Hi and H2 components 
applied on the points of contact of each ring with the horizontal plane, as 
shown. 
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The reduction to O of this system of forces is 

F = (Vi + 1^2 - 3mg) ni + {Hi + H 2 ) ri2, 

_ H 2 )mi + (V 2 — Vi)r ri 2 — {H\ + i72)rri3 
= {{Hi — H 2 ) cos 6 + (V 2 — hi) sin bi 

+ {—{Hi — H 2 ) sin 6 + (V 2 — Vi) cos 6 ^rh 2 
-{Hi + H 2 )rhii. 

The velocity of the mass center is = V 112 , constant, and the accelera- 
tion, therefore, will be null. The first two equations of motion of the first 
kind for the problem are, then. 



0 = Vi -|- V 2 — 3mg, (a) 

0 = Hi+H2. (b) 

(Note that the third of Eqs. (5.4) is, in this case, identically null.) We 
will now adopt axes {yi,y 2 ,j/ 3 } to find the inertia matrix of the body 
with respect to point O. In order to calculate the moments of inertia we 
will use the expressions available in Appendix C and the relationships for 
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transposition of axis and of inertia properties of composite bodies (see 
Section 6.5): 



= — TO 
vivi 12”*^ 



(2V2rf + 2(j 



mr + mr — 



11 



^y2V2 = + 2 = ymr^; 



^V3V3 = + 2TOr^ = ^TOr-^. 

Plane 2/22/3 is of symmetry for the body; therefore, 

jC/O ^ tC/O ^ Q 
^yiV 2 ^viy 3 



The remaining product of inertia may be found by integrating along the 
rod, since, for the couple of rings, plane 2/12/2 is also of symmetry. Now, 
taking the variable of length s along the rod, we have 



tC/O 

^y 2 V 3 



»\/2t- 



2/22/3 dm 



' -V2r 



m 

j 

1 2 
-mr . 
3 



f*y/ 2 r 

-y/ 2 r 



^ ds 



The inertia tensor of C with respect to O, expressed according to axes 
{2/112/2,2/3}) consists, then, of the matrix 






1 

-mr 

3 



2 



11 0 0 \ 
0 10 1 I 

0 1 7/ 



The angular velocity of C in 77, is, from the condition of plane motion and 
rolling condition, 

Tt c V 

U) = ojns = -ri3, 
r 

and the angular acceleration is, therefore, null. So, by substituting in 
Eqs. (5.5), we have 

— = (77i — H2)rcos0 + (Vi — V2)rsin0, 

O 



0 = —{Hi — H2)rsm9 + {V 2 — Vi)rcos0, 
0 = -(77i + 772)r. 



(c) 

(d) 

(e) 
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Thus solving the system of algebraic equations (a-d) (note that Eqs. (e) 
and (b) are dependent), the unknown forces are 



Hi 

H2 



Vi 



V2 



1 



6 r 



cos 0, 



1 



6 r 



3 1 mv^ 

-mg+ 

2 6 r 



1 mv 



2 6 r 



sin 6, 
sin d. 



We also see here, as in the preceding example, the periodical character of 
the solution. More precisely, as, in both cases, the body moves with angular 
velocity of constant module, the solution is harmonic. Note that the forces 
of friction are always in opposition (said to be in phase opposition), both 
consisting of functions of the type A cos 6, where, in the case, | A| = niv^ j6r. 
Note also that the friction components vanish when the rod passes through 
the vertical plane. On the other hand, the normal components consist of 
harmonic functions with an ojfset, that is, both have a constant term, 
equal to half the weight of the body, around which they oscillate, also 
harmonically, and with the same range of the friction force. Also note that 
the normal components are equal when the rod is parallel to the horizontal 
plane. See the corresponding animation. 
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Exercise Series #10 (Sections 7.1 to 7.2) 

PlO.l The homogeneous cone, with mass m, is linked in vertix A to an 
inertial reference frame by means of a frictionless ball joint. If, throughout its 
motion, the angle /3, the spin <p = p, and precession = n remain constant, 
estimate the kinetic energy of the cone in the reference frame. 




Figure PlO.l 



P10.2 The homogeneous cylinder C, with mass m, turns around the support 
S with angular velocity of constant module w, while the latter turns around 
base B with angular acceleration of constant module a, starting from rest. 
Find, at the instant when the module of the angular velocity vector of S' in 
is 4ui, the angular momentum vector of C with respect to its mass center, in 
referential B. Also calculate, at the same instant, the time rate in B of this 
vector. 




Figure P 10.2 
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P10.3 Consider a body C moving in relation to two different reference 
frames TZ and TZ' . If m is the total mass of C, is the angular ve- 

locity vector of TZ' in TZ and Q is an arbitrary point fixed in TZ' , show 
that the momentum vectors of C in 7?, and TZ' are related according to 
^ X q*), where q* is the position vector of 

the mass center of C with respect to point Q. Use this result to calculate "^G'^ 
in Example 5.1.3. 



P10.4 A planetary mechanism moves on the horizontal plane, consisting of 
a crank D, with mass 2m, supporting the axes of three identical disks, with 
mass m and radius r. Disk A is fixed, disk B rolls over A, and disk C rolls 
over B, while the crank turns at a constant angular velocity uj, as shown. 
Calculate the kinetic energy of the set. 




Figure P 10.4 



P10.5 Demonstrate that if and are the momentum vector of 

a rigid body C in a reference frame TZ and angular momentum vector of the 
same body with respect to its mass center, in the same reference frame, the 
kinetic energy oi C in TZ may be expressed by 

^ (v* ■ , 

where v* is the velocity, in TZ, of the mass center of C and ^u)'^ is its angular 
velocity in TZ. 
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P10.6 The corner plate illustrated consists of two homogeneous square flaps, 
very thin if compared to its dimensions. The corner plate is made to turn with 
a constant angular velocity around an axis orthogonal to one of the flaps, 
passing through its center, as shown. Find the value of the angle 6 between 
the flaps that minimizes the kinetic energy of the corner plate. 




Figure P 10.6 



P10.7 The homogenous wire with mass m and radius r turns, in relation to 
a given reference frame TZ, around axis X 2 , with an angular velocity of module 
w, in the direction shown. Find its angular momentum vector with respect to 
point A, in this reference frame. Also calculate its angular momentum with 
respect to axis x\, in the same reference frame. Basis ni, ri2, 113 and Cartesian 
axes {xi,X 2 ,X 3 } are fixed in the wire. 




Figure P 10.7 
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P10.8 A homogeneous disk D, with radius r = 0.1 m and mass m = 3 
kg, turns in relation to the fork with a constant angular velocity of module 
w = 120 rpm, in the direction shown, while the light fork turns around axis Xi 
in relation to a given reference frame TZ with an angular velocity also constant 
of module = 60 rpm in the direction shown. Find the angular momentum 
of the disk with respect to point O, the origin of system of coordinates, in TZ. 
Also calculate its kinetic energy in TZ. 




P10.9 A homogeneous rectangular plate A, with mass m, is welded at a 
slope angle 0 to a light shaft B turning with a vertical angular velocity of 
constant module u> in relation to the reference frame TZ. Find the angular 
momentum vector of the plate with respect to O, in reference frame TZ. Also 
calculate its kinetic energy in TZ. 




Figure P 10.9 
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PIO.IO An element of a transmission chain consists of two pulleys, the larger 
with moment of inertia with respect to the axis of rotation equal to I\ and 
the smaller with moment of inertia with respect to the axis of rotation equal 
to I 2 , and a belt with mass m, which interconnect the pulleys. If the larger 
pulley is turning at an angular velocity lo, calculate the kinetic energy of the 
set. 




Figure PIO.IO 



PlO.ll The crankshaft mechanism consists of arm B, with mass m and 
length r, joined at O, turning around the latter at a constant angular velocity 
(jj, and of a cursor C, with mass 3m, sliding along the guide according to a 
periodic motion, guaranteed by a connecting element, arm A, with length a, 
light and joined to the other two, as shown. Find the kinetic energy of the set 
when 6 = 0 and when 6 = tt/2. 




Figure PlO.ll 
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P10.12 Consider a body C moving in relation to two different reference 
frames TZ and TZ' . If m is the total mass of C and is the angular velocity 

vector of TZ' in TZ, show that the angular momentum vectors of C with respect 
to a given point O in reference frames TZ and TZ' are related according to 

n-r:wC/0 'R.'t:wC/ 0 , jrC/O TZ U' * /TZ O K' Ox 

H ' = H ' + II ' u) + mp X ( V — V ), 

where p* is the position vector of the mass center of C with respect to O. Use 
this result to calculate and in Example 5.1.3. 



P10.13 The rigid body C consists of a thin disk with mass 2m and radius 
r, welded to a slim rod with mass m and length 6 r, with a common axis of 
symmetry. The other end of the rod is connected by a ball joint to a fixed 
vertical shaft, in point O, while the disk is supported on a flat surface, as 
shown. The body is at rest when a horizontal torque T = I2mgr is applied, 
always in the direction of axis X 2 , then starting the motion of C, with the 
disk rolling over the plane and point O fixed. Adopting the directions of the 
mobile axes {xi, X 2 , xs} and the orthonormal basis 111 , 112,113 associated with 
them, calculate the force applied by the plane on the periphery of the disk 
after the first complete turn of the rod around X 3 . 




Figure P 10.13 
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P10.14 A homogeneous cube, with mass m and edge a, is initially at rest on 
a horizontal plane, merely supported on the vertices B, C, and D and joined by 
a ball joint in vertix A. Suddenly a torque of module T = 2'/2m.ga is applied 
in the direction shown. Find the initial acceleration or vertix C. Also calculate 
the module of force in the ball joint, at this same instant. 




P10.15 A homogeneous cone, with mass m, has its vertix connected by a 
ball joint at point O and is initially at rest, supported on a horizontal plane, 
when the vertical torque T, with constant module T = bmgr, is applied. 
Thanks to the friction present in the contact between the periphery of the 
base of the cone and the plane, rolling occurs. Calculate the force exerted by 
the plane on the cone in the beginning and after a complete turn around the 
axis x\. 




Figure P 10.15 
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P10.16 The homogeneous disk D, with mass m and radius r, rolls over the 
conical surface and can turn freely around the light arm B that, in turn, is 
pivoted on the vertical shaft, fixed, and may also turn around it, in the vertical 
direction. The system is at rest when the vertical torque of module T = Amgr 
is applied to it. Calculate the initial value of the force that the surface applies 
on the disk. 





Figure P 10.16 



P10.17 A cylinder, with mass m and radius 2r, rolls over the cylindrical 
surface with radius 6r, being initially at rest in the position shown. Under 
the action of a horizontal force of constant module H, applied to a cable 
surrounding a cylindrical flange with radius r and negligible mass, as shown, 
the cylinder moves. Calculate the initial angular acceleration of the cylinder. 




Figure P 10.17 
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P10.18 A body with circular geometry is at rest, supported on a horizontal 
plane, as shown. A horizontal force H is then applied on its periphery. Calcu- 
late the value of the friction force, knowing that the body rolls over the plane, 
in the case of a cylinder. Now redo the calculations for the case of a ring. 



H 




P10.19 The thin semidisk D, with mass ra and radius r, is mounted on a 
shaft, making an angle of 20°, as shown, turning at an angular velocity of 
constant module a; = 30 rad/s. Find the angular momentum vector of D with 
respect to point O. Also calculate its kinetic energy. 




Figure P 10.19 
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P10.20 A homogeneous bar, with mass m and length r, turns with a con- 
stant angular velocity to around a vertical shaft, as shown. Calculate the 
module of the resulting force acting on point P. 




Figure P 10.20 



P10.21 A radar sensor consists of a semicylindrical shell, with mass m, 
radius r, and height a, turning in relation to a reference frame IZ around a 
vertical axis, as shown. Axes {xi, X 2 ,X‘s] and the orthonormal basis bi, b 2 , bs 
are fixed in the sensor. At a certain instant, the angular velocity of the shell 
has module Fl in the positive direction of x\. Calculate, in this same instant, 
the kinetic energy of the sensor in IZ. 








Figure P 10.21 
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Exercise Series #11 (Sections 7.3 to 7.5) 

PI 1.1 Four identical homogeneous bars, with mass m and length a each, 
are joined to each other and move in the vertical plane, mantaining the same 
angle with the vertical, as shown. The set leaves its state of rest with 6 = tt/ 2, 
moving under the action of the constant torque T applied to the right-hand 
bar, joined at the fixed point O. Assuming the friction in the joints and in the 
small wheels to be negligible, calculate the velocity of point A immediately 
before the impact {0 = 0). 




Figure P 11.1 

PI 1.2 A homogeneous cone, with mass m, has its vertex fixed by a ball 
joint at point O and is initially at rest, supported on a horizontal plane, when 
vertical torque T, with constant module T = bmgr, is applied. Rolling occurs 
because of the friction present in the contact between the periphery of the cone 
base and the plane. What is the work done by torque T from the beginning 
up to point Q to complete a circumference with center O? 




Figure P 11.2 
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P11.3 Rod B has an end (P) fixed in the horizontal plane by a ball joint and 
another end (Q), merely supported on the smooth vertical plane, as shown. 
The rod is abandoned from rest essentially on the vertical plane, sliding un- 
til it collides with the horizontal plane. Calculate the velocity of point Q 
immediately before the impact. 




Figure P 11.3 



P11.4 Disk D, with mass m and radius r, rolls over the conical surface and 
can turn freely around the light arm B that, in turn, can rotate around the 
fixed vertical shaft. The system is at rest when torque T = Amgr is applied 
to the disk, in the direction shown. Calculate the velocity of the center of the 
disk after a complete turn of the arm around the vertical shaft. 



T 




Figure P 11.4 
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P11.5 A cylinder, with mass m and radius 2r, rolls inside the cylindrical 
surface of radius 6r, leaving its initial state of rest in the position shown, under 
the action of a horizontal force with constant module H = 4mg, applied to a 
wire surrounding a cylindrical flange with radius r, as shown. Calculate the 
velocity of the center of the cylinder after it completes a half-turn around its 
axis of symmetry. 




Figure P 11.5 



P11.6 A homogeneous rod, with mass m and length 6, is freely pivoted at 
end Q and hung on the horizontal position by a thread fixed at the other end 
P, as shown. The thread is cut, and the rod now moves on the vertical plane 
with the end Q fixed. Find the ratio between the cutting effort on the pin 
of the pivot immediately after cutting the thread, and this same force in the 
condition of original equilibrium. Next calculate this ratio when the rod is at 
an angle of 45° with the vertical. 




Figure P 11.6 
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PI 1.7 Before the start of a soccer game the referee should toss a coin to 
choose the attacking field. The coin is tossed with an angular velocity ujq, 
orthogonal to the plane of the figure and with its center having a velocity 
Vo, making an angle 0o with the vertical, as shown. Find the values of v, w, 
and 0 with which the coin is picked up, as a result of the difference between 
elevations d, shown. Ignore the air’s resistance. 




PI 1.8 A cylinder C, with mass m, is at rest, supported by the corners A 
and B, when the latter is suddenly removed. Find the module of the force 
that the cylinder exerts on corner A at this instant, knowing that no sliding 
occurs in the mutual contact. 




Figure P 11.8 
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PI 1.9 The homogeneous rod, with mass m and length a, has a small light 
wheel fixed at its end A, which is supported by the sloping plane. The set is 
released from rest in the position shown. Find the initial value of the force of 
contact N on the wheel’s axis. 




PI 1.10 A homogeneous cylinder, with mass m and radius r, is left at rest 
on a cylindrical surface with radius 4r, in the position shown. Knowing that 
the cylinder rolls over the surface, find the magnitude of the friction force at 
the initial instant and the magnitude of the velocity of point Q in the position 
of minimum elevation. 




Figure P 11.10 
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PI 1.11 A slender homogeneous rod, with mass m and length a, consists of 
a dense but fragile agglomerate of wood shavings (a lot of pressure and little 
glue), resisting a maximum bending moment of mga/54. The rod can only 
move on the vertical plane, pivoted at one end on point O, as shown. Given 
an initial impulse from the position of vertical equilibrium, find the slope 6 
where the rod breaks and the coordinate x of the breaking point P. 



wwwww 




Figure P 11.11 



P11.12 Gear A is left from its state of rest on the surface of fixed gear B, 
as shown. A small imbalance starts the motion of A to the left. Analyzing the 
gear as, essentially, a homogeneous cylinder with radius r, find the angular 
position 6 where A loses contact with B. 
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P11.13 A slender homogeneous rod, with mass m and length a, is at rest, 
on a horizontal flat surface, as shown. Suddenly, a force orthogonal to its 
axis and with magnitude equal to its weight is applied to one end of the 
rod. Knowing that the coefficient of dynamic friction between the surfaces in 
contact is /i = 0.5, find the distance to the opposite end of the point of the 
rod that will have a null acceleration at the beginning. Hint: Find the first- 
and second-kind equations of motion for the rod, arbitrating a point P, s far 
from the opposite end, as a fixed point and solve the equations for s. 




PI 1.14 Referring to the previous problem, find the initial angular acceler- 
ation of the rod and acceleration, also at the same instant, of the point of 
application of force F. 
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P11.15 The system illustrated in Fig. P 11.15 consists of a fixed crown C 
and a pair of identical gears, A and B, whose centers are fixed to a rod, jointly 
with a vertical axis. The rod has a mass of 3 kg, while the gears have a mass 
of 6 kg each. The system is at rest when a torque T = 6 Nm is applied to the 
axis, in the direction shown. Considering the gears as homogeneous cylinders 
with the same radius, calculate how long the angular velocity of the rod will 
take to reach 25 rad/s. 




PI 1.16 Two pulleys, with masses m and 3m, are connected by a light belt, 
as shown. The set is at rest when a torque T is applied to the smaller pulley. 
Calculate the angular acceleration of this pulley, assuming that its mass is 
essentially concentrated on the periphery (both) and that the friction on the 
bearings can be disregarded. 




Figure P 11.16 
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PI 1.1 7 A rod, with mass m, is at rest over three identical cylinders, with 
mass 4m each. When applying a force F on the end of the rod, the system 
moves without sliding. Find the acceleration of the rod. 




/tttttttttttttttttttttttttttTTttttttttttttttttttttttttttt^ 



Figure P 11.17 



P11.18 Ring A, homogeneous and with mass m, is supported by the sloping 
plane, initially at rest under the action of a force with magnitude To and 
parallel to the plane, applied to a thread wound around the ring, as shown. 
The force magnitude suddenly increases to the value T and remains as such, 
causing an upward motion of the ring on the plane. Find the angular velocity 
of the ring at the instant when it is completing a turn around its axis of 
symmetry. 




Figure P 11.18 
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PI 1.19 A rigid body is revolving around a vertical axis under the action of 
a torque T. A resistant torque then occurs on the bearings, being proportional 
to the square of the instantaneous angular velocity, so that Tr = Find 

the angular velocity as a function of time knowing the moment of inertia of 
the body with respect to the rotation axis, I. 



P11.20 Consider a rigid body, consisting of two rings, with radius r and 
mass m each, welded to a homogeneous rod, with length 2#2 r and mass 
TO, rolling over a horizontal plane, with its mass center, O, moving with a 
horizontal speed v, as described in Example 5.6. If the coefficient of friction 
between the plane and rings is /i = 0.5, what is the greatest possible value 
for speed v before sliding occurs? What do you imagine will happen if the 
velocity is faster than this limit value? 




Figure P 11.20 
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PI 1.21 A uniform rod is supported by two identical pulleys, whose axes 
are 2r apart from each other, turning at the same constant angular velocity 
of module w, but in opposite directions. With the rod placed with its mass 
center exactly in x = 0, the system stays in equilibrium, under the action 
of the perfectly balanced normal and friction forces. However, the rod being 
inserted with its mass center displaced by xo, as illustrated in Fig. P 11.21, 
the friction force on the right-hand pulley is greater than the friction force 
on the left-hand pulley, accelerating the rod in this direction until the mass 
center returns to the centered position, to then start acceleration to the left. A 
periodic motion is thus established (strictly speaking, harmonic) for the rod. 
If the coefficient of friction between the pulleys and the rod is /r, calculate the 
frequency of this motion. 



y 




Figure P 11.21 
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Chapter 8 



Chapter 7 provides the concepts and equations required to describe the 
motion of a rigid body. The principles of conservation of momentum, 
angular momentum, and energy are also presented and the concept of 
work done by a torque applied to a rigid body is introduced. These 
expressions are applied to several examples of plane motion. In this 
chapter, slightly more complex situations involving three-dimensional 
rigid body dynamics are analyzed in detail. Some categories of motion, 
deserve special attention. For instance, the gyroscopic motion, with 
relevant applications in different branches of engineering, will be studied 
in detail in this chapter. 

Section 8.1 is devoted to the study of motion of a rigid body 
with a fixed point. Special attention is given to the motion of bodies 
of revolution and to the application of Euler’s equations in this class 
of problem. Section 8.2 discusses gyroscopic motion, closely related to 
what is discussed in the preceding section. Emphasis is given to the 
so-called gyroscopic effect and its applications. It also studies the free 
gyroscope and the motion of he top. In Section 8.3 the general motion 
of a rigid body is studied, providing some classic examples of dynam- 
ics. Some simple aspects involving approximate solutions are discussed. 
Comments on the rigid body dynamic stability are also made based on 
specific examples. Einally, Section 8.4 addresses situations of impact, 
discussing the usual methodology in the study of the collision between 
bodies. 
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8.1 Motion with a Fixed Point 

When a rigid body C moves in relation to an inertial reference frame 7Z 
in such a way that a point O, fixed in the body, throughout the motion 
remains also fixed in TZ, it is called motion with a fixed point. This is 
quite a common occurrence in the various possible kinds of motion of 
a rigid body; this is what happens with a body bound by a pivot or a 
ball and socket joint, with a top supported by a horizontal plane with 
friction, with the rotor of a gyroscope, for example. 

As discussed in Section 7.3.8 (have another look at it), if C* is a 
rigid body moving with a point fixed in TZ (see Fig. 1.1), then there will 
be, in principle, three degrees of freedom in TZ. In fact, when the position 
of a point of the body is determined, only three angular coordinates are 
required to define its orientation in relation to the reference frame. The 
result, then, is that three dynamic equations of the second kind are, in 
general, sufficient to describe this kind of motion. 




Figure 1.1 



The general equations of motion for a rigid body, Eqs. (7.2.3) 
and (7.2.7), are naturally applicable to the situation of motion with a 
fixed point. When, however, only three angular coordinates are to be 
determined, it is more convenient to analyze the motion of the body 
from equations of motion of the second kind referring to the point. As 
seen in Section 7.5.4, if O is a fixed point in an inertial reference frame 

7 ^, 

is the resultant moment of the external forces applied to a 
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body with respect to O and is the angular momentum vector of 

the body with respect to the point, then, 

-R.jjC/0 ^ (1.1) 

Now, if C is a rigid body and O is a point of the body fixed in 
the inertial reference frame TZ, then, according to Eq. (7.1.13), 

n^c/o ^j^c/o (1.2) 



and the time rate in TZ of the angular momentum vector of the body 
with respect to O is, in the same way as the development that led to 
Eq. (7.2.6), 



n-^c/o 



TIj 

^n-^c/o 

dt 



J^n^c/o n^c ^ n^c/o 
dt 

^ ^ JJC/O . n^c 



^C/O . n^c ^ n^c ^ ^c/o . n^c _ 



(1.3) 



So by substituting Eq. (1.3) in Eq. (1.1), the vector equation 
that governs the motion with a fixed point is as follows: 

jc/o . n^c ^ n^c ^ ^c/o . n^c ^ ^^e/o ^ .4) 

Note that Eq. (1.4) is completely similar to Eq. (7.2.7), differing by the 
inertia tensor of the body, now with respect to point O, and by the 
resultant moment, with respect also to the fixed point O. 



Example 1.1 Figure 1.2 reproduces the system already studied previ- 
ously in Examples 7.1.1 to 7.1.3 (take another look at them). The forces 
applied to C comprise its weight, P = —mghs, applied in C*; a normal 
force, N = Nhs, and a friction component. Fa = Fab 2 , both applied in the 
point of contact P; and three components of force, Fi, F 2 , and F 3 , applied 
by the link in O. Here there is a motion with a fixed point; therefore, the 
main equation for analyzing the problem is the equation of motion of the 
second kind with respect to point O. The resultant moment of the system 
of forces applied with respect to point O is (check) 

= '/br {mg — N)b 2 -|- v^rFabs 

= rFaiii + \/hr {mg — N)n 2 + 2rFans. 
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Figure 1.2 

(Note that the basis ni, n 2 , ns is parallel to the principal directions of iner- 
tia of the body with respect to point O and is, therefore, more convenient 
for breaking down the resultant moment vector.) The angular velocity 
vector of the body, obtained in Example 7.1.1, is 

= — 2flbi = 2ni -1- ns), 

v5 

and the angular acceleration vector may be obtained then by differentia- 
tion, that is, 

= -2r2bi = -2n^h2 = -2n^n2. 

The inertia tensor of the body with respect to point O is expressed in the 
basis ni,n 2 ,ns by the matrix (see Example 7.1.2) 

1 ° M 

= -mr^ (of 0 ) . 

Vo 0 f / 

We then have (check it out, it is good to practice) 

jtC/o n^c ”^0 2 2 

11 ' • a = — —II mr n 2 , 

6 

V X Vn2. 

15 
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By substituting in Eq. (1.4), the equations obtained are 

0 = rFa, 

— = V^rijng — N), 

0 = 2rFa. 

The result, therefore, is that the friction force, for the condition under 
study, is null and the normal force is 

Ar f 103 ^2 \ 

V 30^ J 

A glance at the result shows that it is not surprising that the friction force 
is null; this happens because the motion of the body is uniform, that is, 
C moves in TZ with a constant module angular velocity. Its mass center 
also has a constant speed. Note that the normal force is also constant 
and greater than the body weight. If we now wish to determine the force 
applied by the linkage in O (usually there is no interest in it), we need only 
to resort to the equations of motion of the first kind. In fact, the resultant 
force applied to the body is 

F = Fibi + F 2 b 2 + {Fs + N — mg)hs, 

and the acceleration of the mass center, which describes a uniform circular 
trajectory in TZ, is 

a* = — -s/Srfl^bi. 

Substituting then in Eqs. (7.2.4), we have 

— V5mrfl^ = Fi, 

0 = F 2 , 

0 = {F 3 + N - mg); 

therefore: 

El = -Vbmrf?; F2 = 0; F3 = mllV. 

30V5 

It is worth noting that forces N and Fa were determined without needing 
to refer to the equations of motion of the first kind, used solely to determine 
the force in the link in O. Finally, note that, for the sake of convenience, 
different bases were used for the equations of rotation and translation of 
the body. 
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Adopting a basis of orthonormal vectors 111 , 112,113 to break 
down the angular velocity, angular acceleration, and resultant moment 
vectors and, also, expressing the inertia tensor of the body with re- 
spect to the point fixed in the same basis, Eq. (1.4) will be expanded, 
in the same way as when breaking down Eq. (7.2.7), which resulted in 
Eqs. (7.2.9). The difference, of course, lies in the moments and prod- 
ucts of inertia, now referring to the fixed point O, and in the scalar 
components of the resultant moment, also now with respect to point O. 

These equations, such as Eqs. (7.2.9), are too complex and, 
again, it is desirable to choose a basis parallel to the principal directions 
of inertia of the body with respect to the fixed point, thereby going back 
to Euler’s equations, now for motion with a fixed point: 



/°ai + - I,^}i03C02 = ; 

/°«2 + (1° - = M^- (1.5) 



It is worth mentioning that, usually, to ensure that the basis 
stays parallel to the principal directions of inertia, it must be fixed in 
the body; an exception to this constraint happens when the body is of 
revolution and the fixed point belongs to the axis of symmetry, as shown 
in some of the following examples. 

Example 1.2 A homogeneous bar B, with mass m and length r, is 
pivoting freely on its end O at the support S, which, in turn, rotates with a 
vertical simple angular velocity, with constant module to, in relation to the 
inertial reference frame TZ. We want to study its general motion in TZ and, 
in particular, to determine the value of lo so that the inclination 0 remains 
constant with time; see Fig. 1.3. The axes {yi,y 2 ,y 3 } are principal axes 
of inertia of the bar with respect to point O. The corresponding principal 
moments of inertia are (see Appendix C) 



7-0 1 2 

h = ^mr , 



jO 1 2 

in = -mr , 



I? = 0. 
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Figure 1.3 



The system of external forces acting on the bar consists of its weight, P; 
three components of force on the pivot, Fi, F2, and F3, and two com- 
ponents of torque, also due to the link in O, T2 and T3. The resultant 
moment with respect to point O is, then, 

]y[-^e/o _ — 9hi + T2b2 -|- T3b3. 

The angular velocity of the bar in IZ may be expressed as 

= W 113 - 1 - 0 ni = 6 h\ + w sin 6 h 2 + cos 0 b 3 . 

The angular acceleration of the bar in TZ is, therefore, 

= 0ni -1- 0wri2 = 0bi -1- 9uJcos6h2 — 9 uj sin 9hs. 



Substituting, then, the kinematic, momentum, and inertia terms in 
Eqs. (1.5), we have (check) 



9 — u;^ sin 9 cos 9 = -- - sin 9, 
2 r 

2 , • 

-mr lo9 cos 9 = T 2 , 

O 

0 = T 3 . 



(a) 

(b) 

(c) 



We then have a differential equation that governs the motion of the bar, 
so that 

9 — iuP' cos 9 — ^) sin 9 = 0, (d) 

\ Or* ■' 
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whose integration (non-trivial, in time) leads to the solution of the problem. 
The components of the torque are determined, naturally, from Eqs. (b) 
and (c). Assuming an initial condition of the kind 9 (0q) = 0, we can easily 
integrate Eq. (d) in the variable 9, resulting in 

9^(9) = w^lsin^ 9 — sin^ 9o) + 3-(cos0 — cos^o)- 

r 

We then have from Eqs. (b) and (c) 




Ts = 0 . 

Now assuming 9 constant, the bar and support move together; therefore, 
= wri 3 = w(sin 0 b 2 + cos^bs) and = 0. 



The equations of motion are then reduced to 



9 

2r> 


(e) 


0 = T2, 


(f) 


0 = Ta. 


(g) 



The last two equations establish that, for this uniform motion with 9 con- 
stant, the torque on the pivot is null. The first one immediately gives the 
desired relation: 



LO = 



3g 

2r cos 9 



Note that the same result could be obtained by zeroing the second term of 
Eq. (d). Would you know how to explain? See the corresponding anima- 
tion. 



The balance of energy is also easier when principal directions 
of inertia are adopted. In particular, the kinetic energy of a body C that 
moves with a point fixed in an inertial reference frame TZ, whose general 
expression is given by Eq. (7.1.25), is reduced, when the products of 
inertia are null, to 

2 

= 2 • 



(1.6) 
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Example 1.3 Returning to the previous example (see Fig. 1.3), let us 
now consider that the bar B is abandoned from rest in relation to support 
S with 9 = 7t/ 2, while the latter moves in relation to the inertial reference 
frame TZ with a prescribed angular velocity = wna, as before. Let 
us now analyze how its energy varies. Taking the quota of point O as a 
reference, the initial gravitational potential energy {6 = tt/ 2) is null and 
the kinetic energy is, according to Eq. (1.6), 

f jO 2 f 2 2 
K (1) = -/a W 2 = -mr uj . 

The initial mechanical energy of the bar is, therefore, 

\ f 2 2 

E (1) = -mr UJ . 

In a generic position 9, the gravitational potential energy is ^<1^(2) = 
— ^mgr cos 9 and the kinetic energy is, also according to Eq. (1.6), 

1/1 2fl2 ,1 2 2 2^\ 1 2/^2 , 2 . 2 

K (2) = - -mr 9 -\ — mr uj sen 9 = -mr {9 + uj sin 9). 

2 \3 3 / 6 

For the prescribed initial conditions, we have (see the previous example) 

9^(9) = uj^ (s'm^ 9 — 1) + — cos 9. 

r 

The mechanical energy of the bar in a general position is, then, 

^E^{2) = — ^mgr cos 9 + ^mr^ (w^(2sin^ 9 — 1) + — cos 0) 

= ^mr^ uj^ (2 sin^ 9 — 1). 

The change in mechanical energy of the body in the interval is 

/r,\ / .,\ 1 22 2^ 

E (2) — E (1) = --mr uj cos 9. 

O 

There is, therefore, a reduction in the mechanical energy of the bar, as 9 
decreases. What is responsible for consuming this energy? Well, most of 
the work is already computed in the variation of mechanical energy and 
the forces in the linkage in O do not contribute, obviously, to the resultant 
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work. The explanation rests on the effect of torque T 2 , whose work, in the 
considered interval, is, according to Eq. (7.3.1), 



71 ^T2 



r/" = / T 2 • dt 



/ 2 2 

= / -mr uj cos 9 9 LO sin 9 dt 

Jo 3 



= -mr u! / cos 9 sin 9 d9 

^ J-n/2 



r 2 2 2 a 

— — -mr u) cos 9^ 

O 



as expected. See the corresponding animation. 

Whenever a point O stays fixed simultaneously in a rigid body 
C and in an inertial reference frame 7^, the situation created is called 
motion with a fixed point, satisfying Eq. (1.4), even when there is no 
point effectively belonging to the body that stays fixed in TZ during the 
motion. In other terms, as every rigid body forms a reference frame, 
any point in space that does not move in relation to the body can be 
understood as an extension of it, the corresponding kinetic relations, 
thereby being valid; if the point in consideration is also fixed in an 
inertial reference frame, then the body is describing a motion with a 
fixed point. 

Example 1.4 Consider a rigid body C consisting of two rings A and 
B, with masses m and 2m, respectively, rigidly connected by means of a 
light structure, showing the configuration in Fig. 1.4. The body is at rest, 
supported by a horizontal flat surface, when the torque T of module T = 
ISmgr is applied, as shown. We want to determine the initial acceleration 
of point Q, the center of the larger ring, assuming that the coefficient of 
friction between the body and the surface is sufficient to prevent relative 
sliding. Well, the rolling condition of the rings on the horizontal plane 
ensures that axis X 3 , of symmetry for the body, will describe a conical 
surface with the vertex in O, that is, point O, fixed in the inertial reference 
frame, also remains fixed in relation to C. We have, therefore, a situation 
of motion with a fixed point, which may be conveniently analyzed from 
Eqs. (1.5). The applied system of forces consists of the weights of the 
rings, the components in the points of contact with the surface (three, in 
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principle, for each), and the applied torque. The resultant moment with 
respect to O is then (check) 

^ _ 2(^2 + 2B2)) rm + V 3 (Ai + 2 Bi) m2 

+ (T + (Ai + 2 Bi) r) ri3, 

where Aj and Bj, j = 1 , 2 , 3 , are the components, in the basis 111,112,113, 
of the forces applied to the support points on the plane. 




The principal moments of inertia of the body with respect to coordinate 
axes {xi, X2, X3} are 

0 0^ 2 2 2 2 63 2 

Ii = I2 = -mr + 3 mr + 4 mr + 24 mr = —mr , 

1 3 = mr^ + 8mr^ = 9mr^. 



The angular velocity vector of the body in the inertial reference frame may 
be expressed by 



ft c 

UJ = wri3 



nb2 = -w + fl 



b2 + ^wbs. 



However, from the rolling condition in the two points of contact, it guaran- 
tees that the angular velocity vector is necessarily parallel to b3; therefore, 
n = — and 






2 



wb3. 
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The angular acceleration of the body can then be obtained by differentiat- 
ing the angular velocity, to get 

-I- wbs) 

= ^(wbs - ^w^bi). 

Initially, 



= 0 and ri 2 -|- "s/Sns). 

So substituting in Eqs. (1.5) leads to 



0 = —mg - 2 {A 2 + 2 .B 2 ), 

— mr^uj = \/^r{Ai + 2i?i), 

8 

27 

—mr^LO = T + r{Ai + 2B\). 

Substituting Eq. (b) in Eq. (c) and solving for ci;, we get 

. _ 8 T 

117 



Therefore, initially. 



n Q n c Q/o 4 T 4 

= a X =-^ ni = --5ni. 

49 mr 4 



(a) 

(b) 

(c) 



8.2 Gyroscopic Motion 

The inertia is a basic property of mechanics that can be used to detect 
motion. Inside a closed elevator, we know if we are going up or down 
because, due to the inertia, we can perceive the direction of the accel- 
eration to which we are submitted. With the known mass m of a body 
with small dimensions and measuring, albeit indirectly, the resultant 
force applied to it, we can determine from Eq. (7.2.3) how the body 
moves in relation to an inertial reference frame. This is, in general, the 
principle of the operation of a vihrometer or accelerometer. 
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Figure 2.1a simply illustrates in a diagram a one-dimensional 
accelerometer; mass m is suspended elastically to a casing, which, in 
turn, is fixed in the body whose motion we want to determine. The 
model comprises the inertia, characterized by the mass m; rigidity, given 
by the elastic constant A:; and absorption, defined by parameter c. An 
electromechanical transducer T — converting displacement in electric 
signal — measures, therefore, the relative displacement between the sus- 
pended mass and the casing, which, in turn, is related to the resultant 
force applied on the mass, which will indirectly provide a measure of 
acceleration of the casing in the direction of the axis of the accelerom- 
eter. (Many technological details are involved to, among other things, 
ensure the linearity of the system, taking into account the damping, and 
guarantee good electromechanical transduction, the study of which is of 
no interest to us for the time being; what matters here is to perceive 
the general idea that an acceleration may be assessed by indirectly mea- 
suring the associated resultant force, as established by Newton’s second 
law.) Measuring, then, the acceleration at each instant, the absolute 
velocity and displacement in the inertial reference frame may be easily 
obtained by integrating in time. 

Figure 2.1b illustrates a layout of three accelerometers arranged 
according to mutually orthogonal axes. So, with this layout, the accel- 
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eration vector can be obtained, which, when integrated, will give us the 
position vector of the body. Since its initial position is known, the po- 
sition, in an inertial reference frame, may be known at any time. This 
is the basic principle of inertial navigation. There is, however, one very 
important detail: In order to integrate the acceleration vector, it is nec- 
essary for the axes of the accelerometers to keep their orientation fixed 
in the inertial reference frame. Maintaining the spatial orientation is 
one of the applications of the gyroscope. 

Just as the mass is the inertia of translation of a rigid body, its 
inertia tensor with respect to the mass center is its inertia of rotation. 
In the same way as when measuring the applied resultant force is used 
to assess the acceleration of the mass center of the body, according to 
Eq. (7.2.3), monitoring the applied resultant torque may provide infor- 
mation on the rotational behavior of the body in an inertial reference 
frame, according to Eq. (7.2.5). Another alternative in using the inertia 
of rotation as a guide for spatial orientation is precisely the use of the 
free gyroscope, that is, the one whose rotor can remain turning around 
a fixed direction in space, as is discussed below. In this case, relative 
rotations instead of the applied torque are measured. 

An inertial platform consists, then, of a layout of three ac- 
celerometers, such as shown in the layout in Fig. 2.1b, whose orienta- 
tion is kept fixed in space, in relation to an inertial reference frame, 
with the help of two gyroscopes. The reasons for this are that each gy- 
roscope is put to turn at an angular velocity prescribed around the axis 
of symmetry of its rotor, two degrees of freedom therefore remaining for 
its angular orientation. Since three angular coordinates are required to 
fully characterize the orientation relative to the inertial reference frame, 
two gyroscopes are used, with noncoinciding rotation axes, which makes 
one of the coordinates redundant. 

Figure 2.2 shows a drawing of a gyroscope with two degrees of 
freedom, consisting of a rotor C, which is just a well-balanced axisym- 
metric body (that is, built with particular accuracy to guarantee that 
its principal axes of inertia coincide with the geometric symmetry axes), 
which turns at a constant angular velocity in relation to an inertial ref- 
erence frame. To guarantee this condition, the rotor is suspended by 
rings in its support. See the corresponding animation. 
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Figure 2.2 

Assuming ideal bearings, that is, without friction, the resultant 
moment with respect to the mass center applied to the rotor is null and, 
from Eq. (7.2.5), 

'R.^CjC* ^ (' 2 . 1 ) 

that is, the angular momentum vector of the gyroscope with respect to 
its mass center in an inertial reference frame is conserved. Since the axis 
X 3 around which the rotor is turning is a principal axis of inertia, then, 
if J = /a ,3 is the corresponding principal moment of inertia, the angular 
momentum vector will be expressed, according to Eq. (7.1.12), by 

n^cic* ^ ^ . ( 2 . 2 ) 

Now, since, from Eq. (2.1), the angular momentum vector of the rotor 
in the inertial reference frame is constant, the result is that the angular 
velocity vector of the rotor also remains constant in the reference frame. 
A system with these characteristics is called a free gyroseope. When the 
support of a free gyroscope is fixed in a body moving arbitrarily in an 
inertial reference frame, the change in orientation of the body in the 
reference frame may be measured by taking as reference the orientation 
of the rotor shaft. 

Gyroscopes are extremely useful for navigation, as simple 
guides for spatial orientation, as in the case of the gyroscopic compasses. 
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as a component of an inertial navigation system, or as an auxiliary el- 
ement for rotational stabilization. They are found in seagoing vessels, 
aircraft, launcher rockets, space satellites, oil-drilling equipment, and 
war applications, among others. For example, gyroscopic systems can 
keep the solar panels of a spacecraft aligned with the sun, thereby opti- 
mizing the capture of the energy required to operate them. Of course, 
the ideal gyroscope is merely fictitious and many technological details 
omitted herein are required to compensate the friction in the bearings, 
discount the earth’s rotation, and reduce the aerodynamic drag, among 
other minor effects. Let us now analyze the main dynamic phenomena 
associated with this system, commonly known generally as gyroscopic 
effect. The reader must bear in mind, however, that the gyroscopic ef- 
fect is not a new dynamic principle, resulting solely from the behavior 
described by Eq. (7.2.5) or Eq. (1.1), as shown ahead. 



^3 Z 




Figure 2.3 

Let us, then, consider rotor C, with mass m and axial and 
transversal moments of inertia, with respect to the mass center, J and 
/, respectively, suspended by rings in the inertial reference frame IZ 
(see Eig. 2.3a). The Cartesian axes {x,y, z} are fixed in the reference 
frame TZ. The rotation of ring A, which has a simple angular velocity 
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in TZ in the direction of z, is measured by the angle 'll:. The Cartesian 
axes {xi,X 2 ,X 3 } and the orthonormal basis bi,b 2 ,b 3 are fixed in ring 
B, which has a simple angular velocity in relation to A in the direction 
of x\. The rotation between B and A is measured by the angle 9. Last, 
the rotation between C and B is given by the angle (j). The angular 
coordinates that, therefore, describe the attitude (orientation) of the 
rotor in relation to TZ are the Euler angles (see Section 3.8): </>(t); 9{t); 
and V'(t), as shown in the figure. The spin of the body is, therefore, (j), 
corresponding to the angular velocity of C in i?; the nutation is 6 , which 
describes the angular velocity of ring B in A] and the preeession is if:, 
which measures the angular velocity of ring A in the reference frame 7Z. 

The angular velocity in 7Z of ring B is 



Tl, — TZ., .A A B 

U) — u u 



= ipns + 9hi 

= 0 bi + ip sin 6 \i 2 + ip cos 6 *b 3 . 



(2.3) 



The angular velocity of C in relation to B is, in turn, 

= phs. (2.4) 



The angular velocity vector of the rotor in the reference frame TZ is, 
therefore, 

= Wibi + L 02^2 + <^3b3, (2-5) 

where 

LVi = 9, u !2 = Tpsm9, (jjs = 'tp cos 6 + p. ( 2 - 6 ) 

The angular acceleration of C in 7^ may then be obtained by differenti- 
ation, resulting in 



= aibi -I- a2b2 -I- «3b3, (2.7) 

where (check: the basis bi,b 2 ,b 3 varies in TZ, with hj = x hj, 

i = 1,2,3) 

a\ = oji + poj 2 = 9 -\- ip(p sin 9, 

U 2 = i 02 — (poJi = 'ip sin 9 + ip9 cos 9 — (p9, 
as = iOs = ip cos 9 + p — ip9 sin 9. 



(2.8) 
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If we apply a torque T, say, in the direction of xi, there will be 
a variation of the angular momentum vector, as shown in Fig. 2.3b. If 
no torques are applied, the resultant moment with respect to the mass 
center of the rotor is null, that is. 

Ml* = M 2 * = M 3 * = 0. (2.9) 

Substituting, then, Eqs. (2.5), (2.7), and (2.9) in Euler’s equa- 
tions, the system of differential equations governing the motion of the 
free gyroscope, in terms of the components of the angular velocity vector, 
is 

I{uJl -I- ^ 1 X 2 ) + {J - I)^^0J2 = 0, 

J(ih2 - -I- (/ - J)wiW3 = 0, (2-10) 

Jihs = 0. 

Alternatively, expressing the equations of motion in terms of Euler’s 
angles, using Eqs. (2.6) and (2.8), leads to 

1(9 — sin 6* cos 9) -|- J{ip cos 9 + (p)'ip sin 9 = 0, 

I{'ip sin 9 + 2ip9 cos 9) — J{ip cos 9 + p)9 = 0, (2-11) 

V’ cos 9 — ip9 sin 9 + p = 0. 



As an initial value, therefore, is prescribed for the angular ve- 
locity, of module u)q, around the axis of symmetry, the solution (verify; 
it is easy), is 

LV\ = UJ2 = 0, (J3 = UJQ, (2-12) 



that is, 

P = uJo, '0 = 0 = 0, (2.13) 



thereby keeping reference frames A and B fixed in TZ with Eq. (2.1) being 
satisfied. In short, given an initial spin condition with null nutation and 
precession, the rotor thus remains throughout, therefore preserving the 
spatial orientation of its axis of symmetry. In other words, the angular 
velocity vector and angular momentum vector of the rotor in the inertial 
reference frame stay constant in time. 

Equation (2.12) expresses a possible solution for Eqs (2.10), but 
other solutions may be investigated. There is, for example, an interesting 
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solution with constant precession and spin and null nutation, with 0 7 ^ 0 , 
that is, 

^ = ujQ, ip = Q, 9 = 0, (2-14) 

where 14 and too are constants. The components of the angular velocity 
vector, in this case, would be 

wi = 0, W 2 = 14sin0, ws = 14cos 0 + Wo- (2-15) 

It is easy to check that the above conditions satisfy Eqs. (2.10) provided 
that (check) 

14 sin 0 (Ja;o + (T — 4^)14 cos 0 ) = 0 . (2-16) 

This relation is satisfied for 14 = 0, returning to the previous case of null 
precession and nutation, or to 



UJQ 



I-J 

J 



COS 6 14. 



(2.17) 



The angular velocity vector of the rotor in the inertial reference frame, 
therefore, is 



n, ,c 



uj'" = 14 ( sin 0 b 2 + — cos 0 b 3 

O 



(2.18) 



The angular momentum vector of the rotor with respect to its mass 
center is then 



n-^c/c _ _l_ 1(jJ2\32 + Juj^h-i 

= 714 sin 0 b 2 + /14 cos 0 b 3 (2-19) 

= 714n3. 

It is therefore found that, for this solution of constant precession and spin 
with null nutation, the angular velocity vector of the rotor in the inertial 
reference frame varies with time, although its angular momentum vector 
remains invariant. 

Example 2.1 Consider a homogeneous hemispherical rotor with mass m 
and radius r rotating around its axis of symmetry at the rate p = 120 rpm, 
with a constant inclination of 60° with respect to the vertical (see Fig. 2.4). 
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Let us look for the corresponding nonnull precession. The tables in Ap- 
pendix C give us the following values for the principal moments of inertia 
with respect to the mass center of the rotor: 



The given spin is 



83 2 T 2 2 

J=5mr. 



120 X 2tt ^ . 

^0 = = 47 t rad/s. 

60 



Resolving Eq. (2.17) for precession fl, then we have 

n = 7 - u>o = — rad/s = —682.667 rpm. 

{I — J) cosO 45 

See the corresponding animation. 

The above example resulted in a negative precession; let us 
see what that means. The motion made with null nutation leads to 
(see Fig. 2.3) 



= ' 0 ri 3 and 



( 2 . 20 ) 



So, when the scalar product of these two vectors is positive, we say that 
there is direct precession] when, on the contrary, the scalar product is 
negative, we say that there is retrograde precession. Now, 






= ^ri 3 • (/)b 3 = ricuo cos 9 = — - — cos^ 9 17^, 

O 



(2.21) 




8.2 Gyroscopic Motion 



583 



so the precession will be direct if / > J and the body is said, then, to 
be slender (see Fig. 2.5a); otherwise, the precession will be retrograde 
if / < J, in which case the body is said to be nonslender or blunt 
(see Fig. 2.5b). The rotor in Example 7.1 is, therefore, nonslender. See 
also the corresponding animation 




Figure 2.5 



The solutions for Eqs. (2.11) expressed by Eqs. (2.13) and (2.14) 
are, of course, quite simple particular cases. The determination of a 
general analytical solution, given initial arbitrary conditions, is not an 
easy task. We can, however, take valuable information about the angular 
behavior of the rotor, using the principles of conservation applicable 
to this specific situation of motion with the null resultant torque with 
respect to the mass center, as discussed ahead. 

We will then consider a free gyroscope for which initial arbitrary 
conditions are given, that is, with the three components of the nonnull 
angular velocity vector. Let us first note that the third of Eqs. (2.10) 
can be directly integrated in time, offering the solution 

<^3 = ( 2 . 22 ) 

where u)q is a scalar constant. The angular momentum vector with 
respect to the mass center is, at each instant, 

Uy^c/c = + J(j2b2 + Jo;3b3, 



(2.23) 
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and its scalar component in the direction of axis z is 

= • ri 3 = /t (;2 sin 0 + J(j 3 cos 6*. (2.24) 

Now, the angular momentum vector of the rotor is conserved and, in 
particular, its scalar component in the direction of axis z is also con- 
served. So if Hzg is the initial value of the angular momentum of the 
rotor with respect to axis z, then at any instant we have 

Ico2sm6 + JuJscosO = Hzg. (2.25) 

Then, for 0/0, 

UJ2 = - JcosOuJs). (2.26) 

1 sm 6 

Substituting then in the second of Eqs. (2.6) leads to a general expression 
for the precession as a function of inclination 0 and, naturally, of the 
initial conditions. 



/(0) = ^ (2.27) 

1 sm 0 

Now substituting the above expression in the third of Eqs. (2.6) leads 
to an expression for the spin, also as a function of inclination 0 and the 
initial conditions. 



m 



J COS^ 0 \ cos 0 

^ Isln^e ] “ Isln^e ■ 



(2.28) 



The system of forces acting on the rotor is, as we saw, null, so 
the resultant work applied during any considered time interval is also 
null. Equation (7.4.1) establishes, therefore, that the kinetic energy of 
the rotor is conserved, that is. 



2 {^'^1 + ^^2 + — -^0) (2.29) 

where the scalar constant Kq is the kinetic energy of the rotor in the 
given initial condition. So solving Eq. (2.29) for u)\ leads to 
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UJl 




{2 Kq - IujI 



- J^D- 



(2.30) 



Equations (2.22), (2.26), and (2.30) therefore provide the solu- 
tion for the components of the angular velocity vector as a function of 
the coordinate 9 and initial conditions of the motion, represented by W 3 , 
Hzq, and Kq. Substituting then Eq. (2.30) in the first of Eqs. (2.6) leads 
to an expression for the nutation, also as a function of the inclination 0 , 
that is, 

m = (2.31) 

where UI 2 is expressed by Eq. (2.26). Equations (2.27), (2.28), and (2.31) 
then provide the general expressions for the precession, the spin, and the 
nutation as a function of the inclination 6 of the rotor axis and, of course, 
of the prescribed initial conditions. Note that the initial conditions are 
implicitly expressed by the initial kinetic energy, Kq, and by the value, 
also initial, of the scalar component of the angular momentum vector of 
the body with respect to its mass center, in the direction of the vertical 
axis, 

Example 2.2 Consider a free gyroscope whose rotor C has the shape 
of a disk with mass m and radius r (see Fig. 2.6). Given an initial condi- 
tion, with 6 = 30°, of spin ^0 = nutation 6q = h\J gjr and null 

precession, how will the gyroscope be moving when the axis of symmetry 
passes through the horizontal position? The prescribed initial conditions, 
with 6 = 7t/ 6, are 



Wi = 5-\/ -, W2 = 0, 



' Zg 

W3 = W — . 



The vertical component of the angular momentum vector is 



= Jlo 3 cos 6= -mr^^ 



The initial kinetic energy of the rotor is, in turn, 
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Figure 2.6 

li 6 = 7t/2, according to Eq. (2.26), it leads, then, to 
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both, therefore, with the same module H = {s/Wf j A) mr , as to be 
expected. In fact, resolving basis bi, b 2 , ba in basis ni, ri 2, 113 (see Fig. 2.3), 
we have 



bi = cos V'ni + sin V’n 2 , 

b 2 = — cos 6 sin V'ni + cos 6 cos ipn 2 + sin 0 ri 3 , 
ba = sin 6 sin ijjini — sin 6 cos V’n2 + cos 6113 . 

We may choose the orientation of axes {x, y, z} so that, for the initial 
condition of 0 = tt/6 , we have ip = 0 and 

bi = m, b2 = — ri2 + -na, ba = --n2+— na. 

Then, the angular momentum vector in the initial condition, expressed in 
the base fixed in the inertial reference frame, would be 

KrC/c _ irnr’y^(5ni — VSn 2 + 3na). 

If 9 = (tt/ 2), we have 

bi = cos V'ni + sin V'n 2 , b 2 = na, ba = sin — cos V^n 2 . 



The angular momentum vector, then, is 

(^(4cos'?/’ + 2'\/3sin'!/’)ni 
+ (4 sin xp — 2-\/3 cos 'tp)n 2 + 3na) . 

Now, not only must the module of the angular momentum vector remain 
constant, but the vector itself is also invariant; therefore: 

4 cos Ip + 2v^ sin xp = 5; 

4sinV: — 2v^cos V' = — V^. 



The result then is that ip = 0.38025 rad (check). See the corresponding 
animation. 
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Now let us see what happens if a torque with constant module 
T and parallel to axis x\ is applied, during a time interval r, to a rotor 
that is turning with spin cuq, null precession, and also null nutation. 
When there is a nonnull torque component in this direction, Euler’s 
equations become as follows: 

I{oJi + ^u)2) + {J - I)u)-iOJ2 = T; 

I{Cj 2 — 4>^i) + {I — J)ujiuji = (2.32) 

JCj^ = 0 . 



There is, in this case, no conservation of the angular momentum 
vector of the rotor with respect to its mass center, since the resultant 
moment is no longer null. There will, then, be a variation in the angular 
momentum vector, in the direction of the applied torque, as established 
by the equation of motion of the second kind. Figure 2.7 illustrates what 
happens in a short time interval Ar. The original angular momentum 
vector is parallel to the rotor axis; the application of the torque in the 
xi-direction generates a small component AH, additional to the original 
angular momentum vector, in the bi-direction. See the corresponding 
animation. 




X 



2 



Figure 2. 7 



Taking a look, then, at the expression of the angular momen- 
tum vector, Eq. (2.23), it is evident that a component oji will appear 
in the angular velocity vector. This is an apparently natural result: 
The presence of a torque component orthogonal to the original angular 
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velocity vector produces, after a time interval, a new angular velocity 
component in the direction of the applied torque. 

So let us return to Eqs. (2.32). The third equation is identical 
to that studied previously and, integrated directly, ensures that the com- 
ponent ^3 remains constant in time. The second is also identical to the 
former in the case of a null resultant moment. Algebraically resolving 
for lo 2 leads to 

H j — 1^3^ (2.33) 

showing that an angular velocity component will also appear in the di- 
rection of axis X 2 , since u)\ is now different from zero. This phenomenon, 
surprising at first sight, is nothing but the fact that, given a body that 
turns with constant angular velocity in a given fixed direction when a 
torque is applied in a direction orthogonal to the former, generates an 
angular velocity component in the direction orthogonal to the other two; 
it is the so-called gyroscopic effect. 

The complete analysis of the gyroscopic effect, of course, re- 
quires the integration of Eqs. (2.32). Yet, as in the case of the free 
gyroscope, we can extract useful information from conservation equa- 
tions. If torque T continues to be applied in the direction of axis xi, 
there will be a conservation of the rotor angular momentum with respect 
to axis z. This means that Eqs (2.26), (2.27), and (2.28) remain valid, 
and the precession and spin may be easily determined as a function of 
the inclination 9. On the other hand, if the torque has a constant mod- 
ule T, its work done on the rotor in a given interval is, according to 
Eq. (7.3.1), 

= [ ^ T dt = T [ \idt = T [ de = T{9-9o). (2.34) 
J t\ J t\ J 6q 

If Kq is the initial kinetic energy of the rotor, the energy balance is, 
according to Eq. (7.4.1), 

+ IujI + Jul) -Ko = T{9 - 0o). (2.35) 

Resolving, then, for uji and substituting in the first of Eqs. (2.6), we 
obtain an expression for the nutation as a function of the inclination 9, 
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as follows: 

9{9) = {2Ko + 2T{9 - 9^) - Ico^ - Jcoj) , (2.36) 

where CO 2 is given by Eq. (2.26). 

Example 2.3 Returning to the previous example (see Fig. 2.6), consider 
the same given initial conditions; now a torque T = (3/tt) mgrhi, however, 
is applied to the rotor. In this case, what is the rotor angular velocity when 
the axis of symmetry passes through the horizontal position? Well, since 
Eqs. (2.22), (2.26), (2.27), and (2.28) continue to be valid, we have, as in 
the previous example, 

'0(7t/ 2) = 3-i/^ and ^(tt/2) = 

V r 

therefore, 

W2(7t/ 2) = 3-i/^ and W3(7r/2) = 

V r 

In order to determine the nutation, we now employ Eq. (2.36), resulting in 
(verify) 

9{tt/2) = a;i(7r/2) = 2 
The angular velocity vector in the required situation is, then, 

(v^bi + v^b2 + ba) . 

See the corresponding animation. 

Quite an interesting situation of gyroscopic motion occurs when 
a body of revolution C has any point O of its axis of symmetry, non- 
coinciding with its mass center, fixed in an inertial reference frame TZ, 
moving under the action of its own weight. This is, for example, the 
case of a top moving while keeping its tip fixed on a horizontal plane 
with friction. This is, then, a case of motion with a fixed point with 
three degrees of freedom and nonnull resultant moment with respect to 
the fixed point. The best description for the motion of a top or a similar 
object is also that given by Euler’s coordinates. 
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Figure 2.8 

Figure 2.8 illustrates a body of revolution C moving with a 
point O of its axis of symmetry fixed in an inertial reference frame TZ. 
The system of Cartesian axes {x,y,z}, with origin in O, and the or- 
thonormal basis ni,ri 2 ,n 3 are fixed in TZ. The attitude (orientation) 
of C with respect to the fixed axes in TZ is entirely determined by the 
angular coordinates and 6{t)] (p measures the rotation of C 

around X 3 , its axis of symmetry; ip measures the rotation of the vertical 
plane containing axes x\ and z, around the latter; and 6 measures the 
inclination of axis X 3 with respect to the vertical. As mentioned previ- 
ously, the rate p is called spin., the rate p is called precession, and the 
rate 9 is called nutation. 

The kinematic description of the top is, thus, identical to that 
of the free gyroscope. Its angular velocity vector may be expressed, 
therefore, according to Eqs. (2.5) and (2.6). Likewise, its angular accel- 
eration vector may be described according to Eqs. (2.7) and (2.8). The 
resultant moment with respect to point O is the moment applied by the 
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weight force, that is, 

^ (— m 5 )ri 3 = mgr sm.6h\. (2.37) 

So, adopting I and J as the transversal and longitudinal prin- 
cipal moments of inertia, respectively, with respect to point O, we have 
Euler’s equations for a body of revolution in motion with a fixed point 
under the action of the weight itself: 

I{pJi + 4 >oj 2) + (J — I)(jJ 3 UJ 2 = mgr sinO] 

I{uj2 ~ = 0; (2.38) 

Joj'i = 0 . 

Note that Eqs. (2.38) are similar to Eqs. (2.32), with the dif- 
ference from the latter that the torque in the direction of xi is no longer 
constant, varying with the inclination 6, and by the moments of inertia, 
now with respect to point O. 

The same equations can be expressed in terms of Euler’s coor- 
dinates. Indeed, substituting Eqs. (2.6) and (2.8) in Eqs. (2.38) leads 
to 

I{9 — sin 0 cos 9) + J{'ip cos 9 + sin 9 = mgr sin 9, 

I{'ip sin 9 + 2ip9 cos 9) — J{'ip cos 9 -|- ^)9 = 0, (2.39) 

V’ cos 9 — ip9 sin 9 + cp = 

The determination of the time evolution of Euler’s coordinates 
for initial arbitrary conditions is extremely difficult, given the complex- 
ity of the coupled system of equations, requiring numerical integration. 
However, we can extract valuable information on the general behavior 
of the body, such as the evolution of the spin, precession and nutation 
components as a function of the inclination 9, as was similarly done for 
the free gyroscope. 

Returning to Eqs. (2.38), the third equation is obviously un- 
coupled and can be integrated in time, resulting in 



<^3 — <^0 



( 2 . 40 ) 
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that is, the scalar component of the angular velocity vector in the di- 
rection of the axis of symmetry for the body remains constant during 
motion. 

The resultant moment with respect to axis z is null; then, the 
angular momentum of the body with respect to the vertical axis is con- 
served. The balance expressed by Eq. (2.25) is, therefore, applicable, 
resulting in cu 2 , according to Eq. (2.26), ip^ according to Eq. (2.27), and 
(/>, according to Eq. (2.28). 

To obtain an expression also for the nutation, we can use the 
energy balance. In the absence of nonconservative forces, the mechanical 
energy of the body remains constant in time. Admitting that Eq is the 
initial mechanical energy, then in a generic instant, we have 

^ [lujf -|- /u;| -|- JojI) -|- mgr cos 0 = Eq. (2-41) 

So resolving for 6 = cui, it leads to 



m 




[2Eq — 2mgr cos 6 



Jcuf) 



UJc) 



(2.42) 



Example 2.4 A homogeneous cone C, with mass m and dimensions 
indicated, has its vertex bound by a spherical joint to point O, fixed in an 
inertial reference frame TZ (see Fig. 2.9). 




Figure 2.9 
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The cone is left turning with an angular velocity ojq around its axis of 
symmetry, with the latter in the vertical position. A small disturbance 
induces the cone to incline slightly, leading it to acquire motion of preces- 
sion and nutation. It was also found that the nutation motion is periodic, 
with amplitude tt/2, that means the cone starts the motion with its axis of 
symmetry in the vertical, sloping until the horizontal position, returning 
to the initial position, and so on. It is to be expected that the amplitude 
of this oscillation depends on the initial conditions. We are then going to 
investigate the value of the initial angular velocity ojo, which results in the 
observed behavior. The principal moments of inertia with respect to O for 
the cone are (see Appendix C) 



3 2.3 / 3 

^=20"”' +80’"l2’' 



3 3 

m 1 - -rj = -mr~ 



J 3 2 

J = . 



In the initial condition, 0 = 0, the time rates of Euler’s angles are 



0 = 0 , ^ = 0 , (j) = uiQ. 



The scalar component of the angular momentum of the body with respect 
to the vertical axis is 

i?2o = ns ■ = ^mr^wo- 

Also in the initial condition, the kinetic energy is 

-L dP //O -Ip _L o O o o 

Ko = = -Jul = 

the potential energy is 



<I>o = mgz* 



9 

-mgr, 



and the mechanical energy is 



3 2 2.9 

-^0 = ^0 + -mgr. 

Z\j o 

When 0 = 7 t/ 2, then we have, from Eq. (2.26) (verify), 

1 

a>2 = -Wo- 
5 




8.2 Gyroscopic Motion 



595 



Substituting the above results in Eq. (2.42) leads to (check) 



Now, \i6 = 7t/2 corresponds to the amplitude of the nutation motion, then, 
necessarily, 0 = 0 in this position. Hence the result is that 

Wo = 5 

is the initial value that must be given to the angular velocity of the cone to 
provide the nutation motion with the described amplitude. The precession 
will also be of an oscillating nature; in fact, starting from a null initial 
value, Eq. (2.27) shows that, for the position with the horizontal axis of 
symmetry. 




Last, in the horizontal position, Eq. (2.28) provides 

0 = Wq. 

Note that the value obtained for the spin when 0 = 7t/2 is equal to its 
initial value. Do you think that the spin remains constant during motion? 
Clear up the doubt by calculating it for an arbitrary position. See the 
corresponding animation. 

The general solution of Eqs. (2.38) or (2.39) depends heavily on 
the initial conditions prescribed. It may be demonstrated that, as in the 
case of the free gyroscope, there is a solution in which the body moves 
with null nutation. We are then going to study, below, how this motion 
occurs and verify which initial conditions are necessary. So, admitting 
that 0 = 6*0 is a possible solution for Eqs. (2.38), we have 6 = 9 = 0] 
therefore, uji = ioi = 0. So, substituting in those equations yields 

I4>uj2 + ( J — /)w 3 <W 2 = mgrsmO, 

IC02 = 0 , 

Jw3 = 0. 





(2.43) 




596 



8. Advanced Topics 



Integrating the two last equations leads to 

(J 3 = ujQ and CU 2 = (2.44) 



where loq and H are constants depending on the initial conditions. It 
then results that, for constant 0, if) is constant and, consequently, (f) is 
also constant. In other words, there is a possible solution for the motion 
of the top with precession and spin constants and null nutation. The 
relation between the rates that provide this solution may be extracted 
from the first of the Eqs. (2.43). So rearranging the equation, we have, 
for 0/0, 

{J — I) cos 6 4)'^ + Ip — rngr = 0, (2-4:5) 



a second-order algebraic equation (don’t forget that 0, cp^ and ip are now 
constants in time), whose solutions we are now going to analyze. 

Let us first assume that J = /; in this special condition 
Eq. (2.45) is reduced to 



Ip 



mgr 
JP ’ 



(2.46) 



that is, precession is inversely proportional to the spin, the relation 
between both being indpendent of 0. This occurs, and in this special 
case alone, because the body is inertially equivalent to a sphere, the 
direction around which it turns being indifferent. 

If, however, J / /, there is a pair of roots, as follows: 



-Jp±y/A 
2{J-I) COS0’ 



where 

A = + 4{J — I)mgr cos 0. 

Then there are two real roots if A > 0, that is. 



\p\ > — J)mgr cos 0. 

U 



(2.47) 



(2.48) 



(2.49) 



Note that, according to Eq. (2.48), A is always nonnegative if 
{J — I) cos 0 > 0, in which case there is no restriction for the spin value. 
When, on the contrary, ( J — I) cos 0 < 0, the spin shall satisfy the 
minimum condition established in Eq. (2.49). 
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Example 2.5 A washer C consists of a disk with mass m and radius 
r welded to a light slender shaft with length 2a (see Fig. 2.10). The end 
O of the shaft is fixed by a rotula to an inertial support S. Admitting 
that the body moves with constant precession and spin, we would like to 
determine the possible values for precession if the spin is ip = 2 
and the inclination of the axis of symmetry is 0 = 7 t/3. 




The only force that generates moment with respect to point O is the weight 
of the washer; therefore, 

]y[-^e/o _ pQ/o X p _ X (— mg)ri 3 = mgasin9h\. 

The principal moments of inertia of the washer with respect to point O are 

7 rO jO f 2 I 2 1 j tO f 2 

1 = U = G = -mr + ma and J = G = -mr . 

1 2 4 I ® 2 

Let us initially look at what happens if a = r/2. In this case, J = I and 
the inertia tensor is reduced to = |mr^Il. Therefore, from Eq. (2.46), 
we have 




The washer then presents a constant spin of module gjr and constant 
precession of module \ \fgjr, regardless of the angle 6. Note that, in fact, 

S^C/O ^ JJC/O . ^ ^ 
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so 

s-^c/o _ X bs = ^mgrsinOhi = mgasinOhi = 

Assuming now that a = r/4, then I = ^mr^, and so J — I = -^mr^ . 
Since ( J — I) cos 0 > 0, from Eq. (2.48) we then have 



A f 2 4 

A = -m r 
4 



4 ^ 



82 r 1 35, 2 x 2 <? 

— mr ■ mq- ■ - = — (mr — 
16 ^4 2 32^ ’ r 



and, from Eq. (2.47), we have 



V) = 



16 

y 





The roots, for this geometric relationship, are, therefore, 

V; = 0.2444 and i) = -IQmi . 

V r V r 

Note that there is a solution with a precession module lower than that of 
the spin and another of a greater module in the opposite direction. Let us 
now see what happens with, say, a = 3r/4. In this case, I = and 

J — I = Now, (J — I) cos 8 < 0, and Eq. (2.49) must be verified. 

In fact. 



- {I - J)mgr cos 8 = 

J V 16 



5 3r 1 Fo ■ 

— • mg- - = 0.84265-v/- < (j). 
4 2 V r 



So, we have 



therefore. 



A 3, 2x25 

A = -{mr ) -, 



l±A/i 



resulting in the following values for precession: 



V: = 1.2404 and -0 = 5.1596 ^-. 



In this case, therefore, we also have a “low” and another “high” precesssion, 
but both with the same sign. See the corresponding animation. 
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As mentioned before, Eqs. (2.39) require numerical integration, 
their solution depending on the initial conditions of the problem. We 
saw in Example 2.5 possible solutions, depending on the geometry, for 
the permanent motion of the top, that is, the motion with null nutation 
and constant precession and spin. The reader who has already noticed, 
however, the motion of a top knows that it does not behave as described 
in that example. This difference in behavior is due to the existence of a 
friction torque at the tip of the top, resulting in no conservation of the 
angular momentum of the body with respect to the vertical axis and, 
since this resistive torque does work, the kinetic energy of the top is 
also not conserved. In this case, therefore, Eqs. (2.25) and (2.41) do not 
apply and it is no longer possible to analytically determine (f), 9, and ^ 
as a function of 9. 

Thus, assuming the presence of a torque T = —Th^, resistive 
and of constant module (see Eig. 2.8), Eqs. (2.39) are converted into 

I{9 — ip^ sin 0 cos 9) + J{'4) cos 9 + sin 9 = mgr sin 9, 

sin 9 + 2'ip9cos9) — J{ipcos9 + (j))9 = 0, (2.50) 

J {'ip cos 9 — p)9 sin 9 + (p) = — T. 

The numerical solution of these equations will lead to the ob- 
served behavior, as the following example illustrates. 

Example 2.6 We will now consider the washer in the previous example 
(see Fig. 2.10), with a = SrfA, as analyzed at the end of that example, and 
let us now suppose a small friction torque T = 0.1 Nm, applied toward bs, 
in the opposite direction to that of the spin. Admitting then radius r = 0.1 
m, mass m = 1 kg, the transversal and longitudinal moments of inertia, 
I = Y^mr^ and J = ^rnr^, respectively, we can numerically integrate the 
equations. Establishing initial conditions for the inclination angle of the 
washer axis and for the spin, identical to those in the previous example 
(0 = 7t/3, 0 = as well as fixing the low precession value as an 

initial condition for the permanent motion of the washer, 'ip = 1.2404y^ g/r, 
Eqs. (2.50) can be numerically integrated, obtaining, for the time evolution 
of 0, (p and ^p, the result illustrated in the figures ahead. 
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Figure 2.11 shows the evolution of the angle 0 during the first minute 
of motion. Note that the inclination increases continuously with time, 
starting from the value 0 = tt/ 3 = 1.047 rad in t = 0 until approximately 
6 = 1.31 rad in t = 60 s. Also note that this increase does not occur 
according to a linear function. There is, therefore, an almost constant 
nutation that derived from the function 0(t), as shown, that is, due to 
the friction torque present in point O, in the direction of the body axis of 
symmetry, the top “drops.” 




Figure 2.12 illustrates the evolution of the spin, showing that this con- 
tinuously decreases, although not in a linear way, from its initial value. 
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^ = 2 g/r pe 20 rad/s, until a value of approximately = 16.6 rad/s, 
in t = 60 s. Last, Fig. 2.13 shows the behavior of the precession during 
one minute, showing that it increases continuously with time, from its ini- 
tial value, V) = 1.2404y^ g/r pe 12.404 rad/s in t = 0, until an approximate 
value of Ip = 13.66 rad/s in t = 60 s. The simulated behavior is according 
to that observed in the motion of a real top, where there is indeed a small 
nutation and where the precession is increasing as the spin drops, all these 
effects provided by the small friction torque present in point O. 




See the corresponding animation. 



8.3 General Motion 

When the motion of a rigid body in an inertial reference frame does not 
fit any of the categories discussed herein above, that is, if there is no 
plane motion or motion with a fixed point nor any particular case of 
such, it is said that the body describes a general motion in the reference 
frame. The equations governing the general motion are the equation of 
motion of the first kind, Eq. (7.2.2) or Eq. (7.2.3), and the equation of 
motion of the second kind, Eq. (7.2.7). 

A system of Cartesian coordinates with an arbitrary orienta- 
tion having been chosen, the equation of motion of the first kind can 
be resolved, as we saw, in three scalar equations, such as Eqs. (7.2.4). 
Having arbitrated a system of Cartesian coordinates fixed in the body 
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— which may, eventually, be the same as that chosen for the decom- 
position of the equation of motion of the first kind — , Eq. (7.2.7) may 
also be resolved in three scalar equations, such as Eqs. (7.2.9), or, in the 
case of axes parallel to the principal directions of inertia with respect to 
the mass center, Eqs. (7.2.10). In short, we have a set of six nonlinear 
dynamic equations, generally independent of each other. 

A rigid body has six degrees of freedom, there being no con- 
straints to its motion. So, choosing a set of six generalized coordinates 
for the description of this motion, we have a parity between the number 
of equations and the unknown quantities. 

Example 3.1 Consider a coin M, modeled as a homogenous slim disk 
with mass m and radius r, thrown in space turning with angular velocity 
= woni, around its cross axis yi, coinciding, at this instant, with axis 
xi, and its center O having a speed vq = Mini - 1 - M2n2 -|- Mans, where basis 
ni,n2,na is fixed in an inertial reference frame (see Fig. 3 . 1 ). This is a 
holonomic system with six degrees of freedom, since there are no applicable 
kinematic constraints. 




Figure 3.1 

The coordinates xi(t), X2{t), and X3(t), describing the position of the 
coin center with respect to the origin of the Cartesian system, and 
02 (t), and 03(f), describing successive rotations of the coin around the axes 
{xi,X2,X3}, respectively, are sufficient to characterize the configuration of 
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the body at any instant. The only force applied is the weight, P = —mgns. 
The resultant moment with respect to point O is, therefore, null. The equa- 
tions of motion of the first kind are 

mil = 0, 

mx2 = 0 , 

mx 3 = —mg, 



whose solution, given the initial conditions, is 

xi{t) = a;i(0) -I- uit, 

X2(t) = 0 : 2 ( 0 ) -I- U2t, 

xsit) = 0 : 3 ( 0 ) -I- ust - 

that is, the coin mass center moves with constant speed, in the directions 
parallel to 0:1 and 0:2, and is uniformly decelerated, in the direction parallel 
to 0:3, describing, thereby, a parabolic trajectory in a vertical plane. As 
the resultant moment is null, the angular momentum vector is conserved 
and, the initial angular velocity being parallel to a principal direction of 
inertia, then, at any instant, 

^H^/°(t) = ^H^/°(0) = iLOoni, 

where I is the moment of inertia of the disk with respect to axis yi. The 
coin continues, therefore, to turn at the speed luq around axis yi, which 
remains parallel to its original direction. Thus, 

6i{t) = 01 (0) -I- uJot, 02(t) = 0s{t) = 0. 

Each constraint imposed on the general motion of a rigid body 
reduces its number of degrees of freedom in the exact proportion in which 
it introduces, as unknown quantities, components of force or torque 
present in the linkage corresponding to the constraint. When the con- 
straint is holonomic, it is always possible to express a coordinate as a 
function of the others, thus reducing the number of unknown quantities. 
On the other hand, every kinematic constraint, being the result of a 
linkage, introduces, in turn, an unknown force or torque. It is therefore 
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necessary to have six dynamic equations to determine the mutually in- 
dependent coordinates and the unknown linkage components. When, on 
the contrary, the kinematic constraint is not holonomic, it is not possible 
to directly obtain a coordinate as a function of the others and, moreover, 
new unknown quantities are introduced by the nonholonomic linkages. 
We then have a coupled system of equations, in which the six second- 
order dynamic equations appear, plus a set of first-order equations, in 
equal number to that of the nonholonomic constraints present. In many 
cases, nevertheless, it is possible to choose coordinates that partially 
uncouple the system of equations, in order only to solve a subsystem of 
greater interest. In short, when only one portion of the coordinates is 
of interest, a subset of equations may normally be solved, provided that 
they do not involve the other unknown equations. 

Example 3.2 A homogeneous sphere E, with mass m and radius r, 
moves inside a vertical pipe with radius R, rolling on its inside surface 
(see Fig. 3.2). 





Given an initial condition of velocity for the sphere center, we want to 
study how its position progresses in time. This is a nonholonomic sys- 
tem, in principle, since it involves a rolling condition, with three degrees 
of freedom. In fact, we have a holonomic constraint requiring contact be- 
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tween the surfaces and two non-holomonic constraints to guarantee the 
nonsliding between them. Axes {xi,X 2 ,xs} are fixed in the plane that 
contains the pipe axis of symmetry and, at each instant, center O of the 
sphere; basis ni,n 2 ,ri 3 is parallel to these axes. We may choose, as coor- 
dinates for describing the motion, variables z{t) and 0(t), which determine 
the position of O, and three angles to characterize their attitude. Since 
the body is spherical, its spatial orientation is indifferent or, at least, ir- 
relevant. It is interesting for us, therefore, to essentially determine the 
position of the sphere mass center. The applied external forces are the 
weight, P = —mgns, and the components in the contact, N, F2, and F3, 
as shown. The reduction to the mass center of this force system is 

F = -A^ni -I- F2H2 -I- {F 3 - mg)n 3 , 

= — rF3ri2 -|- rF2n3. 

The inertia tensor of the sphere with respect to O is (see Appendix C) 

= I^, where I = -mr^. 

5 

The angular velocity vector of the sphere in relation to the pipe, expressed 
in the same basis, is 

E 

U) = wini -1- W2n2 -|- W3n3. 

The time rates of the basis are 

rii = O112, ii2 = —Oni, ri3 = 0 . 

The angular acceleration vector is then 

= (uji — 0uj2)ni + (uJ2 + 9u>i)n2 + W3ri3. 

The velocity of point O, expressed in terms of the point coordinates, is 
•v'^ = {R— r)9n2 + zu3. 

The acceleration of the mass center then is 

= {R — r)(—9^ni + 9ri2) + zn3. 
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The velocity of the point of contact C is 



c o 

V = V 



X 



= ((i? - r)9 + rw 3 )n 2 + (z — rw 2 )n 3 . 



Now, the rolling condition requires that this velocity is null, which results 
in the following relationships: 



z 

r 



R-r ■ 
0 J 3 = 9- 



We can then write the equations of motion in terms of the selected coor- 
dinates. Substituting the above results in Eqs. (7.2.4), we have 



1 

II 

(M 

1 


(a) 


m{R — r)9 = F 2 , 


(b) 


mz = F 3 — mg. 


(c) 



Since the principal moments of inertia are all equal, the terms of 
Eqs. (7.2.10) involving differences in moments of inertia are canceled, re- 
ducing the equations of motion of the second kind to 



LOi — 6 - = 0, 

r 


(d) 


2 

-m (z + rOcJi) = — F 3 , 
0 


(e) 


-lm(R-r)9 = F 2 . 
5 


(f) 



Note that components 0 J 2 and W 3 of the angular velocity vector are ex- 
pressed in terms of coordinates 2 ; and 9, from the rolling condition, and 
this is why they do not appear in the equations of motion. Component wi, 
however, does not depend on those coordinates, being present in Eqs. (d) 
and (e). It is interesting to solve the equation system for z{t) and 9{t), the 
unknowns u>i, F 2 , F 3 , and N being secondary. Let us then consider the 
following initial conditions as given: 

wi( 0 ) = 0 ; v°( 0 ) = M2n2 -I- U3n3, 



that is, the sphere rolls initially without pivoting, having a component of 
velocity in the horizontal direction and another velocity component in the 
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vertical direction. The second condition may also be expressed equivalently 
by 



0(0) = n, where = 



U2 



R — r 

From Eqs. (b) and (f), we have 

0 = 0; then, 0 = fl. 



and W2(0) = - = — . 

r r 



Substituting then in Eq. (d), we get 



G. . 

wi = — z; 
r 






then, u)\ = —z. 

r 



Now solving Eq. (c) for F3 and substituting in Eq. (e) , the following linear 
differential equation is obtained for coordinate z{t) (check): 

z+ -n z+ -g = 0, 

the general solution of which is (verify: just substitute) 



z{t) = — (a sin Wot + B{1 — cos Wot)), 
Wo ' ^ 



where 




We have, therefore, a periodic solution with frequency 




for the vertical component of the position of the sphere mass center and a 
linear solution, 

0{t) = 0 ( 0 ) + nt, 

for its angular displacement. The velocity of the sphere center at a generic 
instant is, then, 

v°(t) = (R- r)0(t)ri2 + i;(t)n3 

= {R — r)fln2 + r(A cos Wot + B sin wot)ri3 

= U 2 ri 2 + (u3 cos Wot — sin Wot') 113, 

V 7wo / 
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where wo is defined above. It is interesting to observe that the dynamic 
solution for the motion of the sphere, in the absence of dissipative forces, 
is in fact periodic. The work of the weight force is sometimes positive, 
sometimes negative. If, however, null initial conditions were given, that is, 
if the sphere is abandoned from rest, we will have w, 2 ( 0 ) = tt 3 ( 0 ) = 0 and 
= 0. The differential equation governing the motion will, in this case, be 

2 + ^5 = 0 , 

whose solution is 

that is, a free-fall motion delayed due to the rotation inertia of the sphere 
and the work of the weight force will always be positive. See the corre- 
sponding animation. 

When a rigid body has a general motion, involving nonholo- 
nomic kinematic constraints, the equation system may be too complex 
due, essentially, to its nonlinearity. Moreover, the number of equations 
— besides the six equations of motion, we will have the nonholonomic 
constraint equations — makes it even more difficult to obtain a general 
solution. We then reinforce the importance of selecting a subset of coor- 
dinates, when possible, to facilitate the solution. Even so, the equation 
system might remain inaccessible to an analytical solution, and the only 
possible way is the numerical integration. Some approximate solutions 
may be obtained analytically, by admitting, for instance, small values 
for one or more coordinates. In this case, as done in the study of a sim- 
ple pendulum, seen in Example 4.2.2, the equations may be linearized, 
to help obtain an analytical solution. 

Example 3.3 Let us now consider a coin M, modeled as a thin ho- 
mogeneous disk with mass m and radius r, which rolls on a fiat horizontal 
surface (see Fig. 3.3). The constraints to the motion of the coin establish 
that it is always in contact with the surface (a holonomic constraint) and 
that there is rolling in the contact point (two nonholonomic constraints). 
Choosing as generalized coordinates the Cartesian coordinates of the coin 
center, x{t), y{t), and z{t), and the angles describing its spatial orientation, 
4>{t)i ^(t)> and 'i/'(t)> the holonomic constraint may be expressed by 



z = r cos 6. 
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The angular velocity of the coin in TZ may be expressed by (see Exam- 
ple 3.3.4) 

= 'ip cos 6ia.\ + 9iLi2 + {ip sin 6 + ((>)n 3 . 

The velocity of point O is 

= xnx + yny — r() sin Ouz. 

Writing the velocity of the contact point C as 

V = V -|- a; X p ' 

and zeroing it, given the rolling condition, the relations obtained are as 
follows: 

X sin ip — 'ij cos ip — r6 cos 9 = 0; (a) 

X cos tp + y sin Ip — r{ip sin 9 + 4>) = 0. (b) 

(If the reader decides to check the above calculation, it will be found that 
the scalar component of the rolling condition in the direction of 113 is iden- 
tical to the scalar component in the direction of ni, expressed by Eq. (a), 
only two equations for nonholonomic constraint remaining, as foreseen.) 
The external forces acting on the coin are its weight, P, and the force of 
contact applied by the flat surface. The latter may be opened in a normal 
component, N, and two friction components, Fi and F 2 , as shown. The 
reduction of this system of forces to the mass center of the coin is 

F= ((iV — mg) cos 9 + Fi sin 9^ rii - 1 - F 2 n 2 
+ (^{N — mg) sin 9 — F\ cos 0 ) 113 , 

_ ^.(TVsin 9 — F\ cos 0 )ri 2 — rF 2 n^. 
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The reader should note that the coin rolling on the surface is a nonholo- 
nomic system with I = 3 degrees of freedom. The number of generalized 
coordinates required to describe its motion is r = 5 (the z-coordinate was 
eliminated by a holonomic constraint equation). Moreover, the rolling con- 
dition introduced three unknown force components, increasing to eight the 
number of scalar unknowns. The full analysis of the coin motion for arbi- 
trary initial conditions would involve, therefore, solving a coupled system 
of first-order differential equations consisting of Eqs. (a) and (b), plus six 
second-order dynamic equations (first and second kind). The general so- 
lution of such a system is too complex; if we wish to know the angular 
behavior of the body, without bothering to know the location at each in- 
stant of the mass center, we may choose to express the acceleration of point 
O solely in terms of the angular coordinates, reducing the system to the 
six equations of motion. In fact, the angular acceleration of the coin in 
reference frame TZ can be expressed by 

■n. M , , 

oc = aini -1- 0!2n2 -|- 0:3113, 

where (see Example 3 . 9 . 3 ) 



Ol = -|- (j)UJ2, 02 = W2 ~ O 3 = W 3 . 

The acceleration of point O can then be expressed by (see, once again, the 
aforementioned example) 

= r [- (w2 + ^3(^3 - 4 >)) ni -|- (^3 -|- WiW2)n2 -|- (-W2 + W3Wi)n3] . 

The inertia tensor of the coin with respect to point O is 

// 0 0 \ 

JjM/O ^ I Q J Q j ^ 

Vo 0 jJ 

where (see Appendix C) 

I = \mr^ and J = -mr^. 

4 2 

Substituting, then, the above results in Eqs. ( 7 . 2 . 4 ) and Eqs. ( 7 . 2 . 10 ), the 
following equation system that governs the coin motion is obtained: 

—mr (u)2 + 0Jz{aJ3 — 0 )) = {N — mg) cos 6 + Fi sin 9 ; (c) 
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mr {uj^ + UJ 1 UJ 2 ) = F 2 \ (d) 

mr (-UJ 2 + CO 3 UJ 1 ) = {N — mg) sin 6 — Fi cos 0; (e) 

LOl + W2(W3 + 0) = 0; (f) 

-mr (w 2 — 0 Ji{uJ 3 + 0)) = N sin 6 — F\ cos 9] (g) 

^mrui3 = —F2. (h) 



This is a compact form to express the equations of motion; to obtain the 
general form of the equations, just substitute the angular velocity vec- 
tor components and its derivatives in terms of 6(t), 4>{t), and 0(t). Of 
course, a general analytical solution for this equation system from arbi- 
trary initial conditions is quite difficult. We can, however, obtain very 
interesting particular solutions relatively easily. Let us then assume that 
the coin begins pure rolling on the plane, that is, with initial angular ve- 
locity (0) = fins, with 113 essentially horizontal (see Fig. 3.4). 




The initial conditions given are 

6»(0) = 9o, 9{0) = 0, V'(O) = -00, '^(O) = 0, 0(0) = 0o, 0(0) = fl. 

Let us see if, for this given initial condition, there is a solution in which the 
coin remains approximately in a vertical plane with invariant orientation, 
that is, a solution with small 9, 9, and 0. Neglecting, then, the second- 
order terms in these variables, we have 

UJl « 0, LO 2 = 9, UJ 3 ~ 0, 
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and the system of equations of motion may be linearized, resulting in (ver- 
ify; it is important to master the linearization technique) 



0 = N — mg + Fi6, (i) 

mr'<p = F2, (j) 

mr {ipip — 6) = {N — mg)6 — Fi, (k) 

^ + 2H = 0 , ( 1 ) 

^mr (O — 2'il)(p) = NO — F\, (m) 

mr(j)=— 2 F 2 . (n) 

From Eqs. (j) and (n) we get 

0 = 0 ; so, 0 = n. 

Equation (1) can then be integrated, resulting in 

0 = 2n{Oo - 0). 



So, removing the term NO — Fi from Eqs. (k) and (m) leads to 

0+^ - ^]o=^n'^0o. (o) 

5 V rj 5 

Now, Eq. (o) is of the kind it + ku = A, the solution of which is harmonic 
for K > 0 , that means, for the angular velocity satisfying the condition 

^ > Vl?’ (p) 

and hyperbolic for /t < 0. Admitting then that, say, = \j2gjr, then 

r 5 

the solution of which is 

0{t) = —^ 6 * 0 cos (2^f^t) + 

5 V V r / 5 

Substituting in the expression for ip and integrating, then 

ip{t) = 00 + ^0 sin (2\[^-^ — 2\f^t . 

5 L VVr/ Vr. 

The coin behavior is, therefore, oscillatory with natural frequency 
/ = {\ j t:') - yj g j r , around axis 2/2 and also oscillatory (with the same fre- 
quency) plus a linear term around axis xi. This motion is said to be stable. 
When the initial angular velocity is insufficient, not satisfying Eq. (p), the 
motion is unstable, the coin plane deviating from the almost- vertical initial 
orientation. 
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Figure 3.5 

Let us now examine another hypothesis of motion, as that illustrated in 
Fig. 3.5, in which the coin is abandoned pivoting around axis xi, essentially 
vertical, that is, the initial angular velocity being given as = flni. 

It is reasonable to presume, in this case, a motion with small 6, 9, and (j). 
The initial conditions, for this case, are 

9(0) = 6>o, 9(0) = 0, '(/’(O) = V’o, '0(0) = n, 0(0) = 0o, 0(0) = 0. 

The linearized scalar components of the angular velocity vector are 

U>1 ~ 0, 0J2 = 9, W3 PS 00 + 0. 

The linearized equations of motion are then (once more, it is worth check- 



ing) 

0 = N — mg + Fi9; (q) 

mr (toz + i>9) = F 2 ', (r) 

mr (—9 + 0W3) = (N — mg)9 — Fi; (s) 

0 = 0; (t) 

imr (0 - 0(w3 -I- 0)) = - Fi; (u) 

mru>3 = —2F2. (v) 
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Equation (t) can be integrated, resulting in 

'ijj = fl. 



So, eliminating F 2 from Eqs. (r) and (v) leads to 

UJ3 = 

which may also be directly integrated, providing 

t^3= ^(500-0). 

Then, eliminating the term N0 — Fi from Eqs. (s) and (u), we obtain a 
differential equation for 0{t), as follows: 

6+ -^^d = 2n^0o. (w) 



We then again have an equation of the kind ii + ku = A, the solution 
of which is harmonic for k > 0, that is, for the initial angular velocity 
satisfying the condition 



n>2 




(x) 



the solution being hyperbolic for the case of k < 0. The angular velocity 
expressed in (x) is then the minimum to prevent the coin from dropping. 
Then let fl = sfgjr. For this angular velocity, Eq. (w) becomes 



0 + = 
or r 



with the solution 



0{t) = —9 00 cos 




+ 10 6 »o, 



(y) 



a periodic solution with natural frequency / = (1 /tt) gj5r. Replacing 
now Eq. (y) in the expression for the linearized W 3 and solving for 4>, we 
get 



^=^( 0 ,- 0 ), 




8.3 General Motion 



615 



which, integrated, results in 






15 6>o 








(z) 



a solution with a periodic behavior of the same frequency / = gjhr 

plus a linear term. The reader has certainly already watched a coin in 
essentially pure rolling, as in the first hypothesis studied, or in essentially 
pure pivoting, as in the second, and knows that, in fact, the permanent 
solutions found here are not obtained. This happens in both cases due to 
the presence of a slight friction torque in the rolling, which, in practice, 
does not happen in a single point of contact, as in the adopted model. The 
result is thus that (f>, in the first case, and ^l), in the second, are slightly 
decreasing. Given, however, an initial value fl for one or the other, the 
oscillatory solution for dropping 6 is basically the same and the values 
obtained for the stability condition will still be valid. In other words, the 
ideal model studied correctly shows us the angular velocities from which 
the coin begins to irremediably drop. See the corresponding animation. 

Example 3.3 shows stable solutions — harmonic in this case — 
and frankly unstable solutions. The dynamic stability of the motion of 
a rigid body requires a separate chapter, so is not discussed herein. We 
may, nevertheless, introduce, albeit superficially, this concept so that 
the reader at least acquires some idea on the subject. 

The static concept of stability is certainly known to the reader 
(see Fig. 3.6). 




Figure 3.6 
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The little ball on the left is at rest, at the bottom of the hemi- 
spherical cavity. A small disturbance, that is, a slight displacement to 
which it is submitted, removing it from the equilibrium position, takes 
it back to the former position; the equilibrium is then said to be stable. 
Now the little ball on the right, when, in turn, disturbed slightly, moves 
increasingly farther from the original position; the equilibrium is said, 
in this case, to be unstable. 

Dynamic stability is, to a certain extent, similar. A rigid body 
C, subject to a certain system of external forces, has some motion con- 
dition, say, periodic motion, with respect to an inertial reference frame 
TZ. If a small disturbing force is introduced, the body motion may re- 
turn, after a certain interval of time, to its original condition — and, in 
this case, it is said that its motion is dynamieally stable — or may be 
definitively removed from that motion condition, in which case it is said 
to be dynamieally unstable. For example, the motion of the coin rolling 
on a horizontal plane, studied in Example 3.3, shows that the stability 
condition depends on the angular velocity of the body. 

Usually, the stability of a motion can be analyzed by study- 
ing the behavior of the solutions for the equations of motion. In the 
coin example, it is seen that one of the equations (for the variable 9) is 
in the u + ku = 0 form, the solution of which is harmonic for k > 0, 
meaning that 6 remains oscillating around the position of dynamie equi- 
librium. On the other hand, for /c < 0, the solution is of the exponen- 
tial kind, moving away, therefore, from the original position of dynamic 
equilibrium. The reader has certainly already found it difficiult to stay 
balancing on a standing bicycle. 

When a rigid body moves with null moment with respect to 
its mass center and angular velocity parallel to a principal direction of 
inertia (say, the direction X 3 ), Euler’s equations are reduced to 

LUi = 0, UJ2 ~ 0, W3 = 0. ( 3 T) 

Therefore, the components of the angular velocity vector remain invari- 
ant in time and the body keeps the original angular velocity. Now try 
and perform a very simple experiment: Take a rectangular cardboard 
box or some other light material, with three notably different dimen- 
sions, and experiment throwing it up, impressing, at the same time, an 
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angular velocity around one of the principal axes of inertia with respect 
to the mass center. Do this twice or three times and then repeat the op- 
eration, turning it around each of the other two principal axes of inertia. 
What did you find? (If you continued reading without performing the 
experiment, you are missing a great opportunity to appreciate a truly 
interesting effect; why don’t you stop reading now and test it before 
continuing?) 

Example 3.4 Consider a homogeneous rectangular block B, with mass 
m and three different dimensions, so that the principal directions of inertia 
for its mass center are parallel to the Cartesian axes {xi, X 2 , xs}, with the 
three principal moments of inertia different to each other (see Fig. 3.7). 




Now assume that the block is moving in space, solely under the action of 
its weight, so that the resultant moment with respect to the mass center 
is null. Also, let the angular velocity vector of the block in an inertial 
reference frame TZ be 

= Wini -|- W2n2 -|- Wans, 

where loi and W 2 are much smaller than LO 3 . In other words, although the 
intention was to turn the block around one of its principal directions of 
inertia, either due to the slight nonhomogeneity of the block or due to our 
incapacity to turn it closely around axis X3, there are small components 
of angular velocity in the two other directions. Euler’s equations, for null 
moment, are, then, 



/r^i + {i; - i^)co3co2 = 0 , 



(a) 
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^2^2 + (dl — 13)103103 — 0, 


(b) 


1 * 3^3 + {1*2 - /r)w2Wl = 0. 


(c) 



Admitting wi and u>2 as very small, their product may be neglected and 
Eq. (c) may be integrated, giving 



a>3 = Wo, 



where ojo is a constant. Now differentiating Eq. (b) with respect to time, 
we have 

I2CV2 + (I* - /3)W0W1 = 0 . 

Next, solving Eq. (a) for wi, substituting in the previous equation, and 
rearranging lead to (check) 



W 2 H ^ W0W2 — U. 

-^2 



Operating inversely with Eqs. (a) and (b) leads likewise to, 



UJI H WqWi - U. 

^2-'l 



Both equations are (again) of the kind 



ii + few = 0, 



leading to a periodic solution (harmonic) for /c > 0, that is, for and 

I2 < I3 or also for I* > and I2 > ^3. In short, the motion is stable only 
if is the maximum or minimum principal moment of inertia. Placing 
the block, however, to turn around the principal direction of inertia with 
the principal moment of inertia of intermediary value, we have fc < 0 and 
the initial values of uji and u>2 increase exponentially, making the motion 
unstable. (The author now suggests that the reader (re)do the experiment.) 
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8.4 Impulse and Impact 



Section 4.7 gives the concept of impulse of a force in a given interval, 
as the integration of the force during the interval, that is, given by the 
vector ^ 

lf^= f\dt. (4.1) 

Jti 

If a rigid body is subject to a system of external forces IFe, with 
resultant F, it is called the resultant impulse, in a given interval, to the 
vector sum of the impulses of each component of J-e in the same interval. 
It is, therefore, equal to the impulse of the resultant force, that is, 

^ pt2 ^ rt2 

^idt= / Fdt = l(^. (4.2) 

i=i dti i=i 

If a rigid body C moves in an inertial reference frame TZ under 
the action of a system of forces (and, possibly, torques) Te, the change 
of the momentum vector of C in 7^ in a given interval (ti, ^ 2 ) is equal to 
the resultant impulse in this interval, that is, 

^G^(t2) -^G^(ti) =I^^ (4.3) 



In fact, integrating in time the equation of motion of the first kind, 
Eq. (7.2.1), yields 

/■*2 . pt 2 



/ ^G^dt 



F dt, 



(4.4) 



which immediately leads to Eq. (4.3). Section 4.7 also introduces the 
idea of angular impulse of the moment of a force with respect to a point, 
in a given interval, defined as the integration of this moment during the 
interval, that is. 



lf/° = f ' dt= [\xFdt, (4.5) 

Jti Jti 

where p is the position vector of any point of the line of action of F with 
respect to O. 
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If a torque T acts on a rigid body, its angular impulse in a 
given interval is, likewise, defined by 



I 



T 

12 




(4.6) 



Now let rigid body C, which moves under the action of a system 
of external forces consist of n forces F^, i = 1,2,... ,n, and m 
torques Tj, j = l,2,...,m. Choosing an arbitrary point Q of C to 
reduce the system, the resultant angular impulse with respect to the 
point in a given interval of time is equal to the angular impulse 

with respect to Q of the resultant moment with respect to the point, 
that is, 

n m „t2 

^(2"^ = Y. PiXF^dt + Y, T^jdt 

i=i -^*1 j=i -^*1 



f Pi X Fi + dt 

Jti ._i 

[ dt. 



(4.7) 



i=i 






In particular, if C* is the mass center of C, reducing the forces 
system .Fe to C* will lead to a resultant angular impulse with respect to 
the mass center 



T^e/C* 

■'■12 



t2 



dt. 



(4.8) 



If a rigid body C moves in an inertial reference frame TZ under 
the action of a system of external forces .Fe, the change in TZ of the 
angular momentum vector of C with respect to its mass center C*, in a 
given interval of time (ti,t 2 ), is equal to the resultant angular impulse 
with respect to C*, in this interval, that is. 






T^e/C* 

■*■12 



(4.9) 



In fact, being integrated in time between the instants ti and t 2 , 
Eq. (7.2.5) yields 



n 



dt^ 



(4.10) 



which, with Eq. (4.8), results in Eq. (4.9). 
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Example 4.1 A homogeneous cylinder C, with mass m and radius 
r, rolls freely on a horizontal plane, its center describing a straight tra- 
jectory at a constant speed v. When it reaches a slope with inclination 
0 (see Fig. 4.1), the cylinder begins to roll on the new surface, but now 
with the velocity of point O no longer constant, due to the work done by 
the weight. We wish to determine the maximum elevation reached by its 
center. Now, the cylinder undergoes an impact upon colliding with the 
slope. Then analyzing the motion before the collision, there is a uniform 
motion with conservation of the kinetic energy, since the forces involved 
do not work. As the velocity of the mass center is v, the rolling condition 
leads to an angular velocity lo = v jv, and the kinetic energy of the cylinder 
is 






1 1 



K = -mv -| mr - = -mv . 

2 2 2 




During the collision, only the impact forces need to be taken into account 
to calculate the impulse (see Section 4.7): in this case, the normal in the 
slope, N', and the friction force in the slope, F(j. The momentum of 
the cylinder immediately before and after the impact with the slope must 
satisfy Eq. (4.3), that is, 

{t 2 ) — G*^(ti) = mv'hi — mv(cos 9hi — sin 0 h 2 ) 



r*2 

/ (-E>i 

Jti 



fV'ba) dt. 



Then, 



m{v' — V cos 0) 




(a) 
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f‘t2 



mv sin 6 = 



N' dt. 



(b) 



The resultant moment with respect to the mass center, during the im- 
pact, is 

^ -F'^rhz. 

The angular momentum of the cylinder with respect to its mass center 
shall satisfy Eq. (4.9), that is. 



H 



c/c* 



(^ 2 ) — (ti) = --mrv'h^ + -mrvhs 



1 



1 



r>t2 



F^rhs dt. 



(c) 






Substituting, then, the impulse of the friction force of Eq. (c) in Eq. (a) 
leads to ^ 

v' = o (1 + 2 cos 9) V. 

O 

Admitting that there is no sliding after the collision, there will be no work 
of nonconservative forces, the mechanical energy being conserved. Taking, 
then, the reference for the potential energy in the elevation r leads to 

+ 0 

1 ,2^11 2(v' " 

2 2 2 r 

3 ,2 
= -mv 

4 

(1-F2cos6»)2 2 

= 2 —mv . 

12 

At the maximum elevation, the kinetic energy is null, having been entirely 
converted into potential energy 



T^rnC/ 



'E^ (ta) = = mga. 



The height a reached by the cylinder center (in relation to the initial ele- 
vation, r) then it is obtained by equaling the energies, to result in 

(1-1-2 cos 0)^ 

7- 



See the corresponding animation. 
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Let a rigid body be C, which moves in an inertial reference 
frame TZ with a fixed point O (see Section 8.1), on which a system of 
external forces Te acts, consisting of forces and torques. The reduction 
to the fixed point of this system leads to a resultant, F, and to a resultant 
moment, The change in the angular momentum vector of C with 

respect to O in 7?., in a given interval is equal to the resultant 

impulse with respect to O, in this interval, that is, 

. (4.11) 

In fact, Eq. (4.7) for a fixed point O is 

= f (4.12) 

Jti 

and, Eq. (1.1) being integrated in time, we get 

f f (4.13) 

Jti Jti 



resulting immediately in Eq. (4.11). 

Example 4.2 Two slender rods, with the same mass m and length r, 
are at rest in the configuration shown in Fig. 4.2. 




Figure 4.2 
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With the thread holding rod A cut, it moves until it collides with rod B 
(there is a small catch so that rod A pushes the other). After the impact, 
the two rods stay together in motion. We want to determine how much 
energy is lost in the impact and what is the maximum angle 0 that the 
rods achieve. We will consider to as the instant at which the thread is cut. 
At this instant, the kinetic energy of rod A is null and the potential energy, 
taking into account point O as a reference, is also null. Until the instant 
immediately before the impact (ti), the only forces acting on A are the 
weight, conservative, and the force in the pivot, which does not work. The 
mechanical energy of rod A between these instants is, therefore, conserved. 
At the instant ti we then have 



X 11 2 2 

K [ti) = 2 3™^ ^ ’ 



A / I \ 1 

® = ~2^9r- 



Since the energy is conserved, then 



J- 2 2 
-mr uj 

D 



- ^mgr = 0 ; 




During impact, forces arise in the mutual contact between the rods and 
other forces in the respective pivots. The latter do not produce any angular 
impulse with respect to O, while the former generate two angular impulses 
that are mutually canceled (the forces are equal and opposite). We can 
then conclude from Eq. (4.11) that the angular momentum of the pair of 
rods is conserved during the collision. The angular momentum of the rods 
with respect to O before the impact is 

^H^/°(ti) + ^H®/°(ti) = imr-"w(ti) + 0. 

O 

The angular momentum of the rods after the impact (instant t 2 ) is 

7?,hAO(^2) + = ^mr^w(t2) + ^mr^w(t2). 

The angular momenta being equal, therefore, the angular velocity of both 
rods immediately after the collision is 



Uj{t2) = 



i 1^9 

2V r ' 
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The kinetic energy of the set before the collision is 

/ , \ f 2 2 / 1 \ f 

K [ti) = -mr oj [ti) = -mgr. 

The kinetic energy of the set after the collision is 

= iw(t2)|mr^w(t2) = ^mgr. 

Since, during the collision, there is no change in the potential energy of the 
set, the change in the mechanical energy is 

E (t 2 ) - E {ti) = --mgr, 

a loss of energy, therefore, equal to \mgr. Between instants t 2 and ts, 
when the rods reach the maximum angle 6, the mechanical energy of the 
set of rods is conserved again. At this instant, all energy is in the form of 
gravitational potential energy; therefore, 

(^g) = 2^mgr cos 0 = mgr cos 6, 
cos 6 = 

4 



so. 



that is. 



e = 75 ° 31 '. 
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Exercise Series #12 (Sections 8.1 to 8.4) 

P12.1 A spherical shell, with mass m and radius r, is welded to a light 
rod with length 2r, whose end is linked by a ball and socket joint to the fixed 
point O. The body moves so that the inclination of the rod with respect to the 
vertical remains constant, with 6 = 45°, while point Q maintains a horizontal 
velocity of constant module v. Determine the rate of rotation w of the shell 
around its axis of symmetry. Calculate the value for v in such a way that the 
body moves without rotating around the axis of symmetry. 




Figure P12.1 



P12.2 Rod B, with mass m, is pivoting in the fork A, which rotates around 
its vertical axis with angular velocity of constant module lo. The set moves, 
keeping constant the rod inclination with the vertical axis. Determine the 
value of angle 6. What is the new angular velocity, in rpm, to keep 0=60°? 




Figure P 12.2 
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P12.3 The vertical rod B can rotate freely around the vertical axis X 3 and 
have negligible inertia of rotation around this axis. Body C consists of two 
identical rods, each with mass m and length r, welded orthogonally, freely 
pivoting in B, at end O, as shown, and therefore being free to rotate around 
axis xi. What is the value of the angular velocity of B as a function of angle 
6 if this remains constant? 




Figure P 12.3 



P12.4 The homogeneous slender rod, with length 4r, freely pivots on the 
support A, fixed in the disk B, with radius r, while the disk rotates around 
the vertical axis with a constant angular velocity of module w, as shown. 
Determine the value of lo that maintains the rod fixed in relation to the disk, 
with 6 = 60°. 



B 




Figure P 12.4 
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P12.5 The alien spacecraft moves under the action of the earth’s gravita- 
tional field so that, while its mass center G describes an orbital trajectory, 
the spacecraft, a body of revolution, turns with constant precession of four 
revolutions per hour around axis z , fixed in an inertial reference frame. The 
angle between z' and its axis of symmetry, z, remains constant. Determine the 
rate of rotation (constant) of the spacecraft around 2 ; (the spin), knowing that 
its transversal moment of inertia with respect to the mass center is double the 
longitudinal moment of inertia. Suggestion: First show that is fixed in 

the inertial reference frame and is parallel to z'. 




P12.6 Consider a satellite as an axisymmetrical body moving in space with 
a null resultant external force. Show that the angular velocity vector lo of 
the satellite in relation to an inertial reference frame moves in relation to the 
satellite, rotating around the axis of symmetry at the constant rate 

i £ — j U)z 5 

where J is the moment of inertia with respect to the axis of symmetry, I is 
the transversal moment of inertia relative to the mass center, and is the 
component of the angular velocity of the satellite in the direction of its axis 
of symmetry. 
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P12.7 Consider a cone frustum C with mass m and transversal and lon- 
gitudinal moments of inertia with respect to its mass center of / and J, re- 
spectively, connected to the support TZ by means of a flexible hose, as shown. 
The hose offers very little resistance to flexion (consider null) and very high 
resistance to torsion (consider that it does not twist). This body can move so 
that a point P of its axis of symmetry stays fixed in the vertical axis, while 
its mass center moves in a circular trajectory on the horizontal plane with 
constant speed v. Determine v as a function of distance r between the mass 
center and point P, angle 0 between the axis of symmetry and vertical axis, 
and the properties of inertia of the cone frustum. 




P12.8 A homogeneous slender rod B is pivoting in a vertical axis that rotates 
with constant angular velocity, as shown. Determine the inclination angle 6 
of the rod. 




Figure P 12.8 
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P12.9 The homogeneous disk D, with mass m, is welded to the light hor- 
izontal shaft, which can turn freely around the axes X2 and X3. Play in the 
coupling in O also permits small rotations around xi. The set is moving so 
that the axis system turns around X3 with constant angular velocity of module 
fl, while the disk rolls on the fixed horizontal plane. Determine the force that 
the plane applies on the disk. 




P12.10 The homogeneous disk D, with radius r, can turn freely around 
axis z, while the light rod B is articulated by means of a ball and socket joint 
to point O, fixed in an inertial reference frame, and turns in relation to the 
latter around axis Z. Determine the relationship between the spin, uj, and 
precession, fl, for the system to stay in motion with 0 = tt/ 2 . 
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P12.ll The body consists of two identical homogeneous disks, with radius 
r, connected together by a telescopic shaft with negligible mass and variable 
length. The body is made to turn around its axis of symmetry and is disturbed 
slightly enough to present a precession. Determine the shortest length of the 
telescopic shaft to guarantee direct precession. 




P12.12 A slender rod, with mass m and length r, has one fixed end, articu- 
lated by a ball and socket joint in point O, fixed in the inertial reference frame, 
and turns with constant angular velocity of module cv around the vertical axis. 
Determine the angle 9 with the vertical and calculate the force in joint O. 




Figure P 12.12 
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P12.13 The homogeneous slender rod, with length 4r, is pivoting freely in 
the support in A, fixed in disk B, with radius r, while the disk turns around the 
vertical axis with constant angular velocity of module u>, as shown. Determine 
the highest value of angle 0 for which it is possible to keep the rod fixed in 
relation to the disk if w = sjzgjr. 




P12.14 A homogeneous rod, with mass m and length r, is pivoted in one 
end, moving from the horizontal position of rest and colliding with the object 
with mass m! when it reaches the vertical position, as shown. Knowing the 
friction coefficient /i between the object and horizontal plane and knowing that 
the collision is nonelastic, determine to what extent the object is displaced 
until it stops again. 




Figure P 12.14 
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P12.15 A homogeneous cube is moving on the horizontal plane with velocity 
V when it collides with the bottom step. What is the value of v from which 
the cube topples over? 




Figure P 12.15 



P12.16 A radar sensor consists of a semicylindrical shell, with mass m, 
radius r, and height a, which turns in relation to an inertial reference frame 
IZ around a vertical axis, as shown. Axes {xi,X 2 ,xs} and the orthonormal 
basis bi, b2, bs are fixed in the sensor. At a certain instant, the shell angular 
velocity has module and the angular acceleration module both in the 
positive direction of axis xi. Calculate, at this same instant, the resultant 
force and torque in point O. 








3 



'2 



Figure P 12.16 
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P12.17 Figure P12.17 illustrates in diagram form the motion of a dancing 
bottle. The bottle is placed with its axis of symmetry slightly inclined in re- 
lation to the vertical and made to roll on a horizontal plane with an angular 
velocity in order to ensure a periodic motion. The motion may be modeled 
as follows. The bottle G, with mass center Q at a distance ^ from the base, 
is instantaneously supported on point C, at a distance r from its axis of sym- 
metry X 3 . The geometric place of the successive points of contact in the plane 
describes a circle with radius R and center 0^ Everything happens as if the 
bottle moves with point O, intersection of axes xs and Z, fixed in the plane. 
Bases 111 , 112,113 and bi,b 2 ,b 3 are fixed in a vertical plane that, at each in- 
stant, contains axes X 3 and Z. The transversal and longitudinal moments 
of inertia of the bottle with respect to its mass center can be expressed by 
I = pmr^ and J = qmr^, respectively, where p and q are real positives. Cal- 
culate the precession of the bottle. Next, verify this value for R = 2r, z = r, 
p = 7/8, g = 3/4, and d = tan” ^(1/5). 
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Figure P 12.17 



P12.18 A homogeneous ring, with radius r, is made to roll on a horizontal 
plane, its center keeping a constant velocity v, with the ring moving in a 
vertical plane, with pure rolling. What is the lowest value for v in order to 
keep this motion stable? 
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The purpose of this appendix is to make the text more self-contained. 
It actually only discusses a tiny part of the subject known as linear 
algebra and, even then, very briefly. The aim here is for the reader who 
already has some knowledge on the subject to recall the main operations 
of algebra of real numbers, vectors, and tensors, giving a reference that 
can be immediately used to facilitate some aspects of the main text. 
Attention is centered on the workability of this algebra, without caring 
about the related mathematical formalism. Therefore, several results 
are given without demonstration, giving the reader the choice to look 
for further detail in the vast bibliography available. The algebra of 
matrices is not explicitly discussed here, but in order for the operations 
with tensors to be more accessible to the reader, the association is duly 
made between tensors and their matrix representation in a system of 
Cartesian axes. 

Section A.l addresses scalars, their sum and product, and the 
properties satisfied by these operations. Section A. 2 discusses vectors. 
Operations, such as adding, multiplying by a scalar, dot product, vec- 
tor product, mixed product, double vector product, and their geomet- 
ric meanings are presented. Section A. 3 addresses tensors, giving their 
definition and presenting the dyadic product or tensor product of two 
vectors, the product between tensors, the inverse tensor, transposed ten- 
sor, symmetric tensor, orthogonal tensor, and trace of a tensor. Last, 
Section A. 4 discusses eigenvalues and eigenvectors, being particularly 
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useful for a better understanding of the notion of principal directions of 
inertia, discussed in Section 6.6. 

A.l Scalars 

Scalar properties are those wholly determined by a real number. For 
example, the mass of a body, the distance between two points, and the 
moment of inertia of a body with respect to an axis are scalar properties. 
Real numbers follow an algebra where two operations are defined — 
addition and product — that satisfy the properties established below. 

A.1.1 Addition of Two Real Numbers 

1. Commutativity: 

a + b = b + a. 

2. Associativity: 

{a + b) + c = a + {b + c). 

3. Existence of the null element: 

There is a real number 0 so that, for every real number a, 

a + 0 = a. (1-3) 



( 1 . 1 ) 

(1.2) 



4. Existence of the symmetric: 

Eor every real number a there is another real number, called the sym- 
metric of a and represented by —a, so that 

a + (—a) = 0. (1-4) 

A.l. 2 Product of Two Real Numbers 

1. Commutativity: 

ab = ba. (1-5) 



2. Associativity: 



(ab) c = a(bc). 



(1.6) 
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3. Distributivity with respect to the addition: 

{a + b) c = ac + be. (1-7) 

4. Existence of the identity element: 

There is a real number 1 so that, for every real number a, 

a • 1 = a. ( 1 - 8 ) 

5. Existence of the inverse: 

Eor every real number a ^ 0, there is another real number, called the 
inverse of a and represented by 1 /a, so that 

a-- = l. (1.9) 

a 



A. 2 Vectors 

Properties of a vector nature are those that, to be defined, require the 
specification of two parameters: module and direction. Examples of vec- 
tor properties are the position of a material point in relation to the origin 
of a coordinate system, the angular velocity of a rigid body, and the force 
applied by one particle on another. Vector properties are represented 
geometrically by arrows. The length of the arrow is proportional to the 
module of the property. The direction of the arrow is the same as that 
of the property. It is usual to write vectors in boldface font and their 
modules in the corresponding letters in italic or boldface between verti- 
cal lines, that is, if v represents a vector, its module will be represented 
by 

|v|=u. ( 2 . 1 ) 

In general, in three dimensions, any vector u may be expressed as a 
linear combination of any three noncoplanar vectors, vi, V 2 , V 3 . There- 
fore, u = iiiVi -|- U2V2 + U3V3, with ui, U2, and U3 being scalars. The 
scalars ui|vi|, U 2 IV 2 I, and walval are called the scalar components of u 
in the directions of vi, V2, and V3, respectively. Vectors vi, V2, V3 are a 
basis for the three-dimensional space. Although it is unnecessary, it is 
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convenient to choose the mutually orthogonal vectors of the basis. The 
basis, in this case, is called an orthogonal basis. A particularly useful 
set of basis vectors is what is called a Cartesian basis, made up of three 
mutually orthogonal unit vectors 111,112,113, that is, all with a module 
equal to 1 . This basis is also called an orthonormal basis. A geometric 
representation of v in such a basis is shown in Fig. 2 . 1 . 




Vector V, in the coordinate system {x\,X2,X'i}, is represented as 

V = -uini + U2ii2 + U3ri3, (2.2) 

or, compactly, by the triad of its scalar components Ui, V2, and U3 
(see Fig. 2 . 1 ) 

V = (U1,U2,U3). ( 2 . 3 ) 

The module of v is given by 



V 




( 2 . 4 ) 



The null vector. 



0 = ( 0 , 0 , 0 ), 



(2.5) 



has a module equal to zero and indeterminate direction. 

Two vectors u and v are equal when they have the same module 
and direction. 
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If u = V, then necessarily u\ = vi, U2 = V2 and U3 = V3, that is, 
(tti, ii 2 , Its) = {vi,V 2 ,V 3 ). The vector V = (vi,V 2 ,V 3 ) is called symmetric 
of u = (ui,U2,U3) if v\ = — ui, V2 = — «2) and V3 = —U3. Vector v, 
symmetric of u, may be represented by — u, having the same module 
but in the opposite direction to that of u. 

A. 2.1 Multiplication by a Scalar 

Let a be a scalar and v a vector. The vector av, called the scalar 
multiple of V, is defined by 

av = (aui, au2, aus) ( 2 - 6 ) 

and has a module equal to a|v| and the same direction as v. Figure 2.2 
shows the geometric representation of the vector av, with a < 0 and 
|a| > 1. It is easy to see that if a > 0, av will have the same direction 
as V and, if a < 0 , av will have the opposite direction to v. 




Figure 2.2 



The multiplication of a vector by a scalar has the following properties: 



a(/3v) = (a/3)v (associative); 

(a + /3)v = av + /3v (distributive). 



(2.7) 

(2.8) 
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A. 2. 2 Sum of Two Vectors 

The sum of vectors u and v is the vector 

u -hv = (ui -h Vi,U2 + V2,U3 + V3). (2.9) 

The subtraction of two vectors may be obtained by adding — v to vec- 
tor u: 

U -V = (Ui - Vi,U2 - V2,U3 - V3). (2-10) 

The sum of vectors is commutative, associative, and distributive with 
respect to the multiplication by a scalar: 

u -|- V = V -|- u (commutative); (2T1) 

(u -|- v) -|- w = u -|- (v -|- w) (associative); (2-12) 

a(u -|- v) = au -|- av (distributive). (2-13) 

Figure 2.3 shows the geometric representation of the sum of two vectors 
u and V, also known as the parallelogram rule, for u and v on the plane 
XlX2- 




Example 2.1 Given the two-dimensional vectors u = (5,2) and v = 
(1, —2), calculate the result of 3u — v. Now, according to Eq. (2.6), 3u = 
(15,6) and — v = (—1,2). Therefore, according to Eq. (2.10), 

3u — v = 3u -1- (— v) = (14, 8). 
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A. 2. 3 Dot Product 

The dot product of two vectors u and v is the scalar defined by 

u • V = tfu cos 6*, (2-14) 

where 9 indicates the angle between the directions of u and v. Rewriting 
Eq. (2.14) as 

u ■ V = u{v cos6), (2-15) 

it may be found that u • v is the product of the module of u by the 
orthogonal projection of v in the direction of u, as shown in Fig. 2.4. 



V 




Figure 2.4 



The dot product of vectors is commutative, 

u • V = V • u, (2-16) 

distributive with respect to addition, 

u • (v + w) = u • V + u • w, (2-17) 

and distributive with respect to multiplication by a scalar. 



(au) • V = u • (av) = a(u • v). 



(2.18) 
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Two nonnull vectors u and v whose directions are orthogonal 
are called orthogonal vectors and will have a null dot product, since the 
projection of one in the direction of the other is null. Therefore, 

u-v = 0 if u _L V. (2-19) 

If u and V have the same direction, 

u • V = ±uv, (2.20) 

with the positive sign if u and v have the same direction and negative 
in the opposite case. From Eqs. (2.19) and (2.20) we see that 

rii • rii = ri2 • ri2 = ri3 • ri3 = 1 (2.21) 

and that 

111 • n2 = ri2 • n3 = ri3 • ni = 0. (2.22) 

Therefore, using these results and Eq. (2.2), we obtain (check) 

3 

u • V = ^ UjVj = uivi + U 2 V 2 + U 3 V 3 . (2.23) 

i=i 

This result allows us to write 

|vp = = vf + V 2 + vl = ^r ■ ^r. (2.24) 

The result of dividing v by (v • v)^/^ is a vector with module equal to 1 
and with the same direction as v. This vector is called the unit vector 
of direction v, also called the versor of v, 

n„ = (2.25) 

Vv • V 

Once n„ is obtained, any vector w, of module w and with the same 
direction as v, may be represented as 

w = wny. (2.26) 

Considering three mutually orthogonal vectors u, v, and w and their 
respective versors n^,, and n^,, any vector r may be represented by 

r = r • + r • n„n„ + r • n^. (2.27) 
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A.2.4 Vector Product 

The vector product of two vectors u and v, represented by u x v, is 
the vector orthogonal to the plane formed by u and v, with a module 
numerically equal to the area of the parallelogram with sides u and v 
and with the direction given by the motion of translation that a screw 
with a right-hand thread would have when turning from u to v, by the 
smallest angle (see Fig. 2.5). 




Figure 2.5 

The area of the parallelogram with sides u and v is given by uvsinO 
(see Fig. 2.6) and, therefore, 

|u X v| = uusin0. (2.28) 

Since the direction of u x v is given by the rotation oriented from u to 
V, it follows that 

u X V / V X u, (2.29) 

that is, the vector product is not commutative. More specifically, 

u X V = — (v X u). (2.30) 

Nor is the vector product associative, that is. 



u X (v X w) / (u X v) X w. 



(2.31) 
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Figure 2.6 



But it is distributive in relation to the vector sum 



ux(v + w)=uxv + uxw. (2.32) 

Note that if u and v are parallel vectors, by the definition of vector 
product, 

u X V = 0. (2.33) 

For an orthonormal basis, the following properties are valid: 

111 X rii = ri 2 X ri 2 = ri 3 X ri 3 = 0; (2.34) 

rii X ri 2 = ri 3 ; ri 2 x 113 = rii; 113 x rii = ri 2 . (2.35) 

Writing vectors u and v in terms of their components and performing 
the vector product, we obtain (check) 

u X V = {U 2 V 3 - ii 3 U 2 )ni + {U 3 V 1 - UiU3)ri2 + {uiV 2 - U 2 Vi)n 3 . (2.36) 



The above result may be represented compactly as 





ni 




H3 


U X V = 


Ui 


U2 


U 3 




Vi 


V2 


V 3 



(2.37) 



where | | indicates a determinant. (Although this is not actually a 

determinant, it acts as a memorizing formula, according to the usual 
rules for calculating determinants.) 
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Example 2.2 Consider a known force F = 3(1, 1, —1) Newtons (N). Its 
module is, according to Eq. (2.4), 3-\/3 N. Let P be a point of coordinates, in 
meters (m), P:(2, 3, 5) and let O be another point of coordinates 0:(1, 2, 5). 
The position vector of P with respect to O is, then, vector p = (1, 1, 0) m. 
If F is applied on P, its moment with respect to point O, is then 

= p X F = (-1, 1, 0) Nm. 



A.2.5 Mixed Product 

By making the dot product of u with the vector v x w, we obtain the 
scalar u • (v x w), called the mixed product of u, v, and w. It may be 
shown that this product (a scalar) is numerically equal to the volume 
of the parallelpiped with sides u, v, and w, since, as Fig. (2.7) shows, 
|u • (v X w)| = usm.0A, where A is the area of the parallelogram with 
sides V and w and usin0 is the height of the parallelpiped formed by 
vectors u, v, and w. 




Figure 2. 7 



The mixed product may be written as 

U-(VXW) = Ui{v2W2,-V2,W2)+U2{v2,Wi-ViW2) + U^{viW2-V2Wi), (2.38) 

which is Laplace’s development according to the first line of the deter- 
minant, which has scalar components of u, v, and w as its lines, that 
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is, 



Ui 


U2 


U3 


Vi 


V2 


V3 


Wi 


W2 


W3 



(2.39) 



Note that the mixed product u • (v x w) will be positive if u and (v x w) 
are on the same side of the plane given by v and w and negative when 
the contrary. The mixed product has the cyclical property 



u • (v X w) = V • (w X u) = w • (u X v). (2.40) 



The result of this relation is that if two of the three vectors u, v, or w 
are parallel, its mixed product will be null. 



A.2.6 Double Vector Product 

The double vector product u x (v x w) defines, of course, a vector that 
is orthogonal to u and to vector v x w. Since v x w is perpendicular 
to the plane defined by v and w, then the result of the double vector 
product is necessarily parallel to this plane (see Fig. 2.8). 




Figure 2.8 

It may be shown that the double vector product has the algebraic rep- 
resentation 

u X (v X w) = (u • w)v — (u • v)w. (2-4:1) 

From the above relation, when u = w = n^, the unit vector in direction 
r, we have 

X (v X n^) = (n^ • n^)v — (n^ • v)n^ = v — (n^ • v)n^. (2.42) 
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Therefore, x (v x n^) is the component of v in the direction orthogonal 
to r (see Fig. 2.9). 




Example 2.3 Let 0:(0,0,0), P:(l,2,3), and Q:(2,l,2) be three given 
points (coordinates in meters) of a plane. Now let p, q, and r be the 
position vectors from O to P, from O to Q, and from Q to P, respectively. 
The sides of the triangle OPQ will, of course, be the modules of those 
vectors p, q, and r, respectively. We want to determine the height a of 
the triangle, relative to side OQ. Now, the height relative to one side is 
the perpendicular lowered from the opposite vertex. Therefore, this means 
determining the module of component px of vector p orthogonal to vector 
q. Since p = (1, 2, 3), q = (2, 1, 2), and q is not a unit vector, then 

P± = ^ q X (p X q) 

q 

= ^(-11,8,7). 

The height to be found, then, will be equal to the module of the vector 
obtained: 



a= IP-lI = ^ V(-ll)2 + 82 + 72 = m. 
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A. 3 Tensors 

A tensor is an operator that associates one given vector v with another 
vector Tv, according to the following properties: 

T(v + w) = Tv + Tw; (3-1) 

T(av) = aTv. (3-2) 

As defined, the tensor is equivalent to a linear transformation or linear 
operator that leads one vector to another. The null tensor 0 associates 
with any vector v in space the null vector 



Ov = 0. (3.3) 

The unit tensor U transforms any vector v in itself, that is, 

Iv = V. (3.4) 

The sum of two tensors T and S is the tensor T + S given by 

(T + 5)v = Tv + 5v, (3.5) 

and the product of the scalar a by the tensor T is defined by 

(aT)v = o(Tv). (3.6) 

The diadie produet or tensor produet of vectors u and v is 
defined as the tensor T = u (8> v so that, for any vector w, 

Tw = (u (8) v)w = (v • w)u. (3-7) 

It can be shown that that operators T + S, aT, and u (g) v meet prop- 
erties (3.1) and (3.2). In the same way as vectors can be expressed 
through their scalar components with respect to a system of orthogo- 
nal coordinates {xi,X 2 ,X 3 }, a tensor can be represented in this system. 
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considering T as the linear transformation that leads u = (ui,U 2 ,us) in 
Tu = V = (fi, ^ 2 , ^^ 3 )) so that 



Tiiui + T12U2 + T13U3 = vi, 



T 21 U 1 + T 22 U 2 + T 23 U 3 — V 2 , 



(3.8) 



T3\U\ + T32U2 + T33U3 — V3. 



This transformation of the components of u in the respective components 
of V can be compactly represented by the system of linear equations 



Tu = V, (3.9) 



where u = col [ui, rt 2 , W 3 ] and v = 
ces and 




col [ui , V 2 , U 3 ] indicate column matri- 



Ti 2 


Ti 3 \ 




T 22 


T23 


(3.10) 


T 32 


T33 





is the square matrix of third order whose elements Tij are called tensor 
components T in the given system of coordinates. The matrix [T] = \Tij\ 
is called the matrix of tensor T with respect to the system of coordinates 

{X1,X2,X3}. 



A. 3.1 Product of Tensors 

The product of two tensors T and S may be defined as the tensor TS 
so that 



(T5)v = T(5v). (3.11) 

Equation (3.11) establishes that the composition of T and S is obtained 
by the successive application of S and T to vector v, in that order. It 
may be shown that if T and S fulfill properties (3.1) and (3.2), TS, 
defined by Eq. (3.11), also obeys those rules of linearity, that is, TS is 
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also a tensor. The product of two tensors obeys these properties: 

{TS)R = T{SR); 

T{R + S)=TR + TS] 

{R + S)T = RT + ST; (3.12) 

a{TS) =T{aS); 
ur = TU = T. 

In terms of the matrix representation associated with a system of orthog- 
onal coordinates, the product of two tensors, TS, and the rules given by 
Eqs. (3.12) are equivalent to the properties of matrix algebra. In this 
context, it is found that the product of two tensors is not commutative, 
that is, 

TS + ST. (3.13) 

When equality is valid for two particular tensors T and S, it is said that 
they commute. 

A. 3. 2 Inverse Tensor 

A tensor is invertible when there is another tensor T“^, called the inverse 
of T, so that 

T~^T = TT~^ = M. (3.14) 

When applying the tensor T~^ to vector v = Tu, of Eq. (3.9), we see 
that 

T~^v = T~^Tn = Uu = u. (3.15) 

Therefore, the linear system Tu = v can be solved through the inverse 
tensor to obtain the solution vector u = T~^v. It can be shown that 
the necessary and sufficient condition for the existence of T~^ is that 
|T| 7 ^ 0. The inverse tensor, if any, is unique. It may be shown that 
the product TS is invertible if T and S are also invertible, the following 
relation being valid: 



(TS)-^ = S-^T~\ 



(3.16) 
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Tensors that do not have inverses are called singular tensors. The null 
tensor does not have an inverse, since |0| =0. Similarly, the dyadic prod- 
uct u® V is not invertible. This may be seen when developing Eq. (3.7) 
in terms of components, in order to obtain the matrix representation 



/ UiVi 


U1V2 


U1V3 


U (g) V = U2V1 


U2V2 


U2V3 


\u3vl 


U3V2 


U3V3 



(3.17) 



The above equation shows that the matrix of u (8> v has proportional 
lines and, therefore, 

|u (g) v| = 0. (3.18) 



A.3.3 Transposed Tensor 

The tensor T^, called the transposed of tensor T, is defined by 



(T^u) • V = u • (Tv) 


(3.19) 


and obeys the following properties: 




(T + Sf = T^ + 


(3.20) 


{aTf = aT^- 


(3.21) 


{TSf = S^T^. 


(3.22) 



In terms of the matrix representation, let [T] = [Tij], By the repre- 
sentation of the dot product of vectors, Eq. (2.23) and by Eq. (3.8), it 
may be shown that = [Tji], that is, the operation of transposition is 
equivalent to transforming the columns of T in the lines of T^. 

A. 3. 4 Symmetric and Antisymmetric Tensor 

A tensor is called synimetrie when 

= T, (3.23) 

that is, Tij = Tji for every i,j. Erom Eq. (3.19), if T is symmetric, then 

u • Tv = V • Tu. (3.24) 
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The tensor so that 

T = -T'^ (3.25) 

is called antisymmetric, resulting hence that, in this case, 

= -Tj, (3.27) 

and 

Tu = 0. (3.28) 

It may be shown that tensor T+T^ is symmetric (just transpose this sum 
to check the property) and tensor T — is antisymmetric. Therefore, 
any tensor T can be broken down into the sum of a symmetric tensor 
S = ^{T + T'^) and antisymmetric tensor A = ^{T — T^). 

A. 3. 5 Orthogonal Tensor 

A tensor is called orthogonal if it is invertible, that is, if 

\T\ / 0 (3.29) 

and 

T~1 ^ ('g 

Therefore, if T is an orthogonal tensor, then the following relation is 
satisfied: 

r^r = Il. (3.31) 

Now consider an orthogonal tensor T and vectors uq, vq, u, and v, so 
that 

Tu = Uq (3.32) 

and 

Tv = Vq. (3.33) 

The dot product uq • vq, in view of the above equations, is written as 

uo-vo = Tu-Tv, (3.34) 

which, by Eq. (3.19), becomes 

uo • Vo = u • T'^(Tv). 



(3.35) 
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Since T is orthogonal, it follows that 

uq • vq = u • Uv = u • V. (3.36) 



The result, therefore, is that the dot product of vectors Uq and vq, 
transformed linearly by the orthogonal tensor T, is identical to the dot 
product of vectors u and v. Since the angle between the directions of 
two vectors or the module of a given vector can be determined through 
the dot product, the result obtained shows that angles and magnitudes 
are preserved by an orthogonal linear transformation. In particular, 
mutually orthogonal unit vectors remain orthonormal when transformed 
by an orthogonal tensor. 

Example 3.1 Consider the vectors u = (5,0) and v = (4,3) and the 

tensor T, expressed in the same basis by 



T = 





Then |u| = 5, |v| = 5, and u • v = 20. By now applying the linear 
transformation T on u and v, we have 



u' = Tu = 






= (5,0) 



and 




(4,-3), 



with 

|u'| = 5, |v'| = 5, and u' • v' = 20. 



Therefore, transformation T keeps angles and distances unchanged. In 
fact. 



= 



1 0 
0 -1 



= T and 



= a. 



therefore being an orthogonal tensor. 
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A. 3. 6 Trace of a Tensor 

The trace of a tensor T is the real number defined as 

3 

tT{T) = Y,Tii. (3.37) 

i=l 

The following properties are valid: 



tr(T + 5) =tr(T)+tr(5); 


(3.38) 


tr(aT) = otr(T); 


(3.39) 


tr(u (8> v) = u • v; 


(3.40) 


tr(r^)=tr(T); 


(3.41) 


tr(T5) =tr(5T). 


(3.42) 



All those properties are easily shown from definition (3.37) and the re- 
spective tensor operations. 

A. 3. 7 Linear Systems 

Consider a system of linear equations of the type 

OllXl -|- a\2X2 ainXn = 6l 

02lXi -h 022X2 H h b2nXn = h 

(3.43) 

^nlXl “1“ a^i2X2 -j- * * * -j- CLjijiXji — 6^^, 

where xi, X 2 , . . . , x^ are unknown, 6 i, 62 , . . . , are known values, and 
Oij, i,j = 1, 2, . . . , n, are the coefficients, also known. This system can 
be represented more compactly as 



Ax = b. 



(3.44) 
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where A is the coefficient matrix^ defined by 



/ 0,11 


Ol2 • ' 


■ * ^In \ 


021 


022 ■ ' 


^2n 


V Onl 


On2 


G'nn / 



(3.45) 



X = (xi, X 2 , . . . , Xn) is the unknown vector, and b = ( 6 i, 62 , . . . , bn) is a 
given vector. 

Solving the system means to determine x, given tensor A and 
vector b. Of course, the key to the general solution of this problem lies in 
determining the inverse tensor A~^, which, applied to vector b, will give 
vector X, as shown in Section A. 3. 2. An easy way to obtain the desired 
solution is Cramer’s rule, which consists of calculating the determinant 
of the coefficient matrix. A, and the determinants characteristic of the 
unknown quantities, Aj, which are the determinants of the matrices 
obtained by substituting, in the coefficien matrix, the jth column by 
the vector b, that is. 



A,= 



On oi2 
fl21 fl22 



oij-i b\ • • • ain 

0‘2j-l &2 0.2j + l ■ ■ ■ 02n 



j = l,2,...,n. (3.46) 



Q-nl 0,ri2 



^nj — 1 bn CLnj-\-l 



nn 



Each unknown quantity is then obtained from the quotient between its 
characteristic determinant and the determinant of the coefficient matrix, 
that is. 



A, 



(3.47) 



Example 3.2 Let a linear system consist of the three equations 

2x + y — 2z = 3, 

-X + 2y + z = 11, 

5x — 3y + 5z = 0, 
so that it may be expressed alternatively by 



/ 2 


1 








f ^ 1 


-1 


2 






= 




\ 5 


-3 


5 / 


UJ 




1 0 i 
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The determinant of the coefficient matrix is 

2 1-2 

A = -1 2 1 =50. 

5-3 5 

The characteristic determinant for the coordinate x is 
3 1-2 

Ax =11 2 1 = 50; therefore, x = = 1. 

0-3 5 

Likewise, 

2 3-2 

Ay = —1 11 1 = 250; therefore, y = = 5. 

5 03 5 

And, last, 

2 1 32 

Az = —1 2 11 = 100; therefore, 2 ; = = 2. 

5-3 0 

The roots are, therefore, x = 1, 1 / = 5, and z = 2. 

A. 4 Eigenvalues and Eigenvectors 

A tensor T applied to a nonnull vector u can result in another vector 
that is a scalar multiple of the original vector u. If 

Tu = Au, u / 0, (4-1) 

then A is called an eigenvalue of T and u is called an eigenveetor of T 
associated with this eigenvalue. Rewriting Eq. (4.1) as 

(r-All)u = 0, (4.2) 

considering the matrix \Tij] associated with T and breaking down the 
vector u in the same system of coordinates, we can see that the eigenval- 
ues T can be obtained from the homogeneous system of linear equations, 
defined by the equation 
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rr — A) 


Ti2 


Ti3 \ 


/ Ui 


T21 


to 

1 


T23 


U2 


T31 


T32 


(T33 - A) / 


\U 3 



= 0 , 



(4.3) 



which has a nontrivial solution u 7^ 0 provided that 

|r-All|=0. (4.4) 

The algebraic expansion of this determinant leads to a third-degree equa- 
tion, called the characteristic equation. Its roots are the eigenvalues of T. 
Once the eigenvalues are obtained, a eigenvector associated with the 
eigenvalue Ai, i = 1, 2, 3, is obtained, thereby solving the linear system 

Tui = XiUi (4.5) 

to obtain the components of u^. It should be noted that the eigenvalue 
equation is a homogeneous equation and, therefore, the scalar compo- 
nents of the eigenvector can only be determined with an arbitrary 
multiplicative constant, that is, if is an eigenvector of T associated 
with the eigenvalue Ai, then kui {k / 0) is also an eigenvector of T asso- 
ciated with the eigenvalue A^. This is the same as saying that only the 
directions of the eigenvectors can be determined and not their magni- 
tudes. As we are free to choose any multiplicative constant k, it is very 
often convenient to make the eigenvectors of T also have a module equal 
to 1. To do so, just divide each eigenvector by its module, obtaining 
the eigenvectors 

i = 1,2,3, (4.6) 

which are called normalized eigenvectors of T. As we are especially 
interested in symmetric tensors, we discuss below some properties of the 
eigenvalues and eigenvectors of real and symmetric matrices. 

The eigenvalues of a real and symmetric matrix are real. 

Tui = AiUi, 



In fact, let 



(4.7) 
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with Xi being a complex number. Conjugating this equation, that is, 
taking the conjugated complex of both members, we obtain 

Tu*-X*u*, (4.8) 

since T is a real matrix. By dot-multiplying Eq. (4.7) by u* and Eq. (4.8) 
by Ui, we obtain 

u* • Tui = AiU* • Ui (4.9) 

and 

Ui -Tu* = A*Ui -u*. (4.10) 

Subtracting member by member Eqs. (4.9) and (4.10), then 

u* • Tui - Ui • Tu* = {Xi - A*) Ui • u*, (4.11) 

since u* • • u*. As T is symmetric, it is natural that 

u* • Tui = Ui • = Ui • Tu*, and Eq. (4.11) becomes 

{Xi - X*)ui ■ u* = 0. (4.12) 

Since • u* > 0 for / 0, it so happens that 

A = A*; (4.13) 



therefore, Xi is real. 

Eigenvectors associated with the different eigenvalues of a real 
and symmetric matrix are orthogonal. 

Let Ai and A 2 be different eigenvalues of real and symmetric T, with the 
associated respective eigenvectors ui and U 2 . Then, since 



Tui = AiUi 



(4.14) 



and 

Tu2 = A 2 U 2 , (4-15) 

we can dot-multiply the first equation by U 2 and the second by ui, 
obtaining 



U2 • Tui = A1U2 • Ui 



(4.16) 
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and 

Ui • Tu2 = A 2 U 1 • U2. (4-17) 

Subtracting member by member Eqs. (4.16) and (4.17), then 

U2 • Tui - Ui • Tu2 = (Ai - A2 )(u2 • Ui) (4.18) 

and, since T is symmetric, 

U2 • Tui = ui • T^vl2 = ui • Tu2 ; (4.19) 

therefore, Eq. (4.18) becomes 

(Ai - A2)(ui -U2) = 0. (4.20) 

Since, by hypothesis, Ai / A 2 , it results that 

ui • U 2 = 0 and, therefore, ui _L U 2 . (4-21) 



Hence the result that if the eigenvalues of real and symmetric T are 
different, for each eigenvalue of T there will be an associated eigenvector 
that will be orthogonal to the other eigenvectors. Therefore, the three 
eigenvectors of T form an orthogonal set that is a basis for the Cartesian 
space. Let 111 , 112,113 be the orthogonal normalized eigenvectors of T. 
Any vector of space can be expressed in this basis as 

3 

u = ^aiiii (4.22) 

i=l 

and the scalar components of u in the basis 111 , 112, 113 are easily obtained 
by 

Oi = u • Ui. (4.23) 

The vector v = Tu can also be easily represented in this basis: 

333 

v = r(^^airii^ = = ^oiAiiii. (4.24) 

2 = 1 2=1 2=1 

If an eigenvalue Xj of a real and symmetric T have multiplicity 
k >2, there are k orthonormal eigenvectors associated with Xj. 

These k eigenvectors form a basis for the /c-dimensional subspace and 
there are countless ways of selecting them. This result, which we will 
not demonstrate here, allows us to say that there is at least one basis of 
eigenvectors of a real and symmetric T for the three-dimensional space. 
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Example 4.1 Supposing that the tensor T is given, whose matrix, in 
a given system of coordinates is 



T = 





we want to determine, in the same system of coordinates, its lowest eigen- 
value and corresponding normalized eigenvector. The characteristic equa- 
tion for the given tensor is 

(3-A)[(l-A)^-2]=0, 



whose solutions are Ai = 1 — -s/2, A 2 = 1 -|- -s/2, and A 3 = 3. The lowest 
eigenvalue is, therefore, Ai = 1 — -s/2- The corresponding eigenvector, u, 
will be the one that satisfies the equation 



llOXr'ui'j 

2 1 0 < U2 > = (1 - 72 ) M2 > , 

0 0 3 / I U 3 J I M 3 J 

equivalent to 

Ml + U2 = (1 — 72 ) Ml, 

2u\ -|- M2 = (1 — 72) U 2 , 

3M3 = (1 - 72) 1x3. 

Of course, vector u is determined by these equations less a constant, since 
every vector parallel to a given direction will be a eigenvector of the tensor 
T associated with eigenvalue Ai. To obtain the normalized eigenvector, the 
relation uf + U 2 + = 1 must be fulfilled, thereby providing the solution 



1 

7 l 



(1,-72,0). 



U = 
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Exercise Series #13 (Sections A.l to A.4) 

P13.1 Given the vectors a = (1,1, 1)> b = (1,-1, a), and c = (l,/3,7), 
determine a, /3, and 7 so that a, b, and c form an orthogonal basis. 



P13.2 Calculate the area of the parallelogram whose adjacent sides are the 
vectors a = (—1, 2, 0) and b = (0, —2, —3) (components in cm). 



P13.3 Resolve the vector v, with module equal to five units, in three mu- 
tually orthogonal components so that their modules are in the proportion 
1:2:2. Determine the angles between v and each of its three components. 



P13.4 To which values of a are the vectors a = (5, a, 2), b = (1,0, a), and 
c = (3,4, —1) coplanar? 



P13.5 Determine a unit vector n parallel to the intersection of the planes 
defined by equations x + y — 2z = 5 and 4x — 3y + 2z = 0. 



P13.6 Determine p and q so that the vector v = (p, q, —1) is parallel to the 
planes defined hy 4x + y + 6z = —2 and x + y + z = 0. 



P13.7 Calculate the angle between planes x+2y + z = 0 and 2x — y + iiz = 0. 

P13.8 Given the four points A(2,l,3), 5(1, 2,1), C(— 1, — 2, — 2), and 
5(1, —4, 0), determine the shortest distance between the line passing through 
A and B and the line passing through C and D. 

P13.9 Let a, b, and c = — b — a be the sides of a triangle. Demonstrate 
that cxa = axb = bxc, thereby proving the sine law of trigonometry. 



P13.10 Determine a unit vector n orthogonal to the plane defined by 3a; -|- 
Ay + bs/^z= 17. 



P13.ll Given the vectors a = (1,1,— 1), b = (1,0, a), and c = (1,2,1), 
determine a. so that a x b • c is null. 

P13.12 Given u = (1,1,1), determine the component of v = (—1,2,0) in 
the direction orthogonal to u. 
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P13.13 Let 




be an orthogonal tensor and uq = V^, 0) and vq = ^(— -s/2, V^, 0) two 

orthonormal unit vectors. Show that vectors u = Tuq and v = Tvo are also 
orthonormal. 

P13.14 Given the vectors a = (1,1,0), b = (0,1,1), and c = (1,1,— 2), 
determine a unit vector n so that (a (g) b)c • n = 0 and, simultaneously, 
(b (g) c)(a X n) = b. 

P13.15 Are there vectors a and b so that a (g) b = h? 

P13.16 Show that, given three vectors a, b, and c, linearly independent, 
then 

(a (g) b — b (g) a) c = c X (a x b) . 



P13.17 Solve the system 



X + y + z = 2, 
3x + y + = 3, 

2x — z = 0. 



P13.18 Let the symmetric tensor be 

T = 



0 1 
1 0 



Determine the normalized eigenvectors of T. 
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This appendix presents a small set of models for linkages. It illustrates 
the most common models for mechanical linkages rather than covering all 
possible cases of interaction between two bodies through contact. They 
are presented in a logical sequence, starting with a clamp or welding, 
which, as it does not admit any displacement or rotation, responds with 
three force and three torque components. Each model is then reached 
by loosening each constraint in succession, by allowing either a displace- 
ment in or a rotation around a certain direction. The usual models for 
the linear elastic spring, viscous damper, and fluctuation force are also 
indicated at the end. 

The reader is recommended to carefully study in detail the 
models for and the compositions of such linkages. It is fundamental to 
master this modeling to be able to correctly build what are called free 
body diagrams, without which, in turn, any analysis in dynamics will 
be irretrievably prejudiced. 

The left column indicates the most common name for the type 
of linkage. The second column illustrates what the physical model of the 
linkage is like and the associated coordinated axes. The third column 
indicates the force and torque components present in the linkage, for 
the chosen system of Cartesian coordinates. Last, the fourth column 
points out the kinematic constraints associated to the linkage and other 
pertinent information. 
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B.Ol 

Clamp 

or 

welding 




Does not admit 
displacements or 
rotatations. 



B.02 

Pin 

or 

pivot 




T2, T 3 



rotation in the 
Xi-direction. 



B.03 

Universal 

joint 




Fi, F2, Fs 
Ts 



Admits rotation 
in the Xi- and 
rC2-directions. 



B.04 

Ball and 

socket 

joint 




-^ 1 ; F 2 , Fs 



Admits rotation in the 
three directions. Does not 
admit displacements. 
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F2, -F3 Only admits 

displacement in the 
Xi-direction. 

Ti, T2, T3 




Fs 

Ti, 



T2, 



T3 



Admits displacement 
in the Xi- and 
rC2-directions. 




T3 



Admits displacement 
in all directions. 

Does not admit 
rotations. 



B.08 

Sliding cur- 
sor in cylin- 
drical guide coi 
























F2, F3 
T2, T3 



Admits displacement 
and rotation, both 
in the Xi-direction. 
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Admits bending, 
but not 
twisting. 

Ts 



B.IO 

Support 

with 

friction 




-^ 1 ; F 2 , Fs 



A single point 
of contact. 

Only admits force. 



B.ll 

Cylindrical 

swivel 




F2, Fs 



Force of contact 
with friction 
exclusively in the 
X2-direction. 



B.12 

Spherical 

swivel 




Support without 
friction. 
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Force in the direction 
of the tangent to the 
cable at the end. 



B.14 

Linear 

elastic 

spring 




F=k5 



Force proportional (k) 
to displacement (5), in 
the direction of spring. 



B.15 

Viscous 

damper 




F=c5 



Force proportional 
(c) to the rate of 
displacement {5). 



B.16 

Fluid 
at rest 




-p%V 



Thrust: a vertical 
force equal to 
the weight of the 
displaced fluid. 
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This is a supplementary appendix to Chapter 6, grouping reasonably 
complete tables with the properties of inertia of a large number of ge- 
ometric figures. It also summarizes the main formulas for calculating 
moments and products of inertia and the most important relations — 
such as the theorem of parallel axes — that allow us to determine the 
inertial properties of a body with respect to a given point, knowing the 
same properties for the mass center of the body. 

The appendix consists of four sections, as follows: C.l, lines 
or bars; C.2, plates or crosssections; C.3, surfaces or shells; and C.4, 
volumes or solids. 

The tables include perimeters, areas, or volumes, whether the 
figure is a line, a cross section, (or a shell), or even a solid, respectively; 
the coordinates of its centroid in a system of Cartesian axes shown in the 
respective figure; and the moments and products of inertia with respect 
to the coordinate axes and axes parallel to them, passing through the 
centroid of the figure. When, therefore, the moments and products of 
inertia with respect to the axes passing through the centroid and their 
coordinates are known, it becomes easy to determine the moments and 
products of inertia with respect to any other point, for parallel directions, 
using the relations presented here. 

Moments of inertia with respect to a point O, the origin of a 
system of Cartesian axes, are calculated according to the integrals (see 
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Chapter 6): 



111 = j + dm] 

I°i = j + dm] 

I 33 = f (a:? + 3 ^ 2 ) dm. 



( 1 ) 

( 2 ) 

(3) 



JF 

Products of inertia with respect to a point O, the origin of the same 
system of axes, can be calculated by the integrals (see Chapter 6): 



-^12 


/ X 1 X 2 dm] 
Jf 


(4) 


■^23 


/ X 2 X 3 dm] 
Jf 


(5) 


1 

II 


[ X 3 X 1 dm, 


(6) 



F 



where F is the figure (region) in which the integration is performed and 
Xj, J = 1,2,3, are the coordinates of the one-, two-, or three-dimensional 
mass element, dm, whichever the case. The moments and products of 
inertia with respect to axes, parallel to the previous ones, but with the 
origin in the centroid of the body, are obtained from the relationships 
of axis transposition (see Chapter 6), so that 



r = 


= 1° 
-^11 


- 


/ * 2 1 

m(x2 -|- 




(7) 


r = 

-^22 


= 

-^22 


- 


myx^ -|- 




(8) 


r = 

-^33 


= 

-‘33 


- 


m{x*‘^ + 




(9) 


r = 

-^12 


= 

-^12 




mx*x*. 




(10) 


r = 

■^23 


= 

-^23 




mx*x*. 




(11) 


* 

1 1 


= 

■‘31 




mx^x*. 




(12) 



The table gives for every plane line in Section C.l its perimeter, the 
coordinates of the centroid on the plane of the figure, and its moments 
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of inertia with respect to two Cartesian axes {xi,X2}, belonging to the 
plane, with the origin in a geometrically convenient point O. The ta- 
ble also includes the moments of inertia with respect to Cartesian axes 
parallel to the previous ones, {2/1, 2/2}, with the origin in the centroid 
C*, and the corresponding product of inertia. When discussing plane 
figures, the moments of inertia with respect to axes X3 and 2/3 may be 
obtained from the relations (see Chapter 6) 



1 ° = 1 ° 4- 1 

-^33 -^11 ' 



o 

22 5 



T* r* 

-^33 -^1 



(13) 



and every product of inertia involving the direction orthogonal to the 
plane will be null (see Chapter 6), that is, 

4° = 4" = 4 = ^3*1 = 0. (14) 



For each plane figure in Section C.2, the table provides its area, 
the coordinates of the centroid on the plane of the figure, its moments 
of inertia of area with respect to two Cartesian axes belonging to the 
plane, {xi,X2}, with the origin in a geometrically convenient point O, 
its moments of inertia of area with respect to Cartesian axes parallel to 
the previous ones, {2/1, 2/2}) with the origin in the centroid C*, and the 
corresponding products of inertia of area. 

As in the case of the plane lines, the plane surfaces will have 
their moments of inertia of area with respect to axes X3 and 2/3 obtained 
from the relations (see Chapter 6) 

^3° = + = + (15) 

and all their products of inertia of area involving the direction orthogonal 
to the plane of the figure will be null (see Chapter 6), that is, 

= ^33 = = 0. (16) 



When the figure represents a homogeneous flat plate with mass 
m, its moments and products of inertia can be easily obtained from the 
expressions for the moments and products of inertia of area, respectively, 
according to the relations (see Chapter 6) 



1 ° = ^ JO, 



r* ^ T* 

I . = — J 

JJ A JJ^ 



i = 1,2,3 



(17) 
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and 



TO _rn JO 



jk 



= 

jk 



A ^■'=’ 



j,k = 1,2,3. 



(18) 



For each shell or surface in Section C.3, the table provides its 
area, the coordinates of the centroid of the figure, its moments of inertia 
with respect to three Cartesian axes, {xi,X 2 ,X 3 }, with the origin in a 
geometrically convenient point O, its moments of inertia with respect 
to Cartesian axes parallel to the previous ones, with the origin in the 
centroid C*, and the corresponding products of inertia. 

For each solid in Section C.4, the table provides its volume, 
the coordinates of its centroid, its moments of inertia with respect to 
three Cartesian axes, {x\,X 2 ,X'i}, with the origin in a geometrically 
convenient point O, its moments of inertia with respect to Cartesian 
axes parallel to the previous ones, with the origin in the centroid C*, 
and the corresponding products of inertia. 

For those figures in which the algebraic expression of moments 
or products of inertia proved to be too long, it was decided to present the 
results relative to the system of coordinates {x\,X 2 ,x^}, the moments 
and products of inertia with respect to the centroid being expressed as 
in Eqs. (7-12), taking into account the values given for the respective 
coordinates of the centroid. Thus, for example, for the frustum of a 
rectangular pyramid. Fig. C.4. 04, we have the entry 
since the expression for is now too long and, in this case, x* = 0. 
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Perimeter, 


Moments 


Products 


Line 


Geometry 


Centroid 


of 


of 






Position 


Inertia 


Inertia 



C.1.01 

Slender 



rod 







1° 

-'ll 


C 


— a 


1° 

-*22 




a 

~ 2 


r 






11 


»2 


= 0 


7* 

-1 oo 



mg 

3 



ma 

12 



1^=0 
J 12 



0 



C.1.02 

Circular 

ring 



X2 



C = 27rr 

xl=^ 




JO Zmr^ 

-^11 ~ 2 



JO mr^ 

-*22 2 



T=f= mr^ 

-^11 ~ 2 



r=f= mr^ 

-*22 2 



/?o 



0 

0 




C.1.04 



Arc of 



a circle 




jQ m{ar‘^—ab) 

■^11 ~ 2 o 



JQ m(ar^+a6) 

■^22 “ 2 o 



T* m(ar^— a6) 

-*11 



2a 

m(a^r^+a 6 a— 26 ^) 



1^=0 
-*12 ^ 

/* = 0 



2 a 2 
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Products 


Section 
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Centroid 


of 


of 






Position 


Inertia 


Inertia 



C.2.01 



Rectangle 




JO a^b 

^11 “ 3 



JO ab^ 

^22 3 



7 * a^b 

^11 “ 12 



T=f= ab^ 

^22 ~ 12 



JO a^b^ 

^12 4 

j*,=o 
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Moments 


Products 


Section 


Geometry 


Centroid 


of 


of 






Position 


Inertia 


Inertia 




C.2.06 



Isosceles 



trapezoid 




a(b+c) 



x^ = 0 



* _ aib+2c) 
■^2 3(6+c) 



JO a^(b+3c) 

^ 11 “ 12 

JO a(6^+b^c+bc^+c^) ^ 

^22 “ 48 

T* _ a^(b^+46c+c^) j* 

"'ll" 36(6+c) 12 

p a( 6 ^+^>^c+ 6 c^+c^) 

^^22 “ 48 



C.2.07 

Right- 


X 2 

c 


Vz 

d 


JO a^(b-|-3c) 

._o(b+c) Oil- 12 

2 3 0 0 0- TO _ a^(&V26of3c^) 

jO o-ib “Hfo o+6c -|-c ) -'12 —24 

"^22 “ 12 

* _ b^+6c+c^ 

_ -^1 3(6+c) _ o3(62+46c+c2) ^ ^ 






angle ^ 






\ 






\ 


y, ^11 36{b+c) Ji2 — Jl2~I-^^1^2 

, n(h-\-2r'i 


trapezoid 




b 


* 2 *= S(h+A T* a(bU2b^c+2bc^+P) 

O 22 36(6+c) 



C.2.08 



Parallel- 



ogram 




JO a^b 

"'ll “ 3 

JO a^6(4c-|-36) 

JO _ ab(2b‘^+3bc+2c^) "'is " 12 

^22 6 

7* _ a^b 7* —_9^bc 

-'ll — 12 "^12 12 

T* ab(b^+c^) 

"'22 “ 12 
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of 


of 






Position 


Inertia 


Inertia 




C.2.10 



Circle 




JO Ta'^b 

'^11 ~ 3 



JO ar 

^22 3 



T=f= a^b 

'^11 ~ 3 



T=f= ab 

<J r,r, O 



TO 57rr 

'^11 4 



JO 7rr 

'^22 4 



T=f= 7rr 

'^11 ~ 4 



T=f= 7rr 

’^22 ~ 4 



J°=0 



J°=0 



C.2.11 

Semi- 

circle 







X* = 0 



^2 — 37 T 



JO 7rr 

'^11 ~ 8 



JO 7rr 

^22 ~ 8 

T* (Ott^ —64)r^ 

^11 ~ 72TT 



j* 7rr 

*^22 ~ 8 



Jf’o=0 



j:.=o 
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Area, 


Moments 


Products 


Section 


Geometry 


Centroid 


of 


of 






Position 


Inertia 


Inertia 







TO _ 
^11 ~ 


A — 7re(2r— e) 


TO _ 
’^22 




II 


X* =0 


1 

II 

* 


X*=r 


JO=Q 




j:,=o 






C.2.24 

Semi- 

circular 




7re(2r-e) 



X* = 0 

, _ 4rM(r-e)^ 

37r(2re— e^) 



J?.- 

J?.- 

Jlr- 

7 * ■ 
^22 

J?.- 

J*-- 



7r[r^ — (r— e)^] 
' 8 

7r[r^ — {r— e)^] 
' 8 

Trfr^ — {r— e)^] 
' 8 

:0 




Areas 



679 







Area, 
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Products 
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of 


of 






Position 


Inertia 


Inertia 













J?, = Jt,+Axf 


C.2.25 






X 2 


A — 7 re(a+b— e) 


JO 7r[a^b— (a— e)^( 6 — e)] 

'^22 ~ 4 


Elliptic 




e 


0 




7 * 7r[ab^ — (b— e)^(a— e)] 

4 






((^ 




®* = 0 


7 * Trfa^b— (a— e)^(b— e)l 


crown 


b 








•^22 4 




- 


0 




p xl = b 


J°=0 















C.2.26 

Semi- 

elliptic 

crown 




4 7 re(a-|- 6 — e) 

2 



®*=o 



jQ 7r[a6^ — (b— e)^(a— e)] 

'^ii “ 8 

JO Trfa^b— (a— e)^(6— e)l 

*^22 g 

7 * — 70 _ 

T* 7z[a^b—(a—e)^{b—e)] 

*^22 “ 8 



_ 4[af)^-(a-e)(ti-^;)^] J° = 0 

2 3'7re(Qr|-6— e) 

J*2 = 0 



C.2.27 

L profile 

(equal 

legs) 




A — e( 2 a— e) 



* _ a^+(g-e)e 
*^1 2 ( 2 a-e) 



* _ a^+(g-e)e 
*^2 2 ( 2 a-e) 



JO e{g^-|-g6^ — 

“ 3 

jO e(a^-|-ae^— e^) 

*^22 3 

T* e{a^— ae-|-e^)(5o^— 5oe-|-e^) 

“ 12(2a-e) 

T* e(a^— ae-|-e^)(5a^— 5oe-|-e^) 

*^22 — 12(2a-e) 

.Q_ e"(2a^-e^) 

'^12 4 

T* a^e(a— e)^ 

'^12 “ 4(2a-e) 



C.2.28 

L profile 
(unequal 
legs) 




A — e(cH-b— e) 



jO e(g^+be^ — e^) 

“ 3 

TO e(ae^+b^ — e^) 

*^22 “ 3 



* _ e[2(b-e}i<i\i{b-e)^ 

*^1 2(o+6-^) 



e[b+ 2 (a-e)]-|-(a-e)^ </^ 

*^2 2 (a+ 6 -e) 



e(a^-t-6e^ 

T~ 

e(b^-|-ae^ 




3 

e2^^2_^^2_g2j 

4 

abe( 6 — e)(a— e) 
4 (a-|-b— e) 



e[a^-|-e(b— e)]^ 
4 (a-tb— e) 
e[b^+e(a— e)]^ 
4 (a 4 -b— e) 
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C.2.29 



I profile 




A — 2bc+{a—2c)e 

x* = 0 

rp* a 

*^2 2 



jO e+{3a^ c—Sac^ +2c^){b—e) 

•^11 — 3 

jQ 26 ^c-|-(< 2 — 2c)e^ 

'^22 ~ 12 

T* a^b—(a—2c)^{b—e) 

’^11 — 12 

T* 2b^c+(a— 2c)e® 

'^22 ~ 12 

JS=o 

J*2 ~ 0 



C.2.30 



Regular 



I profile 




J°=J^,+Axf 

^ JQ 2b^c+(a— 2d)e^ , (d—c)(b^—e^) 

A = ae+{d+c){b-e) '^22 ~ 12 ' 24(6-e) 

p _ ^ _ (b-e)[{a-2cA-ia-2dA] 
'^11 12 96(d-c) 

^ 1=0 _2b^c-\-{a-2d)e^ . {d-c)(b'^-e'^) 

'^ 22 “ 12 24(6-e) 

*^12 ^ 

*^2 “ 2 

J 12 = 0 



C.2.31 



U profile 




A — 2 ac+ 6 e— 2 ce 

xt = 0 

* _ 2 a^c+(&- 2 c)e^ 
■^2 2 [ 2 ac+( 6 - 2 c)e] 



TO 2a^c+6e^— 2ce^ 

'^11 “ 3 

jQ ab^ — (a—e)(b—2c)^ 

*^22 “ 12 

r* — 70 _ 4^.*2 

'^11 “ "^11 ■^'^2 

T* ab^ — (a—e)(b—2cA 

'^22 ~ 12 

JS=o 

J *2 = 0 



C.2.32 



Regular 



U profile 




A — be+{d+c){a—e) 

x* = 0 



jO 2ca^ + {b—2d)e^ . (d— c)(a^ — e^) 

-'ll — 3 ^ 6 (a-e) 

TO _g^_ (a-e)\(b-2cA-(b-2df] 
'^22 12 96{d-c) 

J*T=J^T-Axf 

T* _g^_ (a-e)\(l>-2cf-(l>-2dA] 

^22 12 9Qidr-c) 



^=fc 2a^(c— 4d)+2ae(c— d)— e^[36+2(2c— 5d)l jq 7 * pj 

^ 2 — Q[a{c+d)+e{b-c-d)] -' 12 “ -' 12 “ ^ 
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Area, 


Moments 


Products 


Section 


Geometria 


Centroid 


of 


of 






Position 


Inertia 


Inertia 




JO e[a^+(3a^— 3ae+2e^)(6— e)l 

^11 “ 3 

JO e[ae^+2{6— e){4b^ — 2be+e^)l 

^22 ~ 12 

7* _ a^b—(b—e){a— 2 e)^ 

^11 “ 12 

7* e[ae^+2{6— e){4b^ — 2be+e^)l 

’^22 ~ 12 

jO be{a—e){b—e) 

'^12 ~ 2 

T* _ be{a—e){b—e) 

’^12 ~ 2 
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Area, 


Moments 


Products 


Surface 


Geometry 


Centroid 


of 


of 






Position 


Inertia 


Inertia 








Surfaces 
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Area, 


Moments 


Products 


Surface 


Geometry 


Centroid 


of 


of 






Position 


Inertia 


Inertia 
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Volume, 


Moments 


Solid 


Geometry 


Centroid 


of 






Position 


Inertia 



C.4.01 



V = abc 



Rectang. 



parallel- 



piped 



1^3 





JO _ m(g^+6^) 
''ll “ 3 

JO _ m(g^+c^) 

-'22 3 

JO _ m(b^+c^) 

■'33 3 

j* 

-'ll— 12 

7-* _ m(g^+c^) 

-'22 12 

T* _ m(&^+c^) 

-'33 12 



Products 

of 

Inertia 



1 ° 

-*12 

-*23 

-*31 



mbc 

4 

mab 

4 



mac 

4 





7^ 

-*12 

7^ 

-*23 

7^ 

-*31 



ma^ 

4 

ma^ 

4 

ma^ 

4 




C.4.03 



Rec- 

tangular 


0 




bx 








ibbbsr 


pyramid 









T 7 gbc 

^ “ 3 

7*=0 



ro _ m(6^+2g^) 
-'ll 20 

JO _ m(c^+2g^) 
-* 22 — 20 

JO _ m(b^+c^) 
-*33 20 

j^ _ m(4b^+3a^) 
-'ll” 80 

j* m(4c^-f-3g^) 

-*22 — 80 

j* _ m(b^+c^) 
-*33 20 



JO JO JO 0 



J* - J* - J* -0 



C.4.04 




bc{a^ —<P) 

^ — 3^2 

xl =0 

x ^=0 

=(= _ g _ 

‘*'3 4 g2-Kidfd2 



TQ m(2g^-+g^&^-+^^d^) m(i^{18gd+6^— 12(i^) 

-'ll” 20g2 20(g2-hgd+d2) 

7-0 m( 2 g^-Ki^c^-|-c^(i^) md^(lSgd-Hc^— 12 d^) 

-' 22 — 2^ 20(g2-fgd+d2) 

7-0 m.( 6 ^ ~\~c^ ) -|-g^(i-l-g^ -|-gd^-|-d^ ) 

-'33— 20 g 2 (g 2 +ad+rf 2 ) 



l 22 =I? 2 -mxf 

4 * 3 = 4 ° 



70 = JO = 70 = 0 

12 23 31 

7* =7* =7* = 0 

-*12 -*23 31 ^ 




Solids 
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Volume, Moments 

Solid Geometry Centroid of 

Position Inertia 



Produets 

of 

Inertia 



C.4.05 

Regular 

tetra- 

hedron 




V 



12 



®*=0 



x* = 0 

y/6a 

■^3 12 



TO llma^ 

-^ 11 “ 120 

TO llma^ 

-^22— 120 

TO ma^ 

-^33~ 20 

T* ma^ 

20 

T* ma^ 

^22~ 20 

T=f= ma^ 

-^ 33 “ 20 




C.4.06 

Rectang. 

tetra- 

hedron 





a 

4 



TO _ m(a^+b^) 
-'ll 10 

TO _ m(a^+c^) 
^22~ 10 

TO _ m(b^+c^) 
-' 33 “ 10 

Tjfc 3771 ( 0 ^ “1-6^ ) 

-'ll — 80 

T* 3m(a^+c^) 

^22~ 80 

T* _ 3m(6^+c^) 
-' 33 “ 80 



mbc 

20 

mab 

20 

mac 

20 

mbc 

80 

mab 

80 

mac 

80 







686 



Appendix C 









Volume, 


Moments 


Solid 


Geometry 


Centroid 


of 










Position 


Inertia 


C.4.09 






II 

CO 


II II 
0 :^ 


ma^ 

10 

ma^ 

10 


Regular 






®*=0 


= 

-*33 


ma^ 

10 


octa- 


A 


V\ 


x*=0 


/* = 
-*11 


ma^ 

10 


hedron , 




*3=0 


r = 

-*22 

I* = 

-*33 


ma^ 

10 

ma^ 

10 



Products 

of 

Inertia 



10=10 
1 ■:> -^•^1 



/•=/•=/• =0 






27rar^ 

^ “ 3 

xl=0 

s *=0 

™=f= 6 r— 3a 

*^3 8 



JO m(a^— 3rorf6r^) 

-'ll” 10 

JO m(a^— 3ro+6r^) 

-'22 ~ lo 

JO 3mra ma^ 

-' 33 ” 5 5 

T* m(12r^-+84ra— 13a^) 

-'ll ~ 320 

T* m(12r^-+84ra— 13a^) 

-'22 ~ 320 

r* 3mra ma^ 

-' 33 “ 5 5 



/O =/o =/^ =0 

12 23 31 

-*12 ^23 31 ^ 



=1^ =1^ = 0 



I* -I* -I* -Q 
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Volume, 


Moments 


Products 


Solid 


Geometry 


Centroid 


of 


of 






Position 


Inertia 


Inertia 



C.4.17 

Cylindrical 

segment 




"V — acr^ —abc 

x *=0 

*^2 3 ar 2 - 3 a 6 




To_m(ar^-a6rV2ab^) , rnc^ 
-^11“ 4(ar2^b) 3 

ro m(3o:r^— 3a6r^— 2ab^) , rnc^ 

-^22— 12(ar2^6) ^ ~3“ 

j-Q m(3o:r^— 3a6r^+2a6^) 

33 6(ar2— a6) -^12 — 

l22=IS2-fnxf 



1 ^= 1 ^ =0 
-*12 -*31 



TO mb'^c 

-*23“ 3ar2-3a6 



r = 1 * = 1 * =0 

-*12 -*23 31 ^ 







Solids 
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Volume, Moments 

Solid Geometry Centroid of 

Position Inertia 



Products 

of 

Inertia 



C.4.21 

Frustum of 

circular 

cone 




TO — m(2a^+3a^ b^+3b^ ) 

-^11“ 20a2 20(a2+ocH<f2) 

TO _ m(2a^+3a2 &^+3b^ ) Zmd\Zad\h^^d ^ ) 

Joo on ~ 2 on" ~ 2 I ~ j 1 j 2 \ 



jO Zm{ab‘^—dc^) 

^33— 10(a62^c2) 

If,= IO-mxf 
i;=I?-mxf 



r =1^ 

-^33 -^33 



20 (a^+adt^^) 



/O = /O = JO ^ 0 

-^12 -*23 -*31 ^ 



/* = /* = I* =0 

-*12 -*23 -*31 ^ 




C.4.23 



Ellipsoid 




T 7 47rabc 

^ “ 3 

^ 3=0 



TO — m(a^+6^) 

''ll 5 

JO _ m{b^+c^) 

-'22 ~ 5 

JO _ m(g^+c^) 
-'ss 5 

r* _ 

-'ll 5 

j* _ m(b^+c^) 
-'22 ~ 5 

T* _ m(g^+c^) 
-'33 5 
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Volume, 


Moments 


Products 


Solid 


Geometry 


Centroid 


of 


of 






Position 


Inertia 


Inertia 





C.4.27 



Circular 



X 



3 



torus 






1° 

-'ll 


'^<3 

C4 

II 


1° 

-*22 


®*=0 


1° 

33 


to * 

II 

O 


r 

-'ll 




r 

-'22 


®3=0 


r 



5 ma^ I 
8 2 

5 ma^ I mr^ 
8 2 

3 ma^ _i_ 2 

— ^ hmr 

5 ma^ I mr^ 
8 2 

5 ma^ I mr^ 
8 2 



3 ma^ 

4 



H-mr^ 



/O =JO =JO 
12 23 31 

-*12 ^23 31 ^ 




5 ma'^ 






5ma^ _j_ 



8 

3 ma'‘ 

4 

5 ma'‘ 



2 

+mr^ 

I mr~‘ 

“r o 



/O =/0 =/0 

12 23 31 

P = P = P =0 



5ma^ m(a^+4r^)^ . mr^ 

8 47r2r2 2 

3 ma^ m(a^+ 4 r^)^ , 

4 ^ 



torus 





Answers to the Exercises 

Appendix D 



The answers provided here are for almost all of the problems proposed 
in the series of exercises at the end of each chapter. Of course, answers 
are not given to those exercises that require a demonstration or to those 
requiring to model a set of forces and torques acting on a mechanical 
system. 

The purpose of the exercises is to help the reader assimilate 
the concepts presented in the text, sometimes to complement some ideas 
not explicitly addressed in the body of the text. It is suggested that the 
reader work each exercise proposed as the corresponding sections of the 
text are being studied. The answers are available to check if the reader 
has the right solution to the exericse. Do not be discouraged if this does 
not happen right away; try again. Some exercises are quite simple, while 
others require a little more work, and a few propose a slight challenge 
to the reader. They are distributed in a more or less random manner, 
within each series, not necessarily in increasing order of difficulty. Many 
of the exercises were chosen to stress a different aspect of the theory and 
its applications. This is why the study of the text, accompanied by an 
individual effort in solving each proposed problem, will certainly result 
in the desired mastery of dynamics. 




692 



Appendix D 



1.1 Galileo was right. If your conclusion was not this one, then try 
to think about it a little more. 

1.2 Aristotle did not clearly realize the presence of the friction forces. 

1.3 For example, the statement: “I am lying.” 

1.4 The first one is a discrete system and the second a continuous one; 
the field p is defined over a continuous domain. 

n m p 

1.5 M = nii + / pj dv. 

i=i j=i 

1.7 With this more general formulation, mass variation is allowed. 

1.9 0.001%. 

1.10 781.237 N. 

5 

1.11 r or -r. 

3 

4r 

1.12 — , r the radius. 

37t’ 

1.13 If the applied forces and torques are not correctly identified, 
the entire formulation of the problem will be jeopardized. 

1.14 

2.1 12.65 Nm; 12 Nm. 

2.2 50 N; 20(3ni - 2113 ) N, 13.5ni Nm. 

2.3 4 N and 236 N; 31 N. 

2.4 7.874; 12.247; 9.144. 

2.5 ^(-16,22,17). 

2.6 u(a, P, (1 + 5/3)) , a and /3 real. 

2.7 20V2 N; 10((3 + \/2), 2, 0) N; 50 N e 60 Nm. 

2.8 1.257 m. 
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2.9 

2.10 
2.11 

2.14 

2.15 

2.16 

2.17 

2.20 

2.22 

2.23 

2.24 

2.25 



p , 

2Gp^r- , p = V + r^; yes. 

P 

1.28 rad. 

GmM GmMa? , 

2r3 

26 cm. 

No; 25% of binding. 

(70rii — 55ri2 — 72ri3). 

109^ ^ 

14/27. 

1 1 

Vi = -Qc, V 2 = -Qc] yes; — y-— rii + Ana, 

6 S 3[V{ — ^Qc) 

Two force and two torque; two degrees of freedom. 

a, a/2, a/3, . . . , a/n. 
mgr 

2 VWT 2 /H' 



A real. 



2.26 

2.27 

2.28 



9 = tan ^ — 

J.2 

13.34 N. 

17 



r'^pL 

w^y 



3.1 Cl + C2 + C3; Cl - C2; no. 

3.2 — (/sin 0ni + (fl + i/)cos 6 *)n 2 + 0 n 3 . 

c 

3.3 -, c constant. 

cos 9 

3.5 0; —uj 2 <- 03 a.i + ca3(Jia2 + cuiWa^-s- 

3.7 {4)9 + y cos 9 — Ip 9 sin 6*)ni + {9 — pip cos 0)na 

+{p + Ip sin 9 + ip9 cos 0)n3. 
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3.10 

3.11 

3.12 

3.13 

3.14 

3.15 

3.16 

3.17 

3.18 

3.19 

3.20 

3.21 

3.22 

3.23 

3.24 



300.03 rad/s; 1341.64 rad/s^. 

2 ’ 4 

(3rii — 7T\/2n3) rad/s; 37r(\/2n2 — 

—ucpui] {rcjP' — u(j))'ni — u(jPn 2 ^ u = c — rcj). 

(r — r9^ — cos^ 6<)bi + {rid + 2r6 + rcf)^ cos 9 sin 0)b2 
+{r(pcos 9 + 2f4>cos 9 — 2r9(j)s\n 0)b3. 

— (Jo^n2; 2u;oK— 3ni — 2n2 + 2n3). 

(r^o^o + a^^)n2 - fn3; 9ouio{2vn2 + r^o^ons)- 
0; 48 rad/s^; 2.824 rad/s; —4.484 rad/s^. 

^ (-3tJni + {v - 2 u)ii 2 - {v - 2 tt)n 3 ) . 

2.792 m/s; 18.6 m/s^. 

0; i;sin6»; —(1 + 3sin^ 9)^. 

— 7Tu;^n3; 2cwni. 

^(2n, + n3);0. 

2.027u;V. 



4.1 r9a.i + ra2 

4.2 8V2 m/s^. 



ruj sin 0a3 ; 
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4.6 0. 

4.7 The ellipse ^ cos((/> - V') = sin^((/) - '(/')• 

4.8 2 m. 



4.9 4rsin— . 

2 

4.10 400 m/s^, directed to the disk center. 

4.11 -{v‘^-a^). 



4.12 -a. 

V 



/4a2 + 362 ^ Vl6a2 + 3&2 
\/3a6 ’ 2\/3a 



10 m/s2. 

wsin^cos V’bi + cu sin 0 sin ^/;b 2 + + V’)b 3 ; 

+ H) sin^sin bi + b 2 ); 

—r{'ip + il) sin0cos^/;bi + (i?H + r{ip + il) sin0sin'0)b2. 



O sin(nt)rii + ri3^; 

7T 

— [cos(ilt)ni + sin(Ht)n 2 ]. 
4.1356 m/s 



^/2r' y/2r' 

tl2 t)2 

2f2 ’ 2r2 

47r(\/3n2 - ns); 237.51: 
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5.10 

5.11 

5.12 

5.13 

5.14 

5.15 

5.16 

5.17 

5.18 

5.19 

5.20 

5.21 

5.22 

5.23 

5.24 

5.25 



1 + tan^ 9 



cos f3 + tan^ 9 / cos j3 
0/ cos /?; 

7T 



Hba; H/ cos/3; Hcos/3. 



7T 



-(-3ni + n 2 + Sns) m/s; + 3n2) m/s^. 

5 5 

^ r, 

Yes; ^riii; — ^tan/3n2. 

r cos p 



Hn 2 H — (H — u;)n 3 ; 11(11 — tj)ni; rllrii; -rH(H 

6 6 6 

2u 

\/3a 

a 1 + sin (3 
r cos (3 — sin (3 

^ (sin^ 0sin^ 4> + cos^ 9)ns; 
cos 9 

u) sin 0(cos (/>rii + sin (/)n 2 + sin^ (plan ^na). 



H( — — sin0rii +cos0n3); — ^^H^cos0sin0n3. 

(cos 6*(sin 9 — 2 cos 9) — 22) n 2 . 

61.538 rpm. 



9 • 2 
V Sin I 



v'^ sin 9 



n2; -- 



:(cos 9ui — sin 9 n 3 ). 



r^sin/3 rsin/3cos/3' 

(2 cos 9 — sin 0)} cos 9 ll^r ((cos 0 + 2 sin 0)rii + (2 cos t 
2(6 — r) 11. 



uj — oj' co(co — oj') 

u ) th 2 H ^ — n3; ^ ni. 

(/> + 0)(sin V'Ci - costpC 2 ) + Tpcs; —(poX^Cs] 

— 3u;o(sin — cos '00^2)- 

47t rad/s. 



w)n2. 



-sin0)b3). 



5.26 
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5.27 

5.28 

5.29 

5.30 

5.31 

6.1 

6.2 

6.3 

6.4 

6.5 

6.6 

6.7 

6.8 

6.9 

6.10 

6.11 

6.12 

6.13 

6.14 



Three. 

OJ + uj' up' — UJ' 
-r; 



/2 



2 ' ’ 4 

^81110(5 — r) 



2rs + cos Q{a + 26 cos 0) {s + r) 

— 2J7bi; —2Q^h2; — \/50^rbi; 2\/5J7^rb3. 

Nd 

— — (O + 0,'), No and No being the number of teeth in 
2Ne 

D and E, respectively. 



—m , in the y-direction. 

19.55 m; 2.61 s. 

mP , . 1 . .1 

— a logarithmic spiral. 

17 times. 

The runway is on the line of the equator, in the 
direction M — S. 

4.02 m/s. 

3. 

12,768 km. 
rrl^y^^PP~+~p■, no. 

6 = cos“^ - [2 + — Y ^/0r; 0.841 rad. 

3 V grj 

0.11 a; 0.90 mg. 

1.642 s. 

3(3 — 0) sin 0 + 2(1 — cos 0) 

3^0 

m \{2ruj + ru)"^ sin 0 cos 0 — g cos 0) b 2 + 2 {fuu cos 0 — ru>‘^ sin 0) ba] , 

1 

where r = (w^(l + cos^ 0)P + 2grsin0) ^ . 
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6.15 

6.16 

6.17 

6.18 

6.19 

6.20 

6.21 

6.22 

6.23 

6.24 

6.25 

6.26 

6.27 

6.28 
6.29 

7.1 



e = 



aoP 



r{q^ — p^) 

5.5365. 

397T 4 

-^pga ■ 



(^sin pt — - sin qt ^ , q = \J gjr. 



\/(8 - vr)c/r. 



The parabola y 



1 0J‘^ 9 

X 

2 9 



+ a. 



a 

+ i?2 ^ 



2gh- 




V 



2 

0- 



^/g{a + ^] 2mg 



a + 2r 

a — TTV 




— (r - ro)2. 
m 



1.1864 rad. 



^ rad; ^ rad. 
r G 

V 2 sin X = 2r/3. 



msin^ar. 



1 / g cos 6 \ 

2 \ QA sin^ 6 ) 



sin Ot 



+ e 



— Q sin 6t 



) + 



g cos 9 
Q? sin^ 9 ’ 



2 g cos 9 
sin 0 V 3r 

No; — mil^sin^ The horizontal force does negative work, 

draining energy from P. 



in , n, 

— {gx + v^). 
a 



F 



7.2 



m(3 — 2 sin^^) 
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7.3 

7.4 

7.5 

7.6 

7.7 

7.8 

7.9 

7.10 

7.11 

7.12 

7.13 

7.14 

7.15 

7.16 

7.17 

7.18 

7.19 

7.20 



4.90 m/s. 



7.21 
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7.22 138.56 N. 

7.23 pQ {vi + V2 cos a)] pQ {vi + V2 cos a — 2 vq ). 

1 + sin 6 1 — sin 9 

7.24 ve\ ve. 



7.25 F = pv'^ecosO; T = -pv‘^e^ sin9. 

7.26 ^ vl - - l)gr- 87.5%. 



4r 

7.27 a = tan “^ 



;/3=tan- 



7 = tan 



mi + 2m2 + 2m3 

-1 

m3 



m 2 + 2ms ’ 



7.28 


3.561y^. 


7.29 


»■ 


8.1 


(1.7596,0, -1.1202) r. 


8.2 


(0.6278, 0.4511) a. 


8.3 


0.3366 r. 


8.4 


nrl 

2(rf-ri)’ • 


8.5 


0.366 a. 


8.6 


(3.2, 9.6, 6) cm. 


8.7 


(1.47,0.94) m. 


8.8 


2m 

3tt 


8.9 


a 1 

r V 2 ’ 


8.10 


0.625 kgm^; 1.25 kg 


8.11 


29.7 ma^: 43.0 ma^. 
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8.14 

8.15 

8.16 

8.17 

8.18 

9.1 

9.2 

9.3 

9.4 

9.5 

9.6 

9.7 

9.8 

9.9 

9.10 

9.11 

9.12 



0.125; 0.375; 0.5; -0.2165; 0; 0 (kgm^). 



\m 1 + 



2a^ 



ni. 



((2\/3 - l)ni + (2 - \/3)n2) ; ma^. 



1.0594pr^; 1.7260pr‘^; 1.4521pr4. 

To the highest moment of inertia with respect to direction 
a — a. 



2 ma^; - ma^. 

4 

^m(5r2 +rf). 

2.02 kgm^; 1.428 kgm^. 

0.2957 kgm^. 

^ / 5/3 -1/2 -3/2 \ 

-ma^ -1/2 11/3 -1/2 

^ \-3/2 -1/2 8/3 / 



R/VS. 



- < 0.0316; < 0.0775. 

c a 



340°. 
1 



7 



— P (5rii — Iris); — mr^. 

6v5 15 

185.42 pr^ 538.85 378.85 

13 5 

5.5 ma^; 2 ma^. 

5-3^2 2 5 + 3^2 2 5 2 

ma , — — — ma , -ma . 

12 6 



9.13 



12 



12 
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9.14 

9.15 

9.16 

9.17 

9.18 

9.19 

9.23 

9.24 

9.25 

9.26 

9.27 

9.28 

9.29 

9.30 

10.1 

10.2 

10.4 



+ 36^ 

4(a^ + 6^)5 

30°. 



V3/2. 



-ma 



5 2 

-mr ; — 

4 V3 
m 

m' 



They are parallel to {xi,X 2 ,X 3 }; I + I, J + mr'^, Ijk = 0. 



3 o 1 2 ^ 2 

-ma ; —ma ; — ma . 

5 2 7 - 3\/2 2 7 + 3\/2 5 

-mr ; mr ; mr 

9 18 18 



0.1905 mr^. 



5 2 7-3\/2 2 7 + 3\/2 

-mr ; mr ; 

3 ’ 6 ’6 

35.78°. 



1.458 

a2(2a2 + 262 + 5 c 2 / 3 ) + 6^02 , ,, , , ,,, 

” 2(4a^ + c^) • 



3 /l2 

— mr2 (2p2 -|- 77,2 _|_ 2 pn, cos /3 + 4— sin2 /?) . 
40 / 



1 



mr^ui ' -ni + 4 na ; mr^{2uj^-n2 + cm3). 



49 



2 2 
mr uj . 



10.6 



0.723 rad. 
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10.7 

10.8 

10.9 

10.10 

10.11 

10.13 

10.14 

10.15 

10.16 

10.17 

10.18 

10.19 

10.20 
10.21 

11.1 

11.2 

11.3 

11.4 



mr ui rii H — to.2 ; mr wni. 

^ 7T 2 / 7T 

Stt 

Y^(13,2,0) kgm^/s; 5.0335 Joules. 



(—6^ sin6*ai + (6^ + o^) cos 0aa); (6^ + cos^ 6 ). 

2\ 

TT ( -^1 J t "-^2 + ITiR ) . 



1 2 2^ 22 
-mr LO ; -mr w . 

6 ’ 3 

13.077 m^. 

36 

— firng; 2.88 mg. 

/ 4 3 \ / 4 15 + 327T 

mg I -^n 2 + ^ng 1; mg I H — ng 

1.88 mg. 

H 



2mr 
H 



0 . 



mr 



(-10.26ni + 56.38ng); 211.84 mr^ 



r — X 



m- 



mr 



r + x ^ 4 2 

u; +g 



'-0?. 



3{7tT — Amga) 



4m 
lOvrm^rr. 

VW- 

2.941y^. 




704 



Appendix D 



11.5 

11.6 

11.7 

11.8 

11.9 

11.10 
11.11 
11.12 

11.13 

11.14 

11.15 

11.16 

11.17 

11.18 

11.19 

11.20 

11.21 



6.354y^. 

, 1 /Tin 

2 \ l ^- 

\Jvl + 2gd; wq; sin 



Wo sin 6*0 
y^v^ + 2gd 



-m g^/l + 8 cos^ 9. 

O 



cos 6 



mg. 



1 + 3 sin^ 0 

— mg] y/2gr. 
b 

30°; a/3. 

-1 4 
cos -. 

7 

, 11 - 
36 k 

4.6856-; 3.16692 c/. 
a 

0.01781 s. 

T 



— , where k = - 
2 ’ 6 



1655 - 18 



4mr^ 

2F 



11m 



2 (-(— - ^gsinO 

\r m 2 



k^WTi' >^ = 7'^- 



^Vgr. 




3g 

V2v 




12.1 



3 

2 



3gr 

V2' 




Answers to the Exercises 



705 



12.2 

12.3 

12.4 

12.5 

12.7 

12.8 

12.9 

12.10 
12.11 

12.12 

12.13 

12.14 

12.15 

12.16 



-1 ^9 

cos 94.58 rpm. 



9 



8r sin 9 



' V39 



V3 



TT 



900 

rsin0 



rad/s. 



mgr 



cos 



cos 9 + I{2 — cos 9) — J(1 — cos 9) 
_i 3g a — b 



m{g + 



wSd = 



2u;2 a '^ — ab + h ^' 



cos 



-1 35 . 1 



2r(j2’ 2 

3.0506 rad. 



; -mruj \ 1 + 



75^ 



4 t -2^4 



3r 



m 



2g, {m + 3m')2 
1.051^. 

F = m ( ghi — 



+ 2 — 



7T 



7T 



1 



7T 



T = mr' — ( 2^— (tt — l)all^ )b2 — (^H ail^lba . 



4 — 7T 



27T 



(r cos 9 — z sin 9) g 



{R — r cos 9 + z sin 9)P r ^ 
where (3= (sin0+^ cos0 — (gzsin^— prcos0) sin0); 0.707^^. 



12.17 




706 



Appendix D 



13.1 a = 0; /? = 1; 7 = -2. 
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absolute acceleration, 123 
absolute minimum moment of inertia, 
460 

absolute velocity, 121 
acceleration of Coriolis, 229, 232 
acceleration vector, 12 
accelerometer, 574 
action of a vector, 248 
addition of angular accelerations, 117 
additiveness of angular velocity 
vector, 110 

algebra of the real, 636 
algebraic equations, 223 
angular acceleration, 114 
angular coordinates, 113 
angular impulse, 214, 274 
angular momentum, 43, 213, 242, 581 
angular momentum of a body with 
respect to a point, 310 
angular momentum of a body with 
respect to an axis, 310 



angular momentum of a rigid body 
with respect to a point, 489, 
490 

angular momentum of a system, 301 
angular momentum of a system with 
respect to an axis, 301 
angular momentum vector, 217 
angular momentum vector of a rigid 
body with respect to its mass 
center, 490 

angular momentum with respect to 
an axis, 218 

angular velocity of a rigid body, 99 
antisymmetric tensor, 652 
area moment of inertia, 437 
area product of inertia, 437 
Aristotle, 2 

associated eigenvalues, 448 
associativity, 636 
astronomic reference frame, 232 
astronomical reference frame, 225 
attitude, 113, 579 
axis of symmetry, 504 
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axisymmetric body, 576 

balance of energy, 221, 364 
basis, 637 

binormal vector, 143 
blunt body, 583 
body, 10, 297 
body of revolution, 591 
bound vectors, 29 
breaking down of angular velocity 
vector, 110 

Cartesian basis, 638 
center of curvature, 138 
center of percussion, 503 
central axis, 49, 52 
centripetal acceleration, 142 
centroid, 404 
chaotic motion, 341 
characteristic equation, 448, 657 
clamp, 663 
collision, 267 
column matrix, 649 
commutation of tensors, 650 
commutativity, 636 
concurrent system, 58 
configuration, 149 
configuration of a system, 167 
conservation principles, 214, 277 
conservative force, 253, 254, 354 
conservative work, 364 
contact forces, 11, 60 
control volume, 379 
coordinates, 19, 223 
coordinates system, 92 
Copernicus, 3 
coplanar system, 54 
Coriolis acceleration, 129 
Coriolis term, 130 
Coulomb friction, 66 
couple, 46 
couple torque, 46 
Cramer’s rule, 655 
crankshaft, 156 
curvature, 139 



D’Alembert, 5 

degrees of freedom, 133, 149, 153, 
168, 337 
density, 9, 403 
determinant, 644 

diadic product of two vectors, 648 
differential equations, 223 
differential operator, 100 
differentiation in two reference 
frames, 107 
direct precession, 582 
direction of a vector, 638 
Discorsi, 3 
discrete system, 317 
distributed system, 40 
distributivity, 637 
dot product, 641 
double vector product, 646 
dry friction, 66 
dyadic product, 96, 651 
dynamic equations, 326 
dynamic equilibrium, 616 
dynamic friction coefficient, 69 
dynamic properties, 214, 215, 217, 
219 

dynamic stability, 612, 615 
dynamically stable, 616 
dynamically unstable, 616 

eigenvalues, 656, 657 
eigenvectors, 656, 657 
elastic collision, 273 
elastic potential, 256 
electromechanical transducer, 575 
equal vectors, 638 

equation of motion around the mass 
center, 334 

equation of motion of the mass 
center, 329 

equation of motion of the second kind 
for a rigid body, 501 
equation of rotation of the rigid body, 
501 

equation of translation of the rigid 
body, 498 
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equations of motion, 20, 92, 213, 223, 
286 

equations of motion of the first kind, 
329, 330, 334, 337, 342, 343, 
344, 499 

equations of motion of the second 
kind, 245, 335, 344 
equilibrium, 73, 277 
equipollent vectors, 29 
equivalent systems, 43 
escleronomic constraints, 170 
Euler, 4 

Euler’s angles, 112, 158, 160, 579, 580 
Euler’s coordinates, 592 
Euler’s description, 379 
Euler’s dynamic equations, 5 
Euler’s equations, 504, 508, 568, 580, 
592, 616 

Euler’s equations for a plane motion, 
529 

Euler’s laws, 5 
external forces, 317 

field forces, 11, 60 
fluctuation, 663 
fluid dynamics, 379 
flux of a property, 381 
force, 2, 11 
force system, 60 
Foucault’s pendulum, 213, 225 
free body diagram, 65 
free gyroscope, 577, 580 
free vectors, 29 
friction coefficient, 67 
friction force, 66 

Galileo, 3 

general mechanical system, 350 
general motion, 601 
generalized coordinates, 167, 505, 602 
generation term, 276, 367 
gravitational potential, 256 
gyroscope, 576 
gyroscopic effect, 578, 589 



holonomic constraint, 133, 170, 603 
holonomic system, 507 
homogeneous, 404 
hypothesis of rigidity, 485 

identity element, 637 
impact, 214, 267 
impulse, 214, 264 
impulse and momentum, 266 
inertia ellipsoid, 458, 504 
inertia matrix, 417, 433, 454 
inertia of a body, 400 
inertia properties, 410 
inertia property of rotation, 410 
inertia tensor, 5, 410 
inertia tensor of a body, 419 
inertia tensor of a particle, 411 
inertia tensor of a system, 419 
inertia tensor of the mass center, 440 
inertia vector of a body, 419 
inertia vector of a particle, 412 
inertia vector of a system, 419 
inertial navigation, 576 
inertial platform, 576 
inertial reference frame, 15, 222, 225, 
329 

infinitesimal mass element, 8, 342 

instantaneous axis of rotation, 157 

integration in position, 241 

internal forces, 317 

international equation of gravity, 17 

intrinsic basis, 134, 233 

intrinsic orthonormal basis, 143 

invariant, 51 

inverse of a number, 637 

inverse tensor, 650 

Kepler, 3 

kinematic constraint, 64, 133, 169, 
170 

kinematic property, 100 
kinematic theorem, 125, 224 
kinematic theorem for accelerations, 
128 

kinematic theorem for velocities, 126 
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kinetic energy, 213, 220 
kinetic energy around the mass 
center, 306, 494 
kinetic energy of a body, 314 
kinetic energy of a body aronnd its 
mass center, 315 

kinetic energy of a rigid body, 493, 
494 

kinetic energy of a system, 305 
kinetic energy of rigid body in a plane 
motion, 534 

kinetic energy of rotation, 494, 526, 
534 

kinetic energy of rotation around a 
fixed point, 497 

kinetic energy of the mass center, 

306, 366, 494 

kinetic energy of the mass center of a 
body, 315, 494 

kinetic energy of translation, 494, 

526, 534 

Lagrange, 5 
law of inertia, 14 
law of universal gravitation, 16 
law of work and energy, 258 
Leonardo da Vinci, 2 
linear elastic spring, 663 
linearization of equations of motion, 
608 

link, 63, 169 
linkages, 663 

mass, 8, 410 
mass center, 18, 402 
mass center of a body, 403 
mass of a system, 402 
mass of the body, 403 
matrix of a tensor, 649 
maximum moment of inertia, 458 
mechanical energy, 262 
mechanical energy of a system, 364 
mechanisms, 167 
minimum moment, 52 
minimum moment of inertia, 458 



mixed prodnct, 645 
module of a vector, 637, 638 
moment, 31 

moment of inertia, 410, 668 
moment of inertia of a body, 423 
moment of inertia of a particle, 414 
moment of inertia of a system, 423 
moment of inertia with respect to an 
axis, 415, 424 
moment of the couple, 46 
moment with respect to an axis, 32 
moments of inertia in Cartesian 
coordinates, 430 
moments of inertia of area, 670 
moments transport theorem, 38, 312, 
493 

momentum, 13, 42, 213 
momentum of a body, 308 
momentum of a rigid body, 487 
momentum of a system of particles, 
299 

momentum of the mass center, 300 
momentum of the mass center of a 
body, 308, 487 

motion resembling a state of rest, 147 
motion with a fixed point, 157, 490, 
564 

net flow, 382 

Newton’s first law, 277 

Newton’s second law, 221, 575 

Newton’s third law, 318 

Newtonian fluids, 70 

Newtonian reference frame, 15, 225 

nonconservative forces, 256 

nonconservative work, 364 

nonholomonic constraints, 133 

normal force, 66 

normal impact, 270 

normalized eigenvectors, 448, 657 

notation, 21 

nnll element, 636 

nnll system, 48, 321, 323 

null tensor, 648 

nutation, 160, 579, 585, 591 
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opposite angular accelerations, 116 
opposite angular velocities, 109 
orientation, 112, 113, 149 
orthogonal basis, 638 
orthogonal component, 647 
orthogonal tensor, 652 
orthonormal basis, 638 
osculating plane, 138 

parabolic trajectory, 603 
parallel axes, 303 
parallel axes theorem, 40 
parallel moment, 51 
parallel system, 55 
parallelogram rule, 640 
particle, 8 
particle system, 9 
periodic motion, 235 
phase opposition, 541 
pivoting, 164 

plane motion, 155, 237, 239, 527 
plane of symmetry, 404, 426 
position vector, 12, 118 
potential energy, 257, 354 
potential energy of a body, 522 
potential fnnction, 214, 254 
precession, 160, 579, 585, 591 
principal axes of inertia, 503 
principal coordinates, 454 
principal directions of inertia, 427, 

447, 504 

principal moments of inertia, 427, 

448, 504 

principal normal, 139 
principle of conservation, 367 
principle of conservation of angular 
momentum, 280 
principle of conservation of 

mechanical energy, 285, 377 
principle of conservation of 
momentum, 277, 370 
principle of conservation of the 
angnlar momentum with 
respect to the mass center, 371 



principle of conservation of the 
angular momentum with 
respect to a hxed axis, 374 
principle of conservation of the 
angular momentum with 
respect to a hxed point, 373 
principle of conservation of the 
angular momentum with 
respect to an axis, 282 
principle of conservation of the kinetic 
energy, 283, 376 
Principia, 4 
product of inertia, 669 
product of inertia of a particle with 
respect to an axis, 415 
product of inertia of a body, 424 
product of inertia of a system, 424 
products of inertia in Cartesian 
coordinates, 431 
products of inertia of area, 670 
properties of inertia, 20 
properties of the vector differentiation, 
96 

property of a system, 380 
Ptolemy, 3 
pure rolling, 164 

radius of curvature, 138 
rational mechanics, 14 
reference frame, 3, 90, 92, 252, 572 
relative acceleration, 123 
relative motion, 90 
relative velocity, 121 
reonomic constraints, 170 
rest, 279 

restitution coefficient, 270 
resultant, 36 

resultant angular impulse, 274 
resultant impulse, 265, 619 
resultant moment, 37 
resultant of external forces, 318 
resultant of internal forces, 318 
resultant work, 248, 352 
resultant work around the mass 
center, 517 
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resultant work of a system, 511 
resultant work of external forces, 352 
resultant work of external forces 

around the mass center, 358 
resultant work of external forces on 
the mass center, 357 
resultant work of internal forces, 352 
resultant work of internal forces 

around the mass center, 358 
resultant work of internal forces on 
the mass center, 358 
resultant work of rotation, 526 
resultant work of rotation of a body, 
518 

resultant work of translation, 526 
resultant work of translation of a 
body, 518 

resultant work on the mass center, 
517 

retrograde precession, 582 
Reynolds theorem, 381 
rigid body, 10 
rigid body motion, 149 
rigid link, 63 
rolling, 162 

scalar components of a vector, 637 

scalar multiple of a vector, 639 

Serret Frenet formulas, 145 

simple angular velocity, 104 

simple nonholonomic constraint, 170 

simple pendulum, 608 

simple system, 40, 318 

singular tensor, 651 

slender body, 583 

sliding vectors, 29 

smooth impact, 271 

smooth surface, 66 

specific property, 380 

spin, 159, 579, 585, 591 

square matrix, 649 

stability condition, 615 

stable equilibrium, 616 

state of motion, 286 

steady state, 384 



sum of vectors, 640 
symmetric of a number, 636 
symmetric tensor, 411, 651 
symmetric vector, 639 
symmetry, 404 
system, 297, 321, 379 
system of internal forces, 321 
systems of forces, 317 
systems reduction, 45 

tangent unit vector, 137 
tangential acceleration, 141 
tensor, 648 

tensor components, 649 
tensor product of two vectors, 648 
tensorial product, 96 
theory of parallel axes, 312 
thrust, 48 

time derivative of a vector, 95 

torque, 11 

torsion, 144 

trace of a tensor, 654 

trajectory, 134 

transfer of axes, 441 

transfer of inertia properties, 440 

transient state, 384 

translation, 114 

translation of a rigid body, 153 

transport theorem, 381 

transposed tensor, 651 

Truesdell, 6 

uniform field, 404 
uniform motion, 567 
uniqueness of the angular velocity, 
104 

unit tensor, 648 
unit vector of a direction, 642 
universal gravitation constant, 17 
universal gravitational principle, 58 

Varignon’s theorem, 58 
vector function, 93 
vector momentum, 215 
vector product, 643 
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vector systems, 27, 35 
velocity of approach, 270 
velocity of separation, 270 
velocity vector, 12 
versor of a direction, 642 
vibrometer, 574 
viscosity of a fluid, 70 
viscous damper, 663 
viscous friction, 70 

work and energy, 361 

work of a force, 214, 248 

work of a torque on a rigid body, 510 

work of torques, 510 

wrench, 53 




